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IN  MEMORIAM 


.  •  /•■•*  SEMEN  ZAKHAROVICH  BELEN 'KIY  * 

,5^e_^well  known  theoretical  physicist,  head.' of  the  Theoretical  Dlvl- 

Sion .of;^Physics  Institute,  Doctor  of  Physical  and  Mathematical  Sciences 

■  ■»  ' 

Semen? Zakharovich  Belen'kly  died  on  21  September  1956. 

'^'Semen  Zakharovich  was  born  in  Moscow  In  I916.  Even  before  being 
graduatebi  • in  1938  from  the  Physics  faculty  of  the  Moscow  State  University 

he  begani.*sclentiflc  work  in  the  field  of  theoretical  physics.  For  many 

• 

years;'the' principal  place  in  his  activity  was  occupied  by  resArch  Into 
procesBes;:,occurrlng  in  cosmic  rays.  The  results  he  obtained  in  this 
fleldi.  expound.ed>  in  his  •  monograph  "Cascade  Processes  in  Cosmic  Rays" 
(1948)  and  subsequently  developed  In  many  later  articles,  were  highly 
praised  sind  universally  acknowledged  In  the  world's  literature.  Semen 
Zakharovich  also  obtained  original  and  interesting  results  In  the  field 
of  hydrodynamics.  He  devoted  much  effort  to  the  solution  of  Important 


applied  problems. 
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In  1954  a  new  stage  began  In  his  scientific  activity.  In  that  he 
embarked  on  research  In  the  nuclear  collisions  of  high-energy  particles. 
This  question,  as  Is  well  known.  Is  the  center  of  attention  of  modem 
physics  and  is  at  the  same  time  one  of  the  most  difficult  problems.  But 
her-e,  too.  Semen  Zakharovich  discovered  new  possibilities  and  arrived 
at  Important  conclusions  which  are  attracting  ever-increasing  attention 
both  here  and  abroad. 

Semen  Zakharovich  made  far-reaching  plans  for  research  on  the  theory 
of  collisions  and  multiple  particle  production,  and  this  problem  occupied 
him  until  his  last  days. 

His  services  were  rewarded  with  an  Order  of  Lenin,  the  Papaleksl 
Prize,  and  the  Stalin  Prize.  He  took  an  active  part  In  social  life  and 
was  a  member  of  the  Communist  Party  of  the  Soviet  Union  since  1939* 

Semen  Zakharovich  paid  much  attention  to  the  training  of  youth. 

The  work  of  a  group  of  graduate  students  and  the  preparation  of  many 
dissertations  were  carried  out  under  his  guidance.  As  a  leader  he  was 
most  exacting  and  had  a  tendency  to  allow  Independence  of  work.  He  was 
able,  without  restricting  the  students  '  Initiative,  to  help  find  the 
correct  way  with  a  few  remarks. 

Semen  Zakharovich  loved  science,  devoted  all  his  efforts  to  It, 
was  highly  active  and  only  a  few  knew  how  sick  he  was  during  the  last 
years . 

His  associates,  co-workers,  and  graduate  students  will  never  forget 
his  high  scientific  principles,  clarity  of  thought,  directness  of  expres¬ 
sion,  and  human  qualities. 

HlB  untimely  death  struck  particularly  hard  those  who  knew  him  clo¬ 
sely  and  who  marched  on  his  side  for  many  years.  It  Is  difficult  to  be¬ 
lieve  that  we  shall  never  see  him  again.  • 

—  Staff  Members  of  the  Theoretical  Division 
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FROM  THE  EDITOR 


The  present  voltime  contains  two 


papers  by  S.  Z. -.Belen'kly :  The 
>f  Flow  of  SuDersohl;c ‘■'Ga/S'  Past 'a  ’ 


article  "Contribution  to  the  Theory  of  Flow  of  Supers.ohl'c ‘‘Gas-.  Past^ 

'jyi' 

Wedge"  was  written  In  1945*  while  the 
with  Aooount  of  Radiation"  dates  baok 

Failure  to  publish  these  articles  ±11  uxnic.  ««aor.auu,xuciiuaj.*/fceuiu:;Duu.r*-,':».' 

sequently  Belen'kly,  as  far  as  was  known,  did  not  •p,IahItp*'pub‘iTsh«them'ru^^^^ 

•  .  .  ST’”  : 

Inasmuch,  however,  these  articles  contain  lnterestihg';mat'er‘ial^}<the*ir-J^^;f 
publication  In  the  Trudy  of  the 
were  found  In  Be len 'kly ‘s  papers  seems 

The  scientific  activity  of  S.Z.  Belen 
touched  upon  in  the  obituary  In  the 
In  detail  In  the  Journal  "Uspekhl  flzlcheskikh 
where  a  bibliography  of  his  scientific 

;  r}: 

'  •  ^  f  •  ‘ 

•  •  ■  1#'*  »  J‘*  ‘t. 


' kly ,  whlch^was  ‘  only  '„br.lef  ly^^*-'3  ‘ 
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Itself 
_  on 

-  'I.  v‘‘"..  i  •^"o  '.  V  i‘>  j-'  ■■.'••  ''  'V  ,•  ■ 

the  .body^^should  spread 'apart  at  the  .frpnt  vedgeTnBut  '.lf.  the  velocity  of 

■  t'*'-  ■•  '  ••■  ♦  ■'•  ..•••.  ■  '  '••*  ■*•  i  f'.''  '  ’■ 

the/.gas. exceeds  the >  velocity  of  sound,  then  upon  expansion  of  the  Jet, 
as -follows,  from  the  Bernoulli  equation;;: -the  velocity  of  the  gas  In- 

jrf*  -  •  Jl  ‘  ■  ..  •  •  • 

crease's  Hand  therefore  cannot  vanish.;-  In  -.order  for  the  flow  past  the 
body^  tOr'tJecome  ^possible,  a  discontinuity  ..surface  must  arise  In  front 

of ‘the.- body,’  a  compression  shock,  the  presence  of  which  makes  it  pos- 

Nu-’-  .  ' 

slble:.  to  'satisfy  the  boundary  conditions  on  the  surface  of  the  body. 

••  . ..  /If.  the  edge  of  the  body  Is  sharp,  then  the  differential  equations 

'•  "  : 

of .gasdynamlcs  lead  to  multiple -valued  solutions  in  a  definite  region  • 

.•V  '  •  •  ,  ■  • 

of 'space ,  (one  point  In  space  corresponds  to  several  values  of  the  ve¬ 
locity),  which  is  physically  meaningless.  Therefore  a  compression  shock 
must  be  produced  in  front  of  the  body,  away  from  the  sharp  point,  even 
at  large  tip  angles. 

Even  if  the  contour  of  the  body  is  such  that  the  tangent  to  the 
contour  at  the  forward  point  Is  parallel  to  the  velocity  of  the  Incoming 
stream,  and  further  on  the  contour  bends  smoothly,  a  unique  solution  may»  i 
nevertheless  be  impossible  and  a  compression  shock  arises  at  a  certain 

-  4  - 


thie'-Stre^.^r Because' .of.  the  presence' of, .discontinuity  surfaces, .  the 
piottihg-'of  the- ;flo,w  past  bodies ’In’i'a ’'■supersonic  stream  Is  ah  exceed- 
Ingly  complicated  problem  which  has  beien  solved  for  only  a  few  parti* 

H'#* ; '  T'.'  '*  *'•  *'  ‘  ‘  " '’Vv.' '  4  ■  **••  •  . 


-oular/oase's . 


V^if.'Ohe  such  case  Is  the  flow  past  a  dihedral  angle  (wedge).  However, 
e.veji.,ln  the  Investigation  of  this  very  simple  problem  we  encounter  the 

■  X  1,  • 

sp-'called  "duality"  of  the  solutions  of  gasdynamlcs  for  the*dlscontlnul 
.  tlesy  a  duality  which  has  been  subjected  to  many  discussions. 

,  If ,  by  virtue  of  the  streamlining  conditions,  the  supersonic 


.A  •  ’ 

stre^  must  turn  through  a  certain  angle  which  Is  smaller  than  l80®, 
then,  according  to  the  equations  of  gasdynamlcs,  for  specified  stream 
velocity  and  turning  angle,  such  a  turn  can  be  realized  In  two  ways: 

1) oblique  compression  shock  can  be  produced  nearly  normal  to  the 
velocity  of  the  Incoming  stream,  and  the  velocity  behind  this  shock,  as 
will  be  shown  below.  Is  always  smaller  than  the  velocity  of  sound;  2) 
an  oblique  shock  farther  away  from  the  vertical  than  In  the  first  case 
can  arise,  and  the  velocity  behind  It  becomes  subsonic  or  supersonic, 
depending  of  the  velocity  of  the  stream  and  the  turning  angle,  but  al¬ 
ways  larger  than  In  the  first  case.  In  principle,  both  flow  modes  are 
possible.  Usually  the  problem  of  the  duality  of  the  gasdynamlc  solution 
Is ’.considered  applied  to  flow  past  a  wedge,  although  of  course  It  has  a 
more  general  significance. 

Experiment  has  shown  that  in  flow  past  a  wedge  the  mode  realized 
corresponds  to  a  high  velocity  behind  the  shock. 

To  explain  this  phenomenon  theoretically,  Roy  [1]  proposed  that 
such  flow  can  occur  and  be  connected  only  with  a  minimum  change  In 


entropy,  while  Epstein  [1]  proposed  to  start  from  the  minimum  principle 
for  the  Hamiltonian.  These  criteria  are  quite  arbitrary  and  can  thei*e- 
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fore  not  be  regarded  as  convincing.  Levinson  [2]  considers  the  stabi¬ 
lity  of  oblique  shocks  by  the  small  oscillation  method.  The  author 

I 

reaches  a  conclusion  that*  the  only  stable  shocks  are  those  for  which 
the  continuous  velocity  component  parallel  to  the  discontinuity  (tan¬ 
gential)  exceeds  the  velocity  of  sound  ahead  of  the  shock.  It  Is  easy 
to  see  that  this  conclusion  contradicts  the  Invariance  of  the  gasdyna- 
mlc  equations  under  a  Galilean  transformation.  Actually,  It  Is  always 
possible  to  change  over  to  a  coordinate  system  In  which  the  tangential 
component  of  the  velocity  Is  smaller  than  the  velocity  of  sound  or  is 
even  equal  to  zero.  It  Is  obvious  that  In  such  a  coordinate  system  the 
stability  conditions  cannot  change.  Thus,  Levinson's  work  seems  to  be 
Incorrect,  since  it  contradicts  the  Galilean  principle. 

As  regards  the  stability  of  compression  shocks  against  small  per¬ 
turbations,  this  stability  was  Investigated  by  Landau  [3]  for  a  straight 
shock,  and  It  was  shown  that  straight  shocks  are  always  stable  (in  ag¬ 
reement  with  experiment).  This  conclusion  Is  valid,  of  course,  for 
oblique  shocks  too. 

In  the  case  of  flow  around  a  wedge,  the  discontinuity  has  a  sharp 
point,  coinciding  with  the  sharp  point  of  the  wedge.  This  case,  strict¬ 
ly  speaking,  calls  for  an  additional  investigation  of  stability,  which 
so  far  has  not  been  performed  by  anyone.  However,  oh  the  basis  of  the 
considerations  which  we  shall  develop  In  Section  3^  It  seems  to  us  that 
such  an  Investigation  would  not  lead  to  new  results. 

Let  us  point  out  here  that  the  problem  of  flow  past  a  wedge.  In 
the  formulation  used  for  Its  analysis  so  far.  Is  of  no  Interest  fi*om 
the  physical  point  of  view.  One  usually  Investigates  a  flow  past  an  In¬ 
finite  dihedral  angle  and  the  solution  obtained  thereby  Is  dual. 

Any  real  body  Is  finite,  and  the  .•alldlty  of  -he  abstraction  em-  ' 


to  refine  the  formulation  of  the  problem  and  to  consider  flow  past  a 
finite  body,  having  a  wedge -like  end.  In  order  to  get  rid  of  the  dual¬ 
ity  of  the  solution.  The  necessary  requirement  that  the  boundary  condi¬ 
tions  be  satisfied  should  lead  to  a  unique  choice  of  one  of  the  possible 
solutions. 

The  derivation  of  a  definite  solution  In  the  case  of  flow  past  a 
wedge  does  not  mean  at  all  that  In  all  cases  of  turning  of  a  supersonic 
flow  this  Is  precisely  the  solution  obtained.  To  the  contrary,  we  can 
point  out  examples  In  which  a  solution  is  obtained,  for  which  the  velo¬ 
city  behind  the  shock  Is  smaller  than  the  velocity  of  sound.  Thus,  In 
flow  around  a  body  with  a  rounded  front  end,  the  shock  produced  In  front 
of  the  body  bends  In  such  a  way,  that  the  velocity  behind  It  Is  smaller 
than  the  velocity  of  sound  in  some  regions  and  larger  In  others. 

It  Is  obvious  that  by  formulating  a  physically  sensible  problem 
concerning  the  flow  around  a  body  of  arbitrary  form,  with  account  of 
conditions  on  the  surface  of  the  body  and  at  Infinity,  we  should  always 
obtain  a  unique  solution  of  the  problem.  At  the  present  time  unfortun¬ 
ately  we  cannot  prove  this  premise  as  a  rigorous  mathematical  theorem. 
§2.  OBLIQUE  COMPRESSION  SHOCK 

Let  us  present  a  few  relations  from  the  theory  of  an  oblique  com¬ 
pression  shock. 

We  shall  designate  with  the  index  1  quantities  pertaining  to  the 
stream  ahead  of  the  shock,  and  with  the  index  2  quantities  pertaining 
to  the  streeim  past  the  shock.  The  fundamental  equations  of  gasdynamlcs, 
as  applied  to  an  oblique  shock,  are  written  In  the  following  fashion: 


(1) 

Pt—Pi 

1 

(2) 

«l  +  =  *0- 

(3) 
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Here  p  Is  the  gas  density,  p  the  pressure,  1  the  heat  function, 

1q  the  "total"  heat  function,  the  velocity  component  normal  to  the 

shock,  V4.  the  velocity  component  parallel  to  the  shock;.,this  component  ;  .-VX 

r’712  ■’  V "‘2- '’s  - '  ’  '■ 

does  not  experience  a  discontinuity. ;,v 

'  ■  *•*'  A  .  tK  t .  ..=■■'  '  ii"." 
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•  'In '•■Figure  1  the  abscissa 

velocity  ahead  of  the  shock,  OD  Is  •thepdlfectloi^nVof /the  ^ve  past 


•  •  •  *  •  y 


the..; shock,;, OB  Is  the  discontinuity  line/ :i3[^^.lV. the  of  the 

flow  ahead  of  the  shock,  OA  Is  the-, •M^'ch'.dlne ’fbf^Ithe- flow  past  the  shock,.’ 

**•**/  •  V.  •'  •  ■  '.M 
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•  U  ri  1. 


r 

-■3 
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r We.' shall  consider  the  flow  of  ja-.’ perfect  gas  (which  does  not  limit 
the  {generality  of  the  results  obtalried-)V/.  and  then  1  =  y/(y  —  l)(p/p)# 
where' -7  Is  the  ratio  of  the  specific  .hejat;at  constant  pressure  to  the 
•  specific  heat  at  constant  volume. 

•  i  .  -We  introduce  also  the  "critical- yeipc-lty"  c*,  namely  the  stream 
velocity  equal  to  the  local  velocity  of  sound 


{•3 
.  -5 

t-.? 


'  T  +  1  • 


(4) 


The  local  velocity  of  sound  c,  defined  by  the  relation  c  =  dp/(dp).  Is 


'(5) 

(for  c  =  V,  v  =  c*). 

It  Is  seen  from  -(5)  that  the  velocity  of  a  supersonic  stream  can¬ 
not  exceed  =  V  (t+1)/(7-1}  c*. 

Let  us  show  that  If  the  velocity  past  the  shook  exceeds  the  velo¬ 
city  of  sound,  then  the  discontinuity  line  Is  always  situated  between 
the  Mach  lines  for  the  flows  ahead  of  and  behind  the  shock,  and  the 
discontinuity  line  makes  a  larger  angle  to  the  x  axis  than  the  Mach 
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a  B 


Fig.  1 


line  for  the  flow  ahead  of  the  shock,  l.e, 

(6) 

Eliminating  p  and  p  from  (l),(2),  (3)  and 
using  the  relation  (4),  we  obtain 

Sr^=e**-1^  (7) 

#  # 
It  Is  obvious  that  If  >c^.,  then  <c<. 

n^^  t  n^^  tv 


and  vice  versa.  Prom  (l)  It  follows  that  for  a  shock  we  have  v^  >v_ 

ni  ng 

^  2  2 

and  consequently  v_  >c^.  Let  us  set  up  the  difference  of  —  v_  .  Since 

V  X 

In  accordance  with  (5)  and  (7) 


we  get 


y. 


If  v„  >C4.,  then  v„  >c, . 
n^^  t  n^^  1 


An  analogous  relation  occurs  also  for  the  flow  past  the  shock; 

'D-  (8*) 

* 

Since  we  get 

n^  ^2  ^ 

Therefore,  the  nomal  component  of  the  velocity  ahead  of  the  shock 
always  exceeds  the  velocity  of  sound,  while  the  normal  component  of  the 
velocity  past  the  shock  is  always  less  than  the  velocity  of  sound. 


From  Figure  1  we  get 


tlnp=:-^,  8ln(?  +  <p)=-^  . 


On  the  other  hand,  the  angles  between  the  Mach  lines  and  the  correspond¬ 
ing  velocity  directions  (the  Mach  angles)  are 
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since  Cg  >  ,  we  get  Og  > 


and  since  c,  <  , 

1  n^' 


we  get  p  > 


Q«  e  •  d* 


By  transforming  the  relations  (l)  -  (3)  we  can  find  a  connection 
between  the  velocity  components  Vg^  and  Vgy  past  the  shock  for  given 
volumes  of  v^^  and  c*: 


'  *  -.a.*'* 


(9) 


This  curve  has  the  form  shown  in  Figure  2.  The  point  A  corresponds  to 
the  straight  shock  at  which  Vg^  =  0,  and  Vg^  =  c*  where  the 

point  B  corresponds  to  the  absence  of  a  shock  (Vgy  =  0,  Vg^  «  v^).  The 
Intersection  of  the  line  drawn  from  the  origin  at  angle  ♦  with  the 
curve  (9)  makes  it  possible  to  determine  the  velocity  occurring  past 
the  shock.  We  see  that  for  a  given  angle  of  turn  ♦  three  values  of 
the  velocity  are  possible.  One  of  them,  P'',  corresponds  to  a  velocity 
past  the  shock  exceeding  the  velocity  ahead  of  the  shock,  that  Is,  as 
follows  from  equation  (l).  It  leads  to  a  rarefaction  shock.  According 
to  Zemplen's  theorem,  such  shocks  cannot  be  realized,  so  that  the  en¬ 
tire  branch  of  the  curve  to  the  right  of  the  point  B  has  no  physical 
meaning.  The  two  other  values  of  the  velocity  (F  amd  P')  are  In  prlncl 
pie  equally  valid.  The  point  P'  corresponds  to  the  larger  velocity  past 
the  shock,  and  F  to  the  smaller  velocity.  The  discontinuity  line  will 
make  a  smaller  angle  with  the  abscissa  axis  If  the  flow  past  the  shook 
has  the  larger  velocity.  Indeed,  let  us  write  down  the  condition  that 
the  velocity  component  parallel  to  the  direction  of  the  shock  remain 
continuous  (Fig.  l): 


limiting  angle  then  a  turn  through  a  larger  angle  becomes  Impos- 

luaX 

Bible.  This  limiting  angle  Is  attained  when  the  line  drawn  from  the 


origin  Is  tangent  to  the  curve  (the  point  S).  Since  the  point  B  corres¬ 
ponds  to  supersonic  velocity  (v^  >  c*),  and  the  point  A  corresponds  to 
subsonic  velocity  (c*  /(vj^)  <  c*).  It  Is  obvious  that  there  Is  a  point 
on  the  curve  (9)  corresponding  to  the  velocity  of  sound  past  the  shoclc. 

This  point  (D)  Is  the  point  of  Intersection  of  the  curve  (9)  with  the 
2  2  2 

circle  Vg^  +  Vgy  =  c*  .  To  the  right  of  point  D  we  have  supersonic  modes 
of  flow  past  the  Jump,  while  to  the  left  we  have  subsonic  modes.  Let  us 
show  that  of  the  two  possible  values  of  the  velocity  past  the  shock 
(P  and  F')^  more  than  one  corresponds  to  supersonic  velocity  and 
consequently  at  least  one  must  be  subsonic. 

For  this  purpose  It  Is  sufficient  to  show  that  the  point  S  always 
lies  In  the  subsonic  region. 

Let  us  find  the  coordinate  v^g  of  the  point  S.  The  point  S  is  the 
Intersection  of  the  curve  defined  by  equation  (9)  with  the  line 

t,lr,A 

•  (11) 


/ 


/ 

/ 
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From  this  we  have  for  the  point  S: 

.=  1. 


(d  in  \ 


(12) 


Using  equation  (9),  we  determine  d  In  Vyg/(dv^g): 

1 


I  1 


<(>. 


on  the  other  hand 


(13) 


_ _  «p_ 

I  •''«  «!  P 


(13') 


Equating  (13)  and  (13')  we  obtain  after  simple  transformations  the 
quadratic  equation 


"  ^  "**  (v +^V)- 


(14) 


The  point  D  corresponding  to  the  velocity  of  sound  is  the  point  of  in- 


Op  p 

tersectlon  of  the  curve  (9)  with  the  circle  v|^  +  v|y  c*  .  The  coor¬ 
dinate  Vj^^  is  determined  from  the  equation 

{»,  —  r*i)s(  —  — ] 


(15) 


7  +  » 


Transforming  this  equation,  we  obtain  again  a  quadratic  eqxiation 


^'=^{3c**  +  pD. 

27»,  ' 


(16) 


(  ) 


Equation  (l4)  has  two  solutions.  One  corresponds  to  the  point  S' 

where  the  line  (11)  is  tangent  to  the  curve  (9).  We  denote  it  by 

(2) 

The  second  solution  (v^gO  corresponds  to  the  point  where  the  line  (11)  1 

crosses  t.’-.e  :  ra:'. :f  ;--rve  ;  e:-:ilr>lr.r  *;  ~r.i  r-irefEctlor.  shocks  (S*). 
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roots,  and  which  corresponds  to  the  presence  In  equation  (9) 

of  the  queintlty  -  '^2x)  ‘  point  D  corres- 

ponds  to  the  larger  of  the  roots 

Using  the  properties  of  quadratic  equations,  we  write  the  obvious 
equations : 


H'). 


• 

*4  •>/ 


(17) 


*J>  JA  •** 


n—D'  =  -  ‘ 


(18) 


where  c^^  is  the  velocity  of  sound  in  front  of  the  compression  shock 
[see  (5)]. 

We  recall  that  v^^^  <  v^  and  <  v^.  On  the  other  hand, 

v^l^  >  Vj^.  Thus,  we  always  have  >  v^^^.  The  velocity  v^  of  a  super¬ 
sonic  stream  can,  as  Is  well  known,  not  exceed  =  Y  +  1/(y  —  l)  c*. 

For  this  value  v^  we  get  c^  =  0.  Prom  (l8)  we  obtain  for  this  case 

'.rf  ‘'.• 

Inasmuch  as  v^g^  >  we  also  get  v^^^  >  v^g\ 

We  have  shown  that  for  the  maximum  value  v^  (for  specified  c*) 
the  point  S  Is  located  In  the  region  of  subsonic  velocities.  Let  us 
show  now  that  this  property  Is  maintained  for  all  supersonic  values  of 
the  velocity  v^^  of  the  Incoming  stream.  Let  us  assume  that  there  exist 
such  values  v^  >  c*,  for  which  <  v^g^.  Then,  by  virtue  of  the  fact 

that  v^^  and  v^g  are  continuous  functions  of  v^^,  there  should  exist  such 
a  value  of  v  >  v^^  >  c*)  at  which  v^g^  =  v^^^.  Equations  (17)  and 

(l8)  will  be  written  for  this  value  of  v^  In  the  following  fashion: 
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Hence  But  It  follows  from  (9)  that  the  coordinate 

Vy  of  the  point  with  abscissa  Is  equal  to  zero.  Thus,  Is 

equal  to  the  total  stream  velocity  past  the  compression  shock  and  Is  at 
the  same  time  smaller  than  c*,  since  >  c*.  This  contradicts  the  con- 

dltlon  that  the  point  should  correspond  to  the  velocity  of  sound. 

We  have  reached  a  conclusion  that  over  the  entire  Interval  of 
variation  of  v^  (from  c*  to  we  have  v^g^  <  v^^^  and  thus  the 

point  S  Is  always  In  the  subsonic  region. 

If  the  angle  of  the  turn  In  the  velocity  Is  o  <  where  Is 
the  angle  between  the  x  axis  and  the  line  passing  through  the  origin 
and  through  the  point  D,  then  one  of  the  possible  velocities  past  the 
discontinuity  Is  supersonic,  and  the  other  Is  subsonic.  If  ♦  >  then 
both  possible  values  of  the  velocity  lie  In  the  subsonic  region. 

§3.  FLOW  OF  SUPERSONIC  STREAM  PAST  A  WEDGE 

Let  us  consider  the  flow  past  an  unbounded  wedge  with  an  aperture 
angle  2P,  produced  by  a  supersonic  stream  with  velocity  v^^  and  critical 
velocity  c*.  If  the  angle  ♦  does  not  exceed  the  limiting  value 
which  Is  a  function  of  v^^  6ind  c*,  then  flow  modes  are  possible.  In 
which  a  shock  wave  Initiates  at  the  point  of  the  wedge.  Then,  as  fol¬ 
lows  from  the  foregoing  section,  two  flow  modes  are  possible  In  princi¬ 
ple,  one  corresponding  to  a  larger  velocity  behind  the  shock  and  the 
other  corresponding  to  a  smaller  velocity.  The  angle  between  the  dis¬ 
continuity  line  and  the  surface  of  the  wedge  will  In  the  former  case 
(B)  be  smaller  than  In  the  latter  case  (B')  (Fig.  3).  Thus,  In  the  case 


of  an  Infinite  wedge  we  have  two  equally  valid 
solutions,  and  we  do  not  know  how  to  choose  be¬ 
tween  them. 

Lsindau  has  shown  [3]  that  any  plane  shook  is 
stable  relative  to  small  perturbations,  and  that 
the  singularity  of  the  problem  considered  here 
lies  only  In  the  fact  that  the  discontinuity  has 
a  kink  (a  sharp  point).  This  case  calls  for  an  additional  investigation 
from  the  point  of  view  of  stability.  However,  such  an  investigation  does 
not  seem  to  us  to  be  fruitful.  Indeed,  were  such  an  investigation  to 
yield  new  results  and  were  It  to  lead  to  the  stability  of  one  of  the 
solutions,  the  solution  more  likely  to  be  proved  unstable  Is  the  one 
with  the  large  kink  In  the  shock,  that  Is,  with  the  larger  velocity 
past  the  discontinuity.  At  large  velocities  of  the  Incoming  stream  and 
at  very  small  angles  ♦,  an  oblique  shock  corresponding  to  a  smaller 
velocity  past  the  discontinuity  Is  quite  close  to  a  straight  shock  and 
therefore  has  no  kink  whatever,  whereas  an  oblique  shock  corresponding 
to  the  larger  velocity  has  a  considerable  kink  past  the  discontinuity. 
Yet  experience  shows  that  In  the  flow  past  a  body,  even  at  a  small  an¬ 
gle  ♦,  the  solution  realized  corresponds  to  the  larger  velocity  past 
the  discontinuity. 

The  problem  of  flow  past  an  unbounded  wedge  Is  a  mathematical  ab¬ 
straction,  the  validity  of  which  Is  not  obvious  beforehand.  The  physi¬ 
cal  formulation  of  the  problem  calls  for  flow  around  a  finite  body.  We 
should  therefore  not  be  surprised  at  the  duality  of  the  solution  for 
a  case  which  Is  physically  not  realizable.  We  shall  show  that  In  the 
case  of  a  finite  body  the  two  solutions  are  no  longer  equally  valid. 

Let  us  consider  by  way  of  an  exaunple*  the  flow  around  a  sharpened 
body  with  the  contour  as  shown  In  Fig.  4.  As  will  be  shown  below,  the 
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choice  of  the  specific  form  of  the  con¬ 
tour  does  not  limit  the  generality  of  the 
conclusions. 

Let  us  assume  that  when  a  supersonic 
stream  flows  past  the  body  under  consider¬ 
ation  a  compression  shock  starts  on  the 
point  of  the  wedge,  and  that  behind  the 
shock  the  velocity  remains  supersonic 
(this  is  possible  if  <>  <  that  is, 

the  solution  corresponding  to  the*larger 
velocity  behind  the  discontinuity  Is  realized. 

Were  the  shock  to  extend  to  Infinity  without  attenuating  an  Inten¬ 
sity,  then  the  resistance  experienced  by  the  body  would  be  Infinitely 
large  (Fig.  4). 

Actually,  the  entropy  of  the  gas  masses  flowing  around  the  body 
Increases  In  the  shock.  As  was  shown  by  the  author's  paper  [4],  the 
resistance  of  the  body  Is  proportional  to  the  expression  y^Sdy,  where 
AS  Is  the  change  In  the  entropy  per  unit  length.  Since  AS  Is  In  our 
case  a  constant  finite  quantity,  for  an  unbounded  discontinuity  the  ex¬ 
pression  given  above,  and  with  It  the  resistance,  become  Infinitely 
large.  This  does  not  occur,  since  perturbations  that  lead  to  the  atten¬ 
uation  of  the  shock  originate  at  the  point  A. 

Because  the  velocity  of  the  flow  around  the  angle  OAD  exceeds  the 
velocity  of  sound,  the  perturbations  originating  at  the  point  A  propa¬ 
gate  along  the  Mach  line.  The  solution  corresponding  to  a  plane  oblique 
shook  will  be  valid  only  to  the  point  C,  where  the  shock  crosses  the 
first  Mach  line  (so-called  weak  discontinuity),  making  an  angle  Sg  with 
the  direction  OA.  This  crossing  must  occur,  for  in  accordance  wltii  the 
proof  given  In  the  preceding  section  J-' 


Fig.  4 


round  the 


OAD,  the  stream  expands,  and.  In  accordance  with  the  property  of  super¬ 
sonic  flows,  the  velocity  will  Increase.  Consequently  the  velocity  of 
the  stream  in  the  region  ACC  will  exceed  that  In  the  region  OCA,  and 
therefore  the  discontinuity  line  should  bend  accordingly.  It  is  obvious 
that  the  angle  betweeen  the  discontinuity  line  and  the  x  axis  should 
decrease  and  approach  the  Mach  angle  of  the  flow  ahead  of  the  shock, 
since  the  difference  between  the  velocities  ahead  of  and  behind  the 
shock  decreases.  In  the  region  ACC"  the  velocity  increases  even  more 
and  the  intensity  of  the  shock  becomes  even  less.  At  sufficiently  large 
distances  from  the  body,  the  Intensity  of  the  shock  becomes  as  small  as 
desired,  and  the  discontinuity  line  merges  with  the  Mach  line.  The  ex¬ 
pression  y^Sdy  Is  In  this  case  finite,  as  Is  also  the  resistance  of  the 
body.  The  calculation  (which  can  be  carried  out  only  If  the  angle  *  is 
small  and  the  velocity  of  the  Incoming  stream  close  to  the  velocity  of 
sound)  shows  that  the  resistance  calculated  with  the  expression  ^Asdy 
coincides  exactly  with  the  resistance  calculated  directly  from  the  dis¬ 
tribution  of  the  pressure  along  OA  and  OA'  (see  [4]). 

Let  us  assume  now  that  a  compression  shock  starts  fz*om  the  point 
of  the  wedge,  and  behind  It  the  velocity  becomes  subsonic.  In  the  case 
of  subsonic  flow  past  the  angle  OAD,  the  perturbation  starting  from  the 
point  A  propagates  In  all  of  space  and  therefore  the  discontinuity  line 
begins  to  bend  Immediately,  starting  from  the  vertex.  Since  the  sub¬ 
sonic  stream  .past  the  angle  OAD  expands,  the  perturbation  starting  from 
A  leads  to  a  decrease  In  the  velocity,  and  the  Intensity  of  the  shook 
should  Increase,  while  the  discontinuity  line  should  bend  In  such  a  way 
as  to  approach  the  y  axis.  Thus,  In  this  case  we  shall  have  no  section 
whatever  in  which  the  shock  would  be  linear. 

[From  the  foregoing  qualitative  analysis  we  should  expect  that 
in  the  flow  past  a  pointed  body  the  compression  shock  can  be  tangent  to 
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the  vertex  only  If  the  velocity  behind  the  ehook  exceeds  the  velooity 
of  sound.  If  the  angle  ♦  >  then,  as  shown  In  the  preceding  seotlmi, 
only  one  solution  Is  supersonic  and  the  problem  Is  solved  uniquely.  If 
e  >  both  solutions  correspond  to  subsonic  velocities  euid  the  shook 
cannot  start  from  the  vertex  of  the  body.  In  this  case  the  shook  "Jumps 
away"  from  the  body,  so  that  the  real  limiting  angle  at  which  the  oc¬ 
currence  of  discontinuity  starting  from  the  vertex  Is  still  possible 

Is  not  but  ♦■,.]* 
max  1 

The  criterion  obtained  by  Levinson  [2]  on  the  basis  of  an  Incorrect 
theory,  differs  greatly  from  ours.  In  place  of  the  condition  Vg  >  Cg 
(or  Vg  >  c*)  Levinson  obtained  a  condition  according  to  which  the  tan¬ 
gential  velocity  component  Is  v^  >  c^^.  As  can  be  seen  from  Pig.  11  of 
Levinson's  paper,  this  condition  differs  from  ours  at  all  values  of  the 
velocities  of  the  Incoming  stream. 

In  conclusion  we  point  out  that  the  criterion  proposed  Is  not  at 
all  universal  for  the  flow  around  an  arbitrary  body.  We  recall  that  In 
flow  past  a  rounded  body  there  Is  produced  a  discontinuity  line,  the 
velocity  behind  which  runs  successively  through  all  possible  values 
from  c*V(v2),  corresponding  to  the  point  A  on  (curve  9)  (eee  Pig.  2), 

to  v^,  corresponding  to  the  point  B. 
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are  not  equally  valid  in  the  case  of  a  finite  wedge  is  regarded  at  the 
present  tine  as  :;rra;t  ar.i  vas  firs-  r.ade  -y  S.Z.  Belen’kiy,  the  publi¬ 
cation  of  this  article  is  fully  Justified. 
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11  It  is  easy  to  see  that  the  direction  of  the  oblique  shook 

is  perpendicular  to  the  line  F'B  which  Joins  the  velocity 
vectors  before  and  after  the  shock,  that  is, 
ctg  (CBP')  «  Vgy/Cvj^  -  Vg^).  It  is  evident  therefore  that 

for  a  given  v^  the  direction  of  the  shock  varies  continuous¬ 
ly  and  monotonically  along  curve  (9)  fJ?om  n/2  to 

14  To  check  the  considerations  advanced  here,  it  would  be  desir¬ 

able  to  carry  out  experiments  with  flow  around  a  wedge  at  an 
angle  e  larger  than  but  smaller  than  . 
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HYDROEVNAMIC  EQUATIONS  WitH 
ACCOUNT  OF  RADIATION 

S.Z.  Belen'kly 

To  solve  many  physical  problems,  particularly  In  astrophysics. 

It  becomes  necessary  to  take  radiation  Into  account  In  the  hydro- 
dynamic  equations.  In  spite  of  the  fact  that  the  material  equations 
of  motion  with  account  of  radiation  were  derived  many  times,  the  ques- 

t 

tlon  has  not  yet  been  fully  clarified.  In  the  present  article  we  derive 
the  fundamental  equations  In  two  different  ways,  and  also  discuss  work 
by  other  authors. 

1.  We  start  from  the  laws  of  conservation  of  matter,  momentum, 
and  energy. 

Let 

f{v,  r)dVdO 

(1) 

be  the  number  of  particles  In  a  three-dimensional  volume  dO  »  dxdyds 
with  velocities  In  the  Interval  at(v^,  v„,  v_,  v„  +  dv_,  v„  +  dv„,  v_  + 
+  dv_).  Let,  further, 

tt 

N{n,  r,  v)diK/(»»dO 

be  the  number  of  photons  In  the  three-dimensional  volume  dO  within  the 
solid  angle  cku  and  with  energy  lying  In  the  Interval  hv,  h(v  +  dv), 
where  v  is  the  radiation  frequency  and  h  Is  Planck's  constant;  the  di¬ 
rection  of  propagation  Is  characterized  by  a  unit  vector  rT.  The  cosines 
of  the  angles  between  the  vector  n  and  the  coordinate  axis  are  denoted 
by  a^.  The  Index  1  runs  through  three  values  corresponding  to  the  angles 
with  the  X,  y,  and  z  axes. 


We  consider  the  change  In  an  arbitrary  component  of  the  momentum: 

(3) 

Here  veshch  density  of  the  material  component  of  the  momcntxun 

equal  to 

(4) 

where  m  Is  the  mass  of  the  particle.  Were  the  particles  of  the  mater¬ 
ial  to  be  at  rest  In  the  reference  frame  considered^  we  would  have 
?!  ygajjQjj  *  0*  Actually,  however,  the  particles  move  with  maorosooplo 
velocity  Thus,  ^  ^  ^  microscopic  particle 

velocity.  Consequently, 

r)dVJf.m\v'J(v,  r)dV. 


But  the  quantity 


»»]/(«>.  r)d 


? 


Is  none  other  than  the  density  of  the  material,  emd 

r)dV  =  0 


The  density  of  the  radiation  momentum  component  Is 

since  hv/c  Is  the  momentum  carried  by  the  photon  In  a  direction  char¬ 
acterized  by  the  vector  n«  The  change  In  momentum  In  the  volume  under 
consideration  Is  determined  by  the  momentum  transferred  by  the  particle 
and  by  the  photons  through  the  surface  surrounding  the  volume. 

The  momentum  transferred  by  the  particles  Is 


I 
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r)p,lvds)dVsa 

r)(V,V»+i.;^  +  r;K, 
a  f  pV,v^, + M I  j /  (o.  r) 


«iwr«  dS  IB  the  siirflioe  element «  the  absolute  value  of  whloh  is  eqaaX 
to  the  area  of  the  element  and  whose  direction  Is  norsMtl  to  the  surfaee. 
From  the  maorosooplo  point  of  view,  the  quantltltes  under  the  surfiaoe- 
Integral  sign  In  the  last  term  are  the  components  of  the  pressure  ten- 


I 

f  sor  Pjjj 

1  p^^=m  \I(v,  r)vy^dV. 


(8) 


If  we  neglect  viscosity,  then 

($1) 

where  p  Is  the  pressure  of  the  material. 

The  momentum  transferred  by  the  photons  Is  equal  to 


Ihe  quantities 

p'^=z^Nht!i(%,d<»d^  (91) 

form  the  tensor  of  radiant  energy  pressure. 

The  surface  Integrals  (7)  and  (9)  can  be  transfonwd  in  aeoord  with 
the  Oauss  theorem  Intp  volume  Integrals: 

4;  <***’*•*+ Pa)***''  (10) 


(U) 

Squat Ing  expression  (3)  to  the  sum  of  (10)  and  (11),  and  taking  into 
consideration  the  fact  that  the  equality  obtained  must  hold  true  for 
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an  arbitrary  volume  dO,  no  matter  how  small,  we  obtain  the  following 
differential  equation: 


(12) 


where  H  Is  the  vector  of  the  radiant  energy  flux; 


Let  US  change  over  from  the  derivative  of  the  velocity  at  a  sta¬ 
tionary  point  to  the  Lagranglan  derivative  D/Dt,  and  let  us  use  the 
equations  for  the  conservation  of  matter,  which  remain  valid  If  pair 
production  processes  are  neglected.  Equation  (12)  can  then  be  rewritten 
as: 

Dl't_  op _ 

^  hi  ~  ofi  at\.c*)‘  (12') 


The  last  two  terms  are  due  to  the  radiation. 

Let  us  proceed  now  to  the  energy  conservation  equation.  The  change 
In  the  energy  of  a  volume  element  per  unit  time  Is 

— +  (13) 

where  W^gg^ch  energy  per  unit  material  In  a  unit  volume  emd 

Is  the  radiation  energy  per  unit  volume; 

(14) 

where  u  Is  the  potential  energy  of  the  particle  In  the  field  of  the 
other  particles.  If  the  particles  of  the  material  move  with  macroscopic 
velocity  V,  then 

where  Is  the  potential  energy  per  unit  mass  of  the  material.  Since 

\f(vHr)v’dV=:0, 

•  *1 
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we  get 


(16) 


tv. 


(«1C  >■»  the  kinetic  energy  of  the  microscopic  motion  of  a  unit  maee  of 
the  material,  and  e  is  the  Internal  energy  per  \^it  mass  of  the  mater¬ 
ial). 


<) 


The  radiation  energy  per  unit  volume  is 


M'um  =  J  N/nd'idtt. 


(17) 


The  change  in  the  energy  of  the  volume  per  unit  time  is  due  to  two 
causes.  First,  the  change  of  the  energy  is  due  to  the  flux  of  kinetic 

and  internal  energy  of  the  material  through  the  surface  surrounding  the, 

\ 

volume : 


^  []*/(«.  '■)  ("5^ +  ”2^  +  '"*  +P*.] 


(18) 


But 


mj/(v,r)py^Jl^=p^. 

The  material  energy  flux  is 

f  [  (? + ^*)  ‘  ( 18 ' ) 

Second,  the  change  in  energy  is  due  to  the  radiant  energy  fluxt 

^  J  A'W  (att^St)  d'tdtt.  (19) 

Equating  the  sum  of  t^he  integrals  (I8')  and  (19)  to  expression  (13)  and 
changing  over  from  surface  integrals  to  volume  integrals,  we  obtain, 
by  taking  a  sufficiently  small  volume,  the  following  equation: 

+  (SO) 

where  H  is  the  radiant  energy  flux  vector.  Using  the  equation  for  the  ^  ) 
conservation  of  matter  and  equation  (12),  we  can  rewrite  (20)  in  the 
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form: 


In  the  derivation  of  (12)  and  (20)  we  calculated  the  quantities 
determining  the  radiation  In  some  "resting”  coordinate  frame.  Yet  It 
Is  convenient  In  many  cases  to  calculate  the  radiation  In  a  coordinate 
system  that  moves  together  with  the  matter.  Let  us  assume  that  the  velo« 
city  of  a  volume  element  of  the  matter  Is  sm&ll  compared  with  the  velo¬ 
city  of  light.  On  changing  from  the  coordinate  system  In  which  the 
matter  moves «  to  a  system  In  which  It  Is  at  rest.  It  Is  necessary  to 
use  the  following  formulas  which  take  Into  account  the  Doppler  effect 
and  aberration: 

,  =  f21) 


^Ptk 


(22) 

Here  p  ■  Vj^/(c).  The  quantities  designated  with  an  asterisk  refer  to 
the  coordinate  frame  In  which  the  matter  Is  at  rest. 

The  values  of  H  and  In  the  two  coordinate  systems  are 

related  by: 

=  ]  Nh>d<od'»  =  J  Ar*/«v*rfu.*dv*  =:  j'  (1  +  bJS,)*.  ^  22  J 

We  obtain,  with  accuracy  to  terms  of  order  v/c, 

//  * 

H'  =U*  -i-S-i  foh\ 

m:»;i  u;i;i  •  tt3;i  dy  \C*T/ 

//.  c  f  A  r>,  j'  -f  ci.jX'U.’fhW  = 


Finally, 


/'it  —  /'ll  "i"  +  r^‘  • 


(26) 
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Substituting  (24),  (25)«  and  (26)  Into  equations  (12)  and  (20), 
and  neglecting  terms  of  order  v/o,  we  obtain  ultimately  that  In  this 
approximation  equations  (12)  and  (12')  remain  without  change  (if  It  is 

O 

recognized  that  we  neglect  the  term  H^/c  ),  while  equations  (20)  and 
(20')  assume  the  following  form: 


^  + H + M'g = -  4 + "I + 


(27) 


) 


I  O'r _ 

tit  '  ^  i>l  (.  lii  ‘ 


(28) 


If  the  radiation  Is  Isotropic  In  the  coordinate  frame  that  moves 

#  # 

together  with  the  matter,  then  «  0,  and  -  p'  611c. 

Eqviation  (28)  Is  then  written  as: 

+  (29) 

This  equation  expresses,  as  can  be  readily  seen,  the  constancy  of  the 
entropy  in  a  moving  volume  of  liquid  In  which  the  radiation  field  Is 
Isotropic. 

2.  The  hydrodynamic  equations  with  account  of  radlatlmi  can  be 
derived  also  by  starting  from  the  energy -momentum  tensor  for  a  system 
consisting  of  an  aggregate  of  particles  and  radiation. 

In  a  coordinate  system  with  respect  to  which  the  given  volume  ele¬ 
ment  of  matter  Is  at  rest,  this  tensor  has  obviously  the  form; 


(30) 


where,  as  usual,  a  and  0  run  through  the  values  from  1  to  3#  P  ie  the 

# 

material  pressure,  and  p^  Is  the  radiation  pressure; 


:T‘  =  ——//• 

a« —  «  "as 


(30') 


where  are  the  components  of  the  radiant  flux  vector  In  the  coordinate 
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0 


I 

i 


system  where  the  given  material  element  Is  at  rest; 

+  (30") 

Vl^eshch  density  of  the  .energy  of  the  material.  Including  the 

rest  energy. 

We  now  change  over  to  a  reference  frame  with  respect  to  which  the 
given  element  of  matter  moves  with  macroscopic  velocity  v.  We  assuise 
that  this  velocity  Is  directed  along  the  x  axis.  The  tensor  Is 
then  transformed  Into  the  tensor  We  confine  ourselves  to  an  ex¬ 
amination  of  the  one -dimensional  problem,  that  Is,  we  assume  that 
P*p  »  0,  with  the  exception  of  pj^  and  H*  «  H*  -  0. 

In  this  case 


Tn  = 


-  {p  H-  Prr)  -  2  J 


v* 


-  2  J-  //; + 5  (^ + pU 


r‘ 


+  +  r/'«) 

'-?r 

T  T  — T’ 

‘  ti  *  ti-,  ‘  II  - ^  Mt 


(31) 


the  remaining  components  are  Tj^j^  =  0. 

The  equations  of  motion  for  the  system  under  consideration  are 

(dxj^)  «  0,  which  In  our  case  reduce 

to  the  following  relations: 

(32) 

=0. 

K 


i  { p T p„ -f  3,4 //; -r  S 

•-?  I 


Ji  •* 

^0  +  w)  +  ?  (•'  » ..I  +  -i-  >»  +  O 


V* 

>  -  cT 


determined  from  the  conditions  ST^^j^ 
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(33) 


+  M'lJ- 2  ?«:  + 5(^  + 1 


'-ir 


sO. 


Equations  (32)  and  (33)  are  not  complete  without  the  condition  for  the 
conservation  of  the  number  of  particles.  For  the  relativistic  case  thla 
equation  Is  written  as: 

(34) 

where  n  is  the  number  of  particles  per  unit  volume  In  the  rest  system. 

Let  V  «  c.  The  energy  represented  In  the 

form  of  a  sum  of  the  "rest  energy"  of  the  matter  and  the  Internal  energy 
of  the  matter  per  unit  volume: 


;j'l’  :z-  Iiinc' 


(35) 


where  p  n 
the  form: 


nm.  Equation  (32)  subject  to  the  condition  v/c  «  1  aasumes 


Pi, +!••’") 


(36) 


Changing  over  to  the  nonrelatlvlstlc  form  of  (33)#  we  must  take 
Into  account  equation  (3^)#  which  can  be  written,  accurate  to  temia 
quadratic  In  v/c.  In  the  form: 


(37) 


Using  (37),  we  find  that  when  (v/c)  «  1  equation  (33)  asaxases  the  fol¬ 
lowing  form: 


(38) 


It  Is  easy  to  see  that  equations  (36)  and  (36)  coincide  with  equations 
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The  system  of  equations  (12)  and  (20)  or  (12')  and  (20')  must  be 
supplemented  not  only  with  the  continuity  equation  for  the  matter,  but 
also  by  the  transport  equation  for  the  radiation,  which  we  shall  not 
stop  to  discuss  here. 

3.  We  compare  the  eqviatlons  obtained  by  us  with  the  equations  ob¬ 
tained  by  others,  first  of  all  with  the  equations  of  Milne,  who  pre- 
pared  a  review  of  the  question  considered  by  us. 

If  we  neglect  the  term  H/c^  In  our  equations  and  the  gravitational 
forces  and  Internal  energy  sources  In  the  Milne  equations,  then  equa¬ 
tion  (12')  coincides  v.lth  the  corresponding  equation  of  y.llne. 

However,  the  equations  that  express  the  conservation  of  energy  will 
be  different. 

Milne 's  equation  In  our  notation  has  the  following  form; 


w.. 


/>«  />  -f  />’  jj’f _ 

Hi  ?  5i 


(39) 


here  p'  Is  the  additional  pressure  due  to  the  radiation.  Let  us  compare 
equation  (39)  with  (20').  They  coincide  only  If  we  assume  that  tensor 
p^j^  has  the  form; 


and  supplement  the  right  half  of  (20')  with  the  term 

This  term  Is  analogous  to  the  term  —  d(pVj^)/(Sxj^),  which  Is  contained  In 
(20)  and  has  the  physical  meaning  of  the  work  done  by  the  pressure 
forces.  However,  whereas  the  term  —  d(pVj^)/(Sxj^)  follows  directly  from, 
the  transformation  of  the  material  energy  flux,  given  In  expression  (l8), 
no  corresponding  term  arises  for  the  radiation,  as  can  be  seen  froai  (19)* 
Milne's  equation  Is  therefore  Incorrect.  • 

The  equations  of  Jeans  and  Vogt  for  the  energy  has  the  following 
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form: 

_  /*  T /*'  +  *•. HU  _ 'iUs 

Jn  T  />/'>' ^75i  lUn  *  (40)  ^ 

Milne  believes  that  It  holds  true  under  certain  boundary  oondtlons. 
Actually,  the  Jeans  and  Vogt  equation  Is  correct,  as  can  be  readily 
verified  by  comparison  with  (28),  If,  first,  we  assume  that 

second,  the  quantities  characterizing  the  radiation 
are  measured  In  a  coordinate  system  with  respect  to  which  the  given 
material  element  Is  at  rest. 

The  use  of  the  energy  conservation  equation  In  the  form  (28)  is 
meaningful  If  the  radiation  field  differs  little  from  equilibrium  with 
matter. 

In  conclusion,  I  am  grateful  to  Professor  I. Ye.  Tamn  for  a  diaoua 
slon  of  this  problem. 
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PRINCIPLES  OF  PROTON  SYNCHROTRON  THEORY 
M.S.  Rabinovich 
FOREWORD 

The  development  of  accelerator  technology  acquired  a  particularly 
vigorous  character  after  19^4,  when  V. I.  Veksler  [I-3]  discovered  the 
phenomenon  of  automatic  phasing  of  particles  In  resonant  accelerators « 
and  new  methods  for  obtaining  high-energy  particles  were  obtained  on 
Its  basis. 

Even  by  the  end  of  1945  it  became  possible  to  proceed  to  design 
and  create  installations,  aimed  at  obtaining  electrons  and  protons  hav¬ 
ing  energies  of  several  million  electron  volts.  For  such  energies,  the 
most  suitable  accelerators  turn  out  to  be  the  synchrotron  for  electrons 
and  the  synchrocyclotron  for  protons,  deuterons,  and  other  particles. 

It  Is  obvious  that  the  development  of  accelerator  technology  could 
advance  only  on  the  basis  of  well -developed  theory,  and  Indeed,  In 
1945  "*  1947  the  Works  of  the  author  [4—8],  S.M.  Rytov  [9]*  A.L.  Burshteyn 
[10,  11],  A. A.  Kolomenskly  [13,  14]  and  others  laid  the  groundwork  for 
the  theory  of  large  resonant  accelerators*. 

In  1947,  a  synchrotron  for  30  Mev  was  first  started  up  at  the 
Physics  Institute  of  the  USSR  Academy  of  Sciences  (FIAN),  and  two  years 
later  a  synchrotron  for  265  Mev  (FIAN)  and  a  synchrocyclotron  for  550 
Mev  **  (Institute  of  Nuclear  Physics  Problems,  Academy  of  Sciences  USSR  — 
lYaPAN)  were  constructed. 

For  nuclear  physics  to  progress,  it 'is  very  Important  to  be  able 
to  attain  even  larger  energies.  The  production  of  protons  with  energy 


of  10,000  Mev  would  have  made  It  possible  to  penetrate  into  the  region 
of  perfectly  new  phenomena,  connected  with  the  production  of  nucleons 
and  heavier  particles.  The  nuclear  processes  that  occur  at  short  dls-  ^  ^ 
tanoes  attainable  at  such  energies  can  change  appreciably  our  notions 
concerning  the  nuclear  forces. 

In  19^8  a  group  of  theoreticians  at  the  Physics  Institute  of  the 
Academy  of  Sciences  was  charged  with  the  problem  of  creating  a  conplete 
and  sufficiently  exact  theory  that  can  serve  as 'a  basis  for  the  design 
of  an  accelerator  to  produce  protons  with  energy  of  10,CXX}  Mev  (10  Bev). 

At  the  present  there  exists  only  one  type  of  accelerator  with 
which  the  above-mentioned  energy  can  be  attained.  Such  an  accelerator 
Is  the  proton  synchrotron  with  slotted  magnet.  The  linear  gaps  are  used 
to  hold  Inflector  plates,  accelerating  and  signal  electrodes,  etc. 

The  colossal  dimensions  of  the  Installation,  the  presence  of  11-  ^ 

near  gaps  with  Impossibility  of  making  the  magnet  gap  sufficiently 
large,  the  Injection  of  the  particles  Into  the  accelerator  chandcer  at 
relatively  high  energies,  the  need  for  exact  correspondence  between  the 
values  of  the  frequency  and  the  magnetic  field,  and  the  Influence  of 
different  fine  effects  on  the  motion  of  the  particles,  all  these  and 
many  others  have  posed  before  the  designers,  particularly  before  the 
theoretical  physicists,  many  new  and  complicated  problems. 

In  19^8,  when  we  embarked  on  the  development  of  the  theory  of  a 
proton  synchrotron  with  slotted  magnet,  only  one  paper  devoted  to  fast 
oscillations,  that  of  Dennison  and  Berlin  [32],  was  known.  However,  as 
will  be  shown  In  Chapter  II,  even  this  paper  was  not  satisfactory.  We 
therefore  had  to  do  the  whole  work  from  scratch. 

During  1948-1950  the  problem  facing  us  was  essentially  completed 
[16-31];  some  additional  questions  were  worked  up  In  1951>  However,  ^  ^ 
even  now  practice  poses  before  theory  many  new  problefns. 
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In  the  development  of  the  theoretical  problems,  particular  atten¬ 
tion  was  paid  to  the  applied  aspect  of  the  problem.  We  have  therefore 
attempted  to  reduce  the  theory  to  a  form  that  Is  convenient  for  direct 
use  for  practical  purposes.  To  the  contrary,  practice  kept  urging  on 
the  theoreticians,  raising  new  problems,  making  It  possible  to  Judge 
the  validity  of  various  assumptions. 

On  the  basis  of  theoretical  and  experimental  work  It  was  shown 

% 

that  protons  with  energy  of  10,000  Mev  can  be  obtained;  the  basic  para¬ 
meters  of  the  accelerator  were  chosen,  the  technical  specifications  for 
the  Individual  units  were  formulated,  and  sketches  and  technical  designs 
were  prepared  for  two  Installations  (a  model  for  l80  Mev  and  an  Instal¬ 
lation  for  10,000  Mev). 

The  theory  developed  by  the  author  and  his  co-workers  served  as 
the  guiding  material  In  the  construction  of  the  10,000-Mev  proton  syn¬ 
chrotron.  The  correctness  of  some  of  the  Important  conclusions  of  our 
theory  was  confirmed  with  a  working  model  of  a  proton  synchrotron  op¬ 
erating  at  180  Mev. 

A  description  of  the  experiment  made  with  this  model  and  a  compari¬ 
son  of  the  results  with  the  theory  was  made  In  later  papers  by  the 
author,  I.S.  Danllkln,  L.P.  Zlnov'ev.  and  V.A.  Petukhov. 

In  the  present  monograph  are  gathered  the  works  of  the  author  for 
1948-1950,  devoted  to  the  theory  of  the  proton  synchrotron  with  slotted 
magnet.  These  works,  naturally,  do  not  cover  all  the  problems  In  accel¬ 
erator  theory,  but  It  seems  to  us  that  the  main  and  principal  problems 
are  quite  adequately  represented. 

Without  changing  the  general  plan  of  the  exposition,  we  have  made 
a  few  small  additions  In  the  course  of  preparing  the  memuscrlpt  for 
print,  connected  with  the  application  of  'our  theory  to  strong-focusing 
accelerators,  based  on  work  performed  In  1953  [15]. 
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The  present  work  consists  of  six  chapters. 

In  the  first  chapter  we  Investigate  slow,  so-called  radlal-phaM  t 
oscillations  occurring  when  particles  move  In  an  accelerator  with  a  slot 
ted  magnet.  This  chapter  Is  a  natural  continuation  and  developswnt  of 
the  author's  earlier  papers  [16].  Using  the  method  developed  by  us  [8], 
we  Investigate  the  behavior  of  the  particles  on  the  phase  plane,  paying 
principal  attention  to  many  singularities  of  motion  In  an  accelerator 
with  slotted  magnet,  which  are  of  practical  significance. 

We  Introduce  a  new  stability  criterion  (I,  34)  for  the  phase  oscil¬ 
lations,  connected  with  the  presence  of  the  straight-line  gaps;  the 
change  In  frequency  of  phase  oscillations,  the  stability  regions,  the 
decrease  In  the  oscillation  amplitude  and  other  quantities  are  deter¬ 
mined  for  an  accelerator  with  slotted  magnet.  The  formulas  obtained  by 
us  are  of  great  significance  for  applications  and  for  the  theory  of  In¬ 
jection  (Chapter  V)  and  of  resonances  (Chapter  IV). 

In  this  chapter  we  Investigated  also  acceleration  In  multiple  re¬ 
sonance,  that  is,  for  an  Integral  ratio  of  the  frequency  of  the  accel¬ 
erating  field  to  the  frequency  of  revolution. 

In  the  second  chapter  we  consider  fast  particle  oscillations.  Un¬ 
like  the  known  paper  of  Dennison  and  Berlin  [32],  we  present  here  a 
correct  account  of  the  Influence  of  the  linear  gaps  on  the  Injection 
and  the  capture  of  the  particles  in  the  acceleration  mode,  we  detexnlne 

the  optimum  angle  of  emission  of  particles  from  the  Injector,  and  In- 
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troduce  the  concept  of  the  envelope  of  the  particle  trajectory,  with 
which  it  makes  It  possible  to  describe  simply  and  Illustratively  the 
behavior  of  the  particles  In  the  accelerator.  The  motion  of  the  partioXe 
Is  calculated  for  the  first  time  with  allowance  for  the  presence  of  the 
magnetic  field  in  the  linear  gaps. 

In  a  real  magnet  there  are  always  certain  deviations  of  the  mag- 


netlc  field  from  the  calculated  value ,  which  accelerate  the  orbit  and 
consequently  lead  to  an  equivalent  loss  of  part  of  the  working  region 
of  the  magnet.  The  presence  of  linear  gaps  In  the  magnet  not  only  chan¬ 
ges  the  character  of  the  Influence  of  the  distortions,  but  also  creates 
the  possibility  of  occurrence  of  altogether  new  perturbations  (for  ex¬ 
ample,  saturation  of  the  edges  of  the  magnet  sectors  facing  the  linear 
gaps). 

It  Is  clear  from  the  foregoing  that  a  clarification  of  the  Influ¬ 
ences  of  the  deviations  of  the  magnetic  field  from  the  calculated  value 
Is  one  of  the  most  Important  problems  In  the  theory.  Our  own  Investiga¬ 
tion  [17l,  made  In  19^9  (together  with  A.M.  Baldln  and  V.V.  Mikhaylov), 
Is  still  the  only  work  devoted  to  this  problem.  The  results  of  the 
third  chapter.  In  which  these  calculations  are  presented,  were  already 
used  not  only  in  the  designs  but  also  In  the  processing  of  the  measure¬ 
ments  made  on  the  l80-Mev  proton  synchrotron  model  and  on  Individual 
blocks  of  the  magnet  of  the  large  accelerator. 

The  fourth  chapter  treats  an  important  and  complicated  problem  of 
resonance  phenomena  between  fast  and  slow  oscillations.  The  resonance 
phenomena  In  accelerators  with  slotted  magnets  differ  essentially  from 
resonance  phenomena  in  circular  accelerators.  This  difference  manifests 
Itself,  first.  In  the  displacement  of  the  resonant  values  of  the  char¬ 
acteristics  of  the  magnetic  field  and,  second.  In  the  manifestation  of 
multiple  resonances.  We  have  developed  a  special  procedure  for  calcu¬ 
lating  with  a  high  degree  of  accuracy  the  resonance  phenomena  In  ac¬ 
celerators  with  slotted  magnets.  In  spite  of  the  complexity  of  the  cal¬ 
culation,  the  final  formulas  are  simple  and  admit  of  a  clear  physical 
Interpretation.  Along  with  the  main  calculation,  we  consider  for  the 
first  time  In  the  fourth  chapter  fast  paz^tlcle  oscillations  with  account 
of  the  change  of  the  magnetic  field  and  the  Increase  In  the  particle 
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energy. 

Finally «  oonsldar  In  the  sane  chapter  resonances  betneen  the 

*  I  ) 

high-frequency  harmonics  of  the  magnetic  field  and  the  phase  osollla-  '  ^ 
tlons.  Using  the  method  of  Bogolyubov  [33l  and  Mitropol'slcly  [34],  we 
succeeded  in  analyzing  the  resonance  phenomena  in  the  nonlinear  approx¬ 
imation,  which  radically  changes  the  insults  previously  obtained  and  Is 
quite  Important  for  practice.  It  turns  out  that  in  resonance  the  oscil¬ 
lation  amplitude  is  limited  not  by  ’’friction"  and  not  by  the  speed  of 
passage  through  the  resonant  region,  but  the  very  nonlinearity  of  the 
phase  oscillations. 

In  the  fifth  chapter,  injection  theory  is  developed.  After  the  de¬ 
tailed  study  of  particle  motion  made  in  the  first  two  chapters.  It  be¬ 
comes  possible  to  calculate  the  number  of  particles  captured  into  the 
acceleration  mode,  and  to  choose  the  most  effective  and  simplest  me¬ 
thod  of  injection.  Numerous  plots  make  it  possible  to  estimate  how  the' 
intensity  is  affected  by  various  parameters  of  the  accelerator  and  of 
the  proton  beam,  by  the  error  in  the  instant  when  the  accelerating  field 
is  turned  on,  by  the  error  in  the  angle  of  admission  of  the  particles 
into  the  chamber,  etc. 

In  the  sixth  chapter  the  envelope  method  is  used  for  a  theoretical 
investigation  of  the  free  oscillations  in  strong -focusing  accelerators. 

This  method  turns  out  to  be  most  fruitful  in  the  solution  of  problems 
that  arise  in  the  design  of  a  variety  of  strong-focusing  accelerator 
types. 

In  our  work,  which  was  completed  in  March  1953,  the  significance 
of  resonances  in  strong-focusing  accelerators  was  pointed  out  for  the 
first  time.  At  the  present  time,  there  is  an  extensive  literature  de¬ 
voted  to  this  problem,  so  that  we  shall  touch  upon  this  question  quite  O 
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briefly. 


Finally >  In  the  sixth  chapter  we  derive  a  phase  equation  for  a 
strong -focusing  accelerator  by  Introducing  a  very  convenient  new  quan- 

— -JF 

On  the  whole,  the  sixth  chapter  develops  the  physical  principles 
of  strong-focusing  accelerators  quite  sufficiently  for  a  first  Intro¬ 
duction. 

In  conclusion,  we  shall  stop  to  discuss  some  problems  which  for 

ft 

vaurlous  reasons  could  not  be  treated  In  the  present  work. 

First  among  them  Is  the  entire  problem  of  the  motion  of  the  cham¬ 
ber  from  the  linear  accelerator-injector  to  the  chamber  of  the  10  Bev 
proton  synchrotron,  considered  in  the  paper  by  A. A.  Kolomenskly j  ano¬ 
ther  problem  is  that  of  extiractlon  of  the  protons  from  the  accelerator, 
developed  by  Sabsovich,  Oanzhln,  and  others. 

Finally,  we  did  not  consider  scattering  and  charge  exchange  of  the 
particles  during  the  acceleration  process,  emd  also  the  problem  of  pro¬ 
tection  against  radiation.  All  these  problems  are  treated  In  a  sufficient 
number  of  papers  (see  [31#  35#  36]). 

The  main  deductions  of  the  theory  are  always  Illustrated  with  the 
data  on  the  10  Bev  proton  synchrotron  as  examples,  although  they  have  a 
oiore  general  significance.  Some  of  the  methods  developed  by  us  were  used 
to  design  accelerators  of  other  types  and  of  other  dimensions,  and  In 
X^rtlculeu*  for  accelerators  Intended  to  obtain  both  larger  and  smadler 
energies. 

The  magnet  of  the  10-Bev  proton  synchrotron  consists  of  four  sec¬ 
tors,  separated  by  linear  gaps,  each  eight  meters  long.  The  average 
radius  of  the  magnet  pole  of  the  sector  Is  28  meters,  the  width  of  the 
pole  Is  2  meters,  the  height  of  the  magnetic  gap  Is  40  centimeters.  The 
magnet  section  has  an  E-shape  form.  The  n^lmum  value  of  the  magnetic 
field  Is  13,000  oersteds,  which  Is  reached  within  3*2  seconds.  At  the 
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■tert  of  the  aooeleratlon«  the  rate  of  build-up  of  the  magnetlo  field 
oan  change  from  4«000  (normal  value)  to  12,000  oersteds  per  second 
(forced  value).  The  magnetic  field  index  lies  in  the  greater  part  of 
the  working  region  between  0.35  and  0.73  (average  0.63).  The  injection 
energy  is  -  10  Mev. 

The  present  work  could  not  be  performed  without  close  woz4clng  con¬ 
tact  with  a  large  group  of  persons  from  the  P.N.  Lebedev  Physios  Insti¬ 
tute  of  the  USSR  Academy  of  Sciences,  the  Scientific  Research  Institute 
for  Electrophysical  Apparatus  of  the  Ministry  of  Electric  Industry  of 
the  USSR,  eind  the  Radio  Laboratory  of  the  USSR  Academy  of  Sciences,  who 
participated  in  the  design  emd  production  of  the  proton  synchrotron  of 
the  USSR  Academy  of  Sciences. 

I  am  particularly  indebted  to  the  scientific  director  of  all  the 
work  Involved  in  the  construction  of  the  accelerator,  V.I.  Veksler,  for 
continuous  attention. 

[Footnotes] 

*  The  foreign  literature  of  1946-194?  also  contains  a  large 
number  of  articles  in  which  various  problems  connected  with 
the  construction,  use,  emd  theory  of  various  types  of  accel¬ 
erators  are  considered. 

**  At  the  present  time  the  proton  energy  attained  in  this 
synchrocyclotron  is  680  Mev. 
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list  of  symbols 


We  list  here  the  most  frequently  employed  symbols,  which  are  com- 
mon  to  all  the  chapters  of  the  present  book.  Along  with  them,  separate 
syitibols  are  Introduced  In  each  chapter,  which  apply  only  to  the  parti¬ 
cular  chapter. 

The  formulas  In  each  chapter  are  numbered  Independently.  Reference 
to  formulas  of  other  chapters  Is  accompanied  by  indication  of  the  num¬ 
ber  of  the  chapter.  For  example:  (III,  15)  denotes  the  fifteenth  formu¬ 
la  of  chapter  III,  while  (15)  denotes  the  fifteenth  formula  of  the  same 
chapter  In  which  the  reference  Is  found. 

S  at  v/c  -  ratio  of  particle  velocity  to  the  velocity  of  light. 

o  ■  coBKv  (everywhere  except  In  the  first  chapter). 

c  -  velocity  of  light  In  the  first  chapter. 

e  -  particle  charge. 

E  -  equilibrium  value  of  the  total  energy  of  the  partlclb. 

E_  -  proper  energy  of  the  particle. 

dE  -  deviation  of  particle  energy  from  the  equilibrium  value. 

F  «  1  -  (L/(27tRq  +  L)[n  +  S®(1  -  n)]  -  a  coefficient. 

Fg  -  amplitude  of  free  oscillations. 

If  -  magnetic  field  Intensity  vector. 

Hq,  -  Intensity  vector  components. 

H  •*  axial  component  of  the  magnetic  field. 

K  ■  1  +  n/(l  -  n)(l/p^)  -  a  coefficient. 
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J4n  -  for  vertical  osoillatlona 

-  n  for  radial  oaolllatlona. 

L  -  length  of  all  linear  sections. 

1  ~  length  of  one  linear  section, 
m  ~  mass  of  particle. 

Uq  -  rest  mass  of  particle. 

4(1  -  frequency  of  free  oscillations  In  the  accelerator  with 
slotted  magnet.  In  dimensionless  units, 
n  -  Index  of  magnetic  field  (see  I,  6). 

V  —  angular  dimension  of  magnet  sector. 

q  multiplicity,  ratio  of  frequency  of  accelerating  field  to 
revolution  frequency, 
n  -  orbit  perlmeter/2iT. 
p  -  1k/2R. 

r  -  radius  In  cylindrical  coordinate  system. 

R  -  radius  of  Instantaneous  orbit. 

Rq  >  radius  of  equilibrium  orbit. 

p  -  deviation  of  particle  radius  from  equilibrium  value, 
pj^  -  distance  from  Injector  to  equilibrium  orbit, 
p  -  maximum  value  of  amplitude  of  radial-phase  oscillations. 

S  a  sin  KV. 

0  a  length  of  path  along  Instantaneous  orblt/R 
T  ~  period  of  revolution  of  particle. 

Vq  ->  sum  of  amplitudes  of  the  voltages  of  the  accelerating  gaps. 
-  kinetic  energy  of  the  particle  at  the  Instant  of  injection 
into  the  chamber. 

c  ~  phase  of  particle  relative  to  the  phase  of  the  aooelerating 
electric  fields;  C  a  o  corresponds  to  maximum  voltage  on  the 
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accelerating  gap  at  the  Instant  of  passage  of  the  partlolft 
♦q  -  phasing  point  (I«  21). 

-  minimum  value  of  the  phase  in  the  oscillations. 

*2  maximum  value  of  the  phase  in  the  oscillations. 

s 

e  m  do/(dt)  -  phase  velocity. 

0)  -  frequency  of  revolution  of  the  particle  in  the  magnetic 
field  H. 

(Oq  -  frequency  of  accelerating  field. 

0)^  -  frequency  of  phase  oscillations, 
z  <-  distance  from  particle  to  the  central  plane. 


{p  for  radial  oscillations, 
z  for  vertical  oscillations. 


Chapter  1 

RADIAL-PHASE  MOTION  OF  PARTICLES 

§1.  INTRODUCTION 

Motion  of  particles  In  an  accelerator  with  slots  differs  essen¬ 
tially  from  the  motion  Is  a  circular  accelerator.  In  both  oases,  how¬ 
ever,  It  cam  be  broken  up  Into  three  component  motions. 

A.  Motion  with  resonant  frequency  along  an  orbit,  with  very  slowly 
varying  or  even  constant  radius.  This  form  of  motion  will  be  oalled 
motion  along  an  equilibrium  orbit. 

B.  Slow  oscillations  about  the  equilibrium  orbit,  which  are  called 
radial-phase  oscillations  and  which  are  connected  with  the  change  in  th« 
particle  energy  due  to  the  passage  through  the  accelerating  gap  at  dif¬ 
ferent  values  of  the  phase  of  the  alternating  accelerating  field.  By 
way  of  an  example  we  can  point  out  that  In  the  apparatus  designed  for 
the  production  of  10-Bev  protons,  the  period  of  the  phase  oscillations 
ranges  from  320  to  1450  microseconds.  Inasmuch  as  the  period  of  the 
phase  oscillations  Is  approximately  100  to  2,000  times  larger  than  the 
period  of  revolution,  the  particle  goes  through  many  revolutions  before 
the  radius  of  the  equilibrium  orbit  changes  appreciably.  Consequently 
the  orbit  of  the  particles  that  execute  slow  radial-phase  oscillations 
Is  almost  closed.  This  quasi-closed  orbit  will  be  called  the  Instantan¬ 
eous  orbit. 

C.  Fast  oscillations  about  the  Instantaneous  orbit.  These  oscilla¬ 
tions  are  also  oalled  free  oscillations,  since  they  are  not  connected. 
In  first  approximation,  with  the  fluctuations  of  the  particle  energy  as 


the  particle  Is  accelerated.  The  period  of  the  fast  oscillations  la 
usually  on  the  order  of  the  particle  revolution.  (In  weak-focualng 
Installations  it  Is  somewhat  larger,  and  In  strong-focusing  Installa¬ 
tions  It  Is  5-15  times  smaller).  Along  wlthradlal  free  oscillations, 
there  exist  vertical  oscillations  about  the  central  plane  of  the  magnet 
(the  symmetry  plane  of  the  magnet).  This  Is  the  only  form  of  oscilla¬ 
tions  In  the  vertical  direction. 

Thus,  the  cltture  of  the  r.otlon  In  the  proton  synchrotron  is  as 
follows:  the  Instantaneous  orbit  (which  Is  almost  circular)  executes 
slow  oscillations  (pulsates)  about  the  equilibrium  orbit.  IXirlng  the 
time  of  each  oscillation,  the  particle  has  time  to  make  many  revolutions 
(from  100  to  2,000,  depending  on  the  particle  energjy).  Past  free  oscil¬ 
lations  are  produced  about  the  Instantaneous  orbit,  with  a  period  that 
Is  1.5  or  2  times  larger  than  the  period  of  revolution  (the  period  of 
revolution  Is  7.5  microseconds  at  4  Mev  and  0.7  microseconds  at  10  Bev). 
Superimposed  on  the  above-described  motion  In  the  central  plane  are 
also  vertical  oscillations,  with  a  period  which  likewise  differs  Inslg- 
nlflcsmtly  from  the  period  of  revolution. 

The  resolution  of  a  single  motion  Into  components  Is,  of  course, 
arbitrary,  but  It  contains  no  Inaccuracies  or  arbitrary  assumptions. 

Our  main  statement  Is  that  these  three  types  of  motion  can  be  regarded 
Independently.  Important  exceptions  are  resonance  phenomena  and  tran¬ 
sients.  These,  however,  will  be  considered  separately.  The  connection 
between  the  free  and  phase  oscillations  manifests  Itself,  In  particu¬ 
lar,  In  the  so-called  gap  oscillations.  The  latter  are  due  to  the  In¬ 
termittent  character  of  the  manner  by  which  the  particle  acquires 
energy.  The  basis  for  the  possibility  of  considering  these  motions  in¬ 
dependently  In  the  majority  of  cases  Is  the  large  difference  In  the 
frequencies  of  the  fundamental  quantities  that  characterize  the  dlffer- 
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ent  types  of  motion.  A  rigorous  proof  for  this  statement  was  derived 
by  the  author  for  circular  accelerators  [6,  8].  A  similar  proof  was 
obtained  In  a  different 'manner  by  S.M.  Rytov  [9].  The  only  one  to  toueh 
upon  this  question  In  the  foreign  literature  is  Frank  [37]«  «(ho«  how¬ 
ever,  made  an  error  which  was  discussed  In  [8]. 

For  accelerators  with  slots,  the  proof  of  this  theorem  Is  quite 
cumbersome,  but  It  was  made  by  A. A.  Kolomenskly  [24]  by  the  method  of 
finite  differences.  A  simpler  proof  can  also  be  obtained,  valid  for 
small  linear  gaps  (expansion  parameter  L/2irR,  where  L  Is  the  total 
length  of  all  the  linear  gaps). 

We  can  thus  Investigate  henceforth  each  type  of  motion  independent¬ 
ly,  making  use  of  the  calculations  given  above,  and  of  the  physical  ob¬ 
viousness  of  the  statement  given  above. 

We  shall  henceforth  use  always,  for  each  magnet  sector,  a  cylin¬ 
drical  coordinate  system  with  the  plane  z  -  0  coinciding  with  the  cen¬ 
tral  plane  of  the  magnet. 

§2.  EQUILIBRIUM  ORBIT 


By  definition,  the  frequency  of  a  revolution  of  a  particle  along 
an  equilibrium  orbit  Is  equal  to  the  frequency  of  the  accelerating  elec¬ 
tric  field  (u^(t).  It  Is  obvious  that  the  radius  Rq  of  the  equllibriiam 
orbit  Is  determined  from  the  following  conditions: 


n  _  .  _  2w>  c.  'l/. 

0’  K  1  (/f)  * 


(1) 


where  B  *  v/c,  Eq  »  938*1  Mev  Is  the  proton '  s  proper  energy,  L  is  the 
total  length  of  all  the  linear  gaps,  and  H  (Rq,  t)  Is  the  vertical  com¬ 
ponent  of  the  magnetic  field  In  the  central  plane  at  the  radius  Rq. 

Eliminating  E  from  the  three  equations,  we  obtain  Rq  as  a  funotion 
of  H  (Rq,  t)  and  cuQ(t),  that  Is,  In  final  analysis,  as  a  funotion  of 
the  time  t.  Combining  the  relation  between  H  and  cuq  we  can  smke  the 


) 
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radius  Rq  of  the  equilibrium  orbit  vary  In  accordance  with  any  pre¬ 
scribed  law,  and  In  particular,  stay  constant.  Obviously,  the  latter 
case  Is  the  most  typical  for  the  proton  synchrotron.  Indeed,  during  the 
time  of  acceleration  It  is  essential  that  the  radius  of  the  equilibrium 
orbit  remain  constant.  In  order  that  the  dimensions  of  the  apparatus  be 
minimal,  but  It  may  turn  out  to  be  convenient  during  the  time  of  injec¬ 
tion  to  either  Increase  or  decrease  the  radius  of  the  orbits. 

Eliminating  the  energy  £  from  equation  (l)  we  obtain  the  cwmeotlon 
between  the  frequency  <UQ(t)  of  the  accelerating  field  and  the  magnetic 
field  Hq(Rq,  t),  guaranteeing  acceleration  on  an  equilibrium  orbit  with 
radius  Rq: 


/; 


■i 

II 


(2) 


Regarding  Rq  In  eqviatlon  (2)  either  as  constant  or  as  dependent  on 
the  time,  we  obtain  every  time  the  required  law  relating  the  change  In 
the  frequency  with  the  change  In  the  magnetic  field.  To  the  contrary, 
knowing  the  dependence  of  the  magnetic  field  and  of  the  frequency  of 
the  accelerating  field  on  the  time,  we  can  determine  the  time  dependence 
of  the  radius  Rq. 

Let  ^Q(t)  be  such  a  law  for  the  variation  of  the  frequency  as  to 


make  Rq  >  !?q  =  const. 


.(0=.; 


(3) 


Fig.  1  shows  the  dependence  of  the  frequency  f  =  oljQ/(27r)  on  the 
value  of  the  magnetic  field  for  a  10-Bev  proton  accelerator. 

Let  the  true  frequency  of  the  accelerating  field  (UQ(t)  differ  from 
the  value  required  In  accordance  with  (3) 

I 
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(4) 


Th«nthe  radius  of  the  equilibrium  orbit  will  lilcewise  not  be  equal  to 


R. 


The  connection  between  dcuQ(t)  and  ARq  Is  determined,  aoourate  to 
the  first  powers  of  ^03^(0]!^)  and  dRQ/(RQ)  from  equation  (3),  in  whioh 
we  substitute  relations  (5)  and  (4): 


4/fu_  _  -Kt  1  . 

Jt»  >•-«'•  +  ?*  (I—")* 


(6) 


where -n  »  3  In  H/(d  In  R)  is  the  index  of  the  magnetic  field. 
In  the  nonrelatlvistic  case  formula  (6)  simplifies  to 


AWb  __  Awg  _  .•  _ 

n;— 


L 

(2bK#  +  i)  *  * 


(7) 


/.MtV  1 


Fig.  1.  Dependence  of 
the  frequency  f  of  the 
accelerating  field  on 
the  value  of  the  magne¬ 
tic  field  intensity  H. 
The  circles  designate 
the  values  of  the  ini¬ 


tial  frequency  at  two 
injection  energies.  4 
Mev  (H  =  103  gauss} 
and  lO  Ilcv  Th  1o3 
cause).  1)  f,  meca- 
cyclecj  2)  H,  causo. 


The  coefficient  F  is  equal  to  vinity  if 
L  Ks  0.  In  this  case  formulas  (6)  and  (7)  80 
over  into  the  ordinary  formula  for  a  circu¬ 
lar  proton  synchrotron.  Since  F  <  1,  it 
follows  therefore  that  in  a  magnet  with 
slots  the  radius  of  the  equilibrium  orbit 
is  more  sensitive  to  frequency  deviations 
than  is  the  case  in  circular  accelerators. 
For  example,  a  frequency  error  dai^(ci^)  ■ 

»  +  0. 2^  leads  in  the  lO^v  proton  synchro¬ 
tron  to  a  displacement  of  +  11.2  centimeters 
in  the  radius  of  the  orbit,  that  is,  de¬ 
creases  the  employed  working  region  by  22.5 
centimeters  (in  a  circular  accelerator  —  by 
16.8  centimeters). 
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§3.  DERIVATION  OP  PHASE  EQUATION 
We  shall  call  an  "ideal  acce¬ 
lerator  with  slots"  an  accelerator 
in  which  the  magnetic  field  In  the 
linear  sections  is  exactly  equal  to 
zero,  while  In  the  sectors  It  cor¬ 
responds  to  the  field  In  a  circular 
magnet  with  average  radius  Rq  (Fig. 
2a).  Such  an  idealization  approxi¬ 
mates  quite  accurately  the  true  mag¬ 
netic  field  In  accelerators  in  which 
the  ratio  of  the  height  of  the  air 
gap  in  the  circular  sectors  to 
the  length  of  the  straight-line  sec¬ 
tions  1  is  sufficiently  small.  In  the  10-Bev  proton  synchrotron  the  ratio 
i.  V  1  =  0.0375*  For  comparison  we  can  state  that  In  a  iSO-Jfev  proton 
synchrotron  (the  model  of  the  accelerator)  the  ratio  Is  D^/  1  »  0.179, 

that  Is,  almost  5  times  larger.  Consequently  In  the  model  the  magnetic 
field  In  the  linear  section  plays  a  major  role,  but  In  the  proton  synch¬ 
rotron  for  10  Bev  It  plays  an  Insignificant  role.  Consequently,  It  is 
meaningful  to  consider  the  motion  In  "Ideal  accelerator  with  slots"  and 
only  then  take  Into  account  the  Influence  of  the  magnetic  field  In  the 
linear  portions. 

The  phase  equation  can  be  derived  by  various  means  (see,  for  exam¬ 
ple,  [18].  We  choose  a  method  which  shows  quite  clearly  all  the  assump¬ 
tions  and  disregarded  factors  usually  tacitly  Introduced  In  the  deriva¬ 
tion  of  the  phase  equation. 

It  might  seem  natural  to  consider  th^  motion  of  particles  in  an 
accelerator  with  slots  In  a  special  coordinate  system,  shown  In  Fig.  2b. 
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Fig.  2a.  Diagram  of  accelerator. 
1)  Linear  section;  2)  sector;  3) 
equilibrium  orbit;  4)  Instantan¬ 
eous  orbit;  5)  magnet  air  gap; 

6)  section  A-B. 


The  angle  y  is  measured  along  the  oval  trajectories,  with 


where  s  Is  the  length  along  the  oval  trajectory,  reckoned  from  the 
chosen  axis.  Such  a  system,  however.  Is  not  orthogonal.  Is  convenient 
for  the  analysis  of  free  oscillations  but  Is  not  convenient  for  the 
analysis  of  radial-phase  oscillations.  At  the  same  time,  the  Introduc¬ 
tion  of  the  angle  y  Is  a  vez^  useful  device,  facilitating  the  calcu¬ 
lations.  It  Is  convenient,  for  example,  to  expand  the  accelerating 


m’  xr  7r 


ur  m'  Its’ 


Fig.  2b.  Coordinate  system  after 
formula  (8). 


electric  field  In  waves  traveling  In  the  direction  of  the  angle  yt 
r  « 

I 

*,=  2^a2(7)cosJ«.,(0d<,  (9) 

where  b{y)  Is  a  periodic  delta- function,  period  27Tj  Vq  Is  the  amplitude 
of  the  potential  difference  on  the  accelerating  gap 


) 
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We  assume  that  we  have  two  accelerating  gaps  at  y  «  0  and  y  m  •n, 
the  acceleratlr.r  field  of  which  Is  In  phase,  cl.-.ce  Is  a  periodic 
function,  we  expand  it  in  a  Fourier  series  and  obtain: 


I 


7 


[1 


Ml//  — (2&—  1)  V 


(11) 


Let  us  write  down  the  equation  of  motion  for  the  circular  sectors. 
We  know  (see,  for  example,  [8])  that  in  this  case  the  eqiuitions  assume 
the  following  simple  form: 


—  {mt)  =  »iri>  —  j  (ill/. 


(12) 


where 


** 


For  the  linear  sections,  obviously,  equation 

l(mO=0;  —  ^{mt)  =  0,  (I3) 


where  s  is  the  length  reckoned  along  the  trajectory.  Pig.  2b. 

Thus,  in  the  linear  section  r  and  s  are  the  ordinary  Cartesism 
rectangular  coordinates. 

As  the  zero  approximation  we  choose  motion  along  an  orbit  with 
radius  Rq,  shown  in  Fig.  2b  (heavy  line). 

The  frequency  of  revolution  on  the  equilibrium  orbit  is  (u^,  while 
the  speed  is  Vq  »  (u^R^IIq. 

We  make  use  of  the  smallest  of  the  quantities 


_  6 

A’..-r  '2 _ 5.  «’  - 

W,  ’  •«„  '  » 


and  carry  out  the  calculations  accurate  to  their  first  powers.  The 
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largest  among  these  three  quantities  Is  the  last.  We  Introduce  the 
following  notation: 


— Tiir'i 


-i- =  U4.  —  6  4- j-- -i- "V 


(I4b) 


The  subscript  0  denotes  all  the  quantities  pertaining  to  the  equi- 
librium  orbit.  The  phase  velocity  ^  shows  the  deviation  of  the  revolu¬ 
tion  frequency  of  the  particle  along  the  oval  trajectories  from  the 
equilibrium  fi*equency  (Uq. 

It  Is  clear  from  (8)  and  (l4)  that  the  angle  y  Is  related  with  tha 
phase  ^  In  the  following  fashion: 


j  V'  —  ?• 


(15) 


We  substitute  relations  (14)  Into  equations  (12)  and  (13)  and  ex¬ 
pand  each  of  the  terms  contained  In  It  In  powers  of  p/(Rq)  and 
for  example 


•//«(*■.  0— *  ■  '*  /{y)' 

.1.  (r.  /)  =  «l.,  (//..  /)  -i-  liny/,  jt  //J; 

—*(/■/; 

y/,=  — etc. 


(16) 


In  the  first  order  we  obtain  the  following  equations,  which  are  simul¬ 
taneously  written  out  for  the  circular  sector  and  the  linear  sections 
(Rq  »  const); 


-•  -  L-- 


4  w  W 


I  w^SS 


[^•^0  4* fc'  t“)) '■ 


(17) 
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where  g(Y)  Is  equal  to  unity  In  the  circular  sector  and  to  zero  In  the 
linear  sections.  The  function  g(Y)  for  sectors  can  be  represented  In 

ft 

the  form  of  the  following  series: 

«.'(:)= 7>—: 

I  •>-  I  3-  ( l8 ) 

—  sill  ~  cosS-;  —  —  .'ill  jj-  cos  I27  -j-  . . . 

We  proceed  to  derive  the  phase  equation.  As  was  shown  In  [8, 
of  all  the  sum  contained  to  the  right  In  the  first  equation  of  Il7}« 
the  term  playing  the  principal  role  Is  the  one  with  k  =  1^  since  all 
other  terms  oscillate  rapidly  and  yield  zero  upon  averaging.  A  ilgorous 
mathematical  proof  of  the  validity  of  the  averaging  method  can  be  found 
In  the  work  of  N.N.  Bogolyubov  [33]»  The  component  of  the  wave  k  »  1 
propagates  with  a  velocity  equal  to  or  close  to  the  velocity  of  motion 
of  the  particles,  and  exerts  a  constant  action  on  the  particle.  All  re¬ 
maining  oscillating  terms  merely  perturb  the  motion  of  the  particles 
Insignificantly. 

We  first  neglect  all  the  terms  of  the  series  In  the  first  equation 
of  (17)*  except  one.  Mathematically  this  means  that  we  "spread  out"  the 
action  of  the  two  accelerating  gaps  over  the  entire  oval  orbit.  In  the 
same  approximation,  we  can  confine  ourselves  to  only  the  zero  term  of 
the  entire  series  In  (l8).  This  means  that  the  action  of  the  vortical 
electric  field,  which  occurs  In  the  circular  sectors.  Is  also  "spread 
out"  over  the  entire  oval  orbit.  ^ 

Finally,  Inasmuch  as  the  variation  of  the  phase  ^  Is  quite  slow 


r  ..  -i  ' 


■  I 
t  — «!?■* 


(17,  cont'd) 
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compared  with  the  revolution  frequency,  "without  Inertia,"  we  can  ne¬ 
glect  In  (16)  the  Inertia  force  d/(dt)(mp). 

In  this  case  we  obtain  from  the  second  equation  of  (17) 


(19) 


Substituting  (19)  Into  the  first  equation  of  (17) «  we  obtain  the 
principal  phase  equation: 


i  /  A'  «/?\  «i'u  ‘JO*  T  i">.i  ] 

2.t  —  dt\  Ml'  (20) 


The  left  part  of  the  phase  equation  (20)  differs  tv<m  the  corres¬ 
ponding  equation  for  the  circular  accelerator  In  the  presence  of  the 
coefficient  P  [see  (6)]. 

Let  us  determine  the  phase  value  ^  equilibrium  motion* 

Since  equilibrium  motion  Is  realized  (by  definition)  with  a  resonant 
frequency  (Oq,  the  d^/(dt)  vanishes  Identically  and 


t‘K\ 

’■m)' 


(21) 


Thus,  equilibrium  motion  can  occur  only  for  particles  which  have 
completely  defined  values  of  the  phase  (+^q).  In  other  words,  the  equi¬ 
librium  particles  occupy  completely  defined  places  on  the  orbit. 

The  phase  has  a  remarkable  and  unique  property:  only  this  phase 
can,  under  certain  definite  conditions,  remain  constant  all  the  time. 

For  other  phases,  no  such  conditions  exist.  The  quantity  eVQ/(2)  cos 
Is  equal  to  the  energy  acquired  by  the  equilibrium  particle  from  the 
electric  field  during  one  passage  through  the  accelerating  gap.  For  all 
other  particles,  eV^{2)  cos  ♦q  (as  will  be  shown  below)  Is  the  energy 
acquired  during  one  passage  through  the  accelerating  gap,  averaged  over 
the  period  of  the  phase  oscillations.  Of  the  two  phase  values  +  ♦q,  only 
one  Is  stable  (In  the  cases  of  practical  Interest  the  phase  +^q  Is 
stable).  Owing  to  the  singular  properties  Indicated  above,  the  phase 

-  - 


) 


) 


l8  also  called  the  "phasing  point. " 

Expression  (21)  can  be  converted  to  a  more  convenient  fonri.  With 


the  aid  of  the  relation 


/•’<«„//«  =  eell^ 


we  readily  obtain:* 


where 


.  I  •  ..... i»)e /•„/*/«  / .  4  \ 

*  COa  -i  = - - - (1  —  -i;. 


.  ..  -  _ :  1  .  'S. _  I 


If  d  B  1«  then  cos  9^  =  0.  This  means  that  In  this  case  the  aver¬ 
age  energy  obtained  by  the  protons  from  the  electric  field  Is  equal  to 
zero.  The  acceleration  Is  only  at  the  expense  of  the  vortical  electric 
field.  By  the  same  token  we  prove  simultaneously  that  the  condition 

^  ~  ~^vtZ  ^  ( 25  ) 

Is  Indeed  the  condition  for  realization  of  betatron  acceleration  In  an 
Ideal  accelerator  with  slots,  and  replaces  the  well-known  betatron  con¬ 
dition  ♦Q/(27rR^Q)  =s  1  (the  2:1  condition).  The  phase  equation  (20) 
was  derived  by  us  for  two  accelerating  gaps.  It  remains  valid  also  for  one 
or  many  gaps',  if  Vq  Is  taken  to  mean  the  sum  of  the  amplitudes  of  the 
voltages  on  each  of  the  gaps. 

If  we  assume  in  equation  (I7)  that  there  are  no  phase  oscillations, 
that  Is,  If  we  replace  cos  e  by  cos  <I>q  and  neglect  the  Intermittent 
character  of  the  Increase  of  the  particle  energy,  that  Is,  if  we  re¬ 
place  In  the  first  equation  by  l/n,  we  obtain  the  equations  for 
the  fast  oscillations.  Indeed,  In  this  case  we  obtain  from  the  first 


equation  of  (17): 


— —  ,  • 

My  //0  /(g 
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The  Integration  constant  Is  set  equal  to  zero,  for  when  e  «  o  the  de¬ 
viation  Is  p  >■  0.  Substituting  (26)  In  the  second  and  third  equations 
of  (17)  we  readily  obtain: 


Erninm  —  n)pg(7)  =  «i: 


(27) 


The  solution  of  equations  (27)  Is  the  subject  of  Chapter  2.  The 
separation  which  we  made  between  fast  and  slow  motions  Is  physically 
obvious.  In  addition,  a  number  of  papers  Is  devoted  to  a  rigorous  proof 
of  this  fact  [6,  8,  24],  so  that  this  separation  cannot  raise  any  doubts 
whatever. 

We  note  In  conclusion  that  the  phase  equation  for  the  accelerator 
with  slots  was  first  derived  by  us  In  the  fall  of  1948  and  was  used  In 
the  development  of  preliminary  sketches  and  technical  designs  of  the 
proton  synchrotron  of  the  USSR  Academy  of  Sciences  and  Its  l80-Mev 
model. 


§4.  SOLUTION  OF  PHASE  EQUATION  IN  THE  FIRST  APPROXIMATION 


Equation  (20)  will  be  solved  by  the  method  which  we  developed 
[6,  8]  for  the  solution  of  phase  equations  of  cyclic  accelerators. 

We  shall  pay  principal  attention  to  the  singularities  of  the  phase 
equation  for  an  accelerator  with  a  slotted  magnet  as  compared  with  the 
phase  equation  for  a  circular  accelerator,  since  the  latter  was  Inves¬ 
tigated  In  detail  by  the  author  [6,  8]  and  by  others  [9,  38],  emd  Is  by 
now  well  known.  In  addition.  In  the  present  section  we  obtain  several 
relations  which  will  be  used  In  chapters  4  and  b,  devoted  to  the  theory 
of  resonance  and  Injection  theory. 

The  fundamental  equation  (20)  can  be  rewritten,  with  the  aid  of 
the  expression  (23)  for  cos  0q,  In'  the  following  simplest  form: 


/  fc’  «^T\ 


(28) 
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We  recall  that  K,  F,  and  a)Q(t)  are  specified  functions  of  tt  e 
tine,  which  are  calculated  in  fact  from  the  following  equations: 


•M 


(29) 


In  the  first  approximation  all  the  coefficients  of  equation  (28) 
can  be  regarded  as  Independent  of  the  time.  In  this  case  equation  (28) 
Is  equivalent  to  the  equation  of  an  ordinary  'pendulum  with  external 
moment.  As  Is  known  from  pendulum  theory,  three  types  of  motion  are 
possible: 


1)  equilibrium  motion,  equivalent  to  the  equilibrium  position  of 
the  pendultun:  cp  =  cp^,  9  s  0; 

2)  oscillatory  motion  about  the  equilibrium  motion,  equivalent  to 
oscillation  of  the  pendulum  about  the  equilibrium  position.  The  phase 
velocity  9  Is  equal  to  zero  only  In  the  rneam.  The  phase  varies  within 
certain  xrestrlcted  limits; 

3)  nonresonant  motion,  which  deviates  gradually  more  and  more  fron 
equilibrium.  This  case  corresponds  to  rotation  of  the  pendulum.  The  an¬ 
gular  velocity  9  Increases  on  the  average.  The  phase  qp  changes  In  one 
direction. 

Let  us  carry  a  quantatlve  calculation.  Integrating  (28)  once  (after 
first  multiplying  It  by  9)  we  get: 


i  =  j/ 'f  —  ?  COS  +  oj ,  (  30 ) 

where  a  Is  the  integration  constant. 

Let  us  find  the  range  of  values  of  the  constant  a,  corresponding 
to  oscillatory  motion.  The  expression  D  (9)  s  sin  9-9  cos  9q  has  a 
naxlmum  when  9  =  +  9q  and  a  minimum  when  9  >  -  9^.  A  plot  of  the  funo- 

I 

tlon  0(9)  Is  shown  In  Fig.  3.  The  Intersection  of  the  plot  of  0(9)  with 

the  line  D  «  -  a  determines  the  values  of  the  phases,  at  which  ^  vanishes. 
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In  oBolllatory  motion*  9  should  vanish  many  times.  For  this  purposs  the 
lim  D  a  •>a  should  cross  the  curve  0(9)  at  two  points.  The  two  erossii^t 
points  merge  into  one  at  the  maximum  and  minimum  of  the  function  0(9) » 
and  therefore 


—  sill  r 


ru  “T  ?u  ‘''W 


Pig.  3.  Plot  Of  the  function  0(9) 
for  cos  9q  =.  0.5. 

Thus*  the  range  of  variation  of  the  constant  a  is  determined  by 
the  inequality 

(31) 

As  can  be  seen  from  the  inequality  (31)*  for  the  existence  of  a 
certain  nonvanishing  region  of  constant  a,  which  would  correspond  to 
oscillatory  motion*  it  is  necessary  to  have  |cos  9q|  <  1.  When 
I  cos  9q|  >  1  no  phasing  point  9q  exists*  and  all  the  values  of  the  con¬ 
stant  a  lead  to  nonx^sonant  motion.  Indeed*  in  this  case  0(9)  »  sin  9  ~ 
—  9  cos  9q  is  a  monotonically  decreasing  function  of  9*  and  for  all 
values  of  the  constant  a  the  expression  sin  9-9  cos  9^  4-  a  can  vanish 
only  once.  Consequently  9  can  likewise  vemish  only  once*  and  in  order 
to  realize  oscillatory  motion  9  should  vanish  many  times. 

We  can  express  the  constant  a  in  terms  of  the  initial  condltionsi 


We  recall  that  E,  K,  P,  and  a)Q(t)  are  specified  functions  of  e 
tine,  which  are  calculated  In  fact  from  the  following  equations: 


— {if}'  77.,y-(i '• 


(29) 


a:=  i-i- 


In  the  first  approximation  all  the  coefficients  of  equation  (26) 
can  be  regarded  as  Independent  of  the  time.  In  this  case  equation  (28) 
is  equivalent  to  the  equation  of  an  ordinary  pendulum  with  external 
moment.  As  Is  known  from  pendulum  theory,  three  types  of  motion  are 
possible: 

1)  equilibrium  motion,  equivalent  to  the  equilibrium  position  of 
the  pendulum:  9  =  (Pq,  9  =  0; 

2)  oscillatory  motion  about  the  equilibrium  motion,  equivalent  to 
oscillation  of  the  pendulum  about  the  equilibrium  position.  The  phase 
velocity  9  is  equal  to  zero  only  In  the  mean.  The  phase  9  varies  within 
certain  restricted  limits; 

3)  nonresonant  motion,  which  deviates  gradually  more  and  more  from 
equilibrium.  This  case  corresponds  to  rotation  of  the  pendulum.  The  aui> 
gular  velocity  9  increases  on  the  average.  The  phase  9  chemges  in  one 
direction. 

Let  us  carry  a  quantatlve  calculation.  Integrating  (28)  once  (after 
first  multiplying  It  by  9)  we  get; 


i  =  «•*«  |/ If*''*  f  —  ?  COS  +  o] ,  (30) 

where  a  Is  the  Integration  constant. 

Let  us  find  the  range  of  values  of  the  consteuit  a,  corresponding 

to  oscillatory  motion.  The  expression  D  (9)  »  sin  9-9  cos  9^  has  a 

maximum  when  9  =  +  9^  and  a  minimum  when  9  -  9^.  A  plot  of  the  funo- 

tion  D(9)  Is  shown  In  Fig.  3.  The  intersection  of  the  plot  of  D(9)  with 

the  line  D  =  ->  a  determines  the  values  of  the  phases,  at  which  ^  vanishes. 
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In  oscillatory  motion^  o  should  vanish  many  times.  For  this  purposa  tha 
line  D  «  --a  should  cross  the  curve  D(q^)  at  two  points.  TIm  two  crossing 
points  merge  Into  one  at  the  maximum  and  minimum  of  the  function  D(9)« 
and  therefore 

=-  «iii  f„  —  %  cos  i,,; 
a...  =  —  ■'iii  ?„  —  »„  cos  s^. 


Pig*  3*  Plot  of  the  function  D(q)) 
for  cos  9q  «=  0.5. 

Thus,  the  range  of  variation  of  the  constant  a  Is  datarmlnad  by 
the  Inequality 

lajt.'ti.'iiir,.  ijC0Si„|, 

(31) 

As  can  be  seen  from  the  Inequality  (3l}«  for  the  exlstanoa  of  a 
certain  nonvanishing  region  of  constant  a,  which  would  correspond  to 
oscillatory  motion.  It  Is  necessary  to  have  |cos  9q|  <1.  VIhen 
I  cos  9q|  >  1  no  phasing  point  (p^  exists,  and  all  the  values  of  the  con¬ 
stant  a  lead  to  noni^psonant  motion.  Indeed,  In  this  case  D(9)  a  sin  9  ~ 

•>  q>  cos  (pQ  Is  a  monotonlcally  decreasing  function  of  9,  and  for  all 

values  of  the  constant  a  the  expression  sin  9-9  cos  9q  -i-  a  can  vanish 
only  once.  Consequently  9  can  likewise  vanish  only  once,  and  In  order 

to  realize  oscillatory  motion  9  should  vanish  many  times. 

We  can  express  the  constant  a  In  terms  of  the  Initial  conditional 
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the  Initial  phase  velocity  and  the  Initial  phase  Vn^oh* 

we  geti 

* = i^)’  (ir^ky)  - 

According  to  the  foregoing  relation,  the  Initial  conditions  should 
satisfy  the  following  Inequality: 

i  ('h’n\*  /  _  \  .  ! 

I'  ■"«  /  V  el  *"'?'■»••  +  ?»»>•  cos  a„; sill  i„  — i,,.  (32) 

Pig.  4  shows  the  region  of  Initial  conditions  for  different  values 
of  cos  9q,  satisfying  Inequality  (32).  If  we  replace  the  Inequality 
sign  of  (31)  hy  an  equal  sign,  we  obtain  the  separatrlx  curve,  which 
separates  the  region  of  initial  conditions  that  lead  to  oscillatory 
motion  from  the  region  of  Initial  conditions  that  lead  to  rotary  non¬ 
resonant  motion. 

We  see  that  the  separatrlx  encloses  the  maximum  area  when  cos  Oq  ■■ 
a  0  and  contracts  to  a  point  when  cos  (Pq  =  1. 

Of  the  two  singular  points  +  qpQ  on  the  phase  plane,  one  Is  a  center 
and  the  other  Is  a  saddle.  If  KF  >  0,  then  It  Is  obvious  that  the  stable 
phase  Is  <p  =  (p^,  and  the  unstable  one  Is  q>  ^  (Fig.  3). 

If  KP  >  0,  then  the  character  of  the  singular  points  chamges.  The 
stable  phase  Is  9  =  -<Pq,  and  the  unstable  phase  Is  (p  =.  +  (Pq. 

The  coefficient  K  >  0,  If  n  <  1,  and  K  <  0,  If  n  >  1.  Inasmuch  as 
It  Is  necessary  for  the  stability  of  the  fast  oscillations  In  accelera¬ 
tors  with  ordinary  focusing  that  n  be  smaller  than  unity  (see  below), 
the  case  K  <  0  will  be  considered  only  In  Chapter  6. 

The  coefficient  P  Is  a  monotonlc  function  of  the  energy  (Pig.  5)i 
It  has  a  minimum  when  ^  ~  0  and  a  maximum  when  0  «  1. 


—i _ /■_  . 

“**  '  .ir.fl  I.  • 


1- 


I. 


n  {-^rJi-i-  !.)' 


(33) 
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Fig.  4.  Phase  plane  and  separa- 
trlces  for  different  cos  (Rq. 

We  see  that  Is  always  larger  than  zero.  nay  prove  to  be 

smaller  than  zero  If  the  length  of  the  linear  sections  Is  sufficiently 

large  or  n  Is  sufficiently  small.  In  this  case  the  stable  phasing  point 

* 

Is  -  and  the  unstable  one  +  9q.  Of  course.  It  is  immaterial  for  the 
operation  of  the  accelerator  which  of  the  two  points  is  stable.  It  is 
sufficient  that  one  of  them  be  stable.  However,  for  relativistic  parti- 
cles  (p  «  1),  F^^^  >  0;  hence  if  <  0,  then  F  =  0  at  some  Instant  In 

acceleration  to  relativistic  energies.  At  that  instant  there  exists  no 
phasing  point  at  all,  and  the  phase  pattern  becomes  changed.  Large  par- 
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tide  losses  are  possible  then,  for  the  two  stability  ref^lons  overlap 
only  In  part. 


i/sfV 


Fig.  5.  Plot  of  F  as  a  function  of  the  energy 
for  different  values  of  n. 


Therefore,  for  an  Installation  such  as  the  10  Bev  proton  synchro¬ 
tron,  In  which  the  particle  velocity  varies  over  a  wide  range,  we  should 
stipulate  that  be  larger  than  zero; 


or 

The  condition  (34)  must  of  course  be  satisfied  with  a  margin, 
since,  as  will  be  shown  below,  small  values  of  F^j^^  are  not  desirable. 

The  condition  (34)  affords,  generally  speaking,  a  great  freedom  In 
the  choice  of  the  length  of  the  linear  portions,  but  It  Is  nevertheless 
a  mo]?e  stringent  limitation  (In  the  region  of  values  of  n  of  Interest 
to  us)  than  the  condition  which  will  be  derived  below  for  the  stability 
of  the  fast  oscillations. 

Usually  a  condition  (34)  Is  satisfied  with  a  6  to  10-fold  max^ln. 
For  example,  for  the  10  Bev  proton  synchrotron,  F^^^^  ■  0.77  and  condi¬ 
tion  (34)  18  satisfied  with  a  9-fold  margin. 
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The  occurrence  of  stability  of  the  phasing  point  -  for  a  suf¬ 
ficient  length  of  the  linear  sections,  and  the  rearrangenent  of  the 
phase  region  during  the  acceleration  process,  can  be  Illustratively 
Interpreted.  We  can  state  that  an  accelerator  with  slots  presents  a 
combination  of  annular  and  linear  accelerators.  It  Is  known  that  In 
linear  accelerators  the  stable  point  Is  -  (p^,  and  In  annular  ones  It 
Is  4  (pQ.  The  reason  for  It  Is  that  in  linear  accelerators  the  transit 
time  between  two  passages  through  the  accelerating  slot  decreases  with 
Increasing  velocity,  while  In  annular  ones  It  Increases.  When  the  length 
of  the  linear  sections  Is  sufficiently  great,  the  phase  properties  of 
the  linear  accelerator  predominate  over  the  phase  properties  of  the 
annular  accelerator.  However,  when  ^  1  the  phase  stability  of  the 

linear  accelerator  disappears,  that  Is,  the  transit  time  ceases  to 
depend  on  the  energy,  and  therefore,  no  matter  what  the  length  of  the  ^ 
linear  sections,  when  0-1  the  phase  properties  of  the  annular  accel¬ 
erators  prevail. 

.  The  concept  of  critical  energy  which  we  were  the  first  to 

Introduce,  and  at  which  the  phase  region  chamges  and  phase  stability 
Is  lost,  has  particular  significance  for  accelerators  with  strong 
focusing.  We  have  subsequently  also  shown  how  to  eliminate  the  critical 
energy.  In  ordinary  accelerators  with  weak  focuslrg,  the  critical  energy 
Is  eliminated  by  suitable  choice  of  the  Index  n.  Concerning  strong 
focusing,  see  Chapter  6. 

Let  us  determine  the  amplitude  of  the  phase  oscillations.  Let 
9^  <  (Pq  and  ^2  ^  extreme  points,  between  which  the  phase  os¬ 

cillations  are  carried  out.  At  these  points  vanishes: 


i 

••'tf 


(35) 


We  obtain  the  value  of  ^2  drawing  from  the  following  trans- 


-  60  - 


cendental  equation: 


Minip,— 

+  Yl  cos  Yu  =  0* 


(36) 


Inumuch  as  sin  9-9  cos  9q  has  a 
minimum  at  the  point  9  "-90 «  It  Is 
obvious  that  the  smallest  value  of 
the  phase  Is  9^^  ■  -90*  The  largest 
value  of  92  Is  obtained  from  (36) 
by  putting  9^  ■  9q; 


tin 


Tin 


CO*  TO 


‘tSVo — ?0« 


(37) 


Fig.  6.  Ratio  of  maximum 
region  of  stability  with  res¬ 
pect  to  9,  for  different  va¬ 
lues  of  cos  9qj  to  the  stabi¬ 


lity  region  when  cos  9  0 

and  for  values  of  cos  9q  from 
0  to  1  In  steps  of  0.05;  the 
values  of  90  +  9o/(27r)  are 
respectively  equal  to:  1,000; 
0.873;  0.815;  0.768;  0.729; 
O.69I;  0.656;  0.622;  0.589; 
0.557;  0.524;  0.492;  0.459; 
0.424;  0.389;  0.352;  0.312; 
0.268;  0.217;  0.152;  0. 


(30): 


Thus,  the  greatest  swing  In  the 

phase  oscillations  Is  9^  +  90. 

‘^max 

Figure  6  shows  a  plot  of  the  depend¬ 
ence  of  (9p  +  9o)/27r  on  cos  9q, 

obtained  with  the  aid  of  numerical 
calculations.  The  radial  oscillations 
connected  with  the  phase  oscilla¬ 
tions  (the  radial-phase  oscillations) 
can  be  determined  from  Eqs.  (19)  and 


p 


=  -  Y  ?.  -r  fl  )• 


(38) 


Figures  7  and  8  show  the  trajectories  of  the  radial-phase  oscilla¬ 
tions  against  the  background  of  the  chamber  dimensions.  The  trajec- 

p 

torles  shown  can  be  treated  (when  p  «  1)  as  prevailing  In  a  coord¬ 
inate  system  moving  together  with  the  equilibrium  particle  (of  course, 
free  oscillations  are  disregarded). 

The  amplitude  of  the  radio  oscillations  Is  obtained  from  (38),  by 
putting  9  -  9o: 
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Fig.  7.  Phase  region  at  the  start  of  ac¬ 
celeration  «  4  Mev)  at  a  voltage  Vq  • 

■  8  kv  In  variables  p  and  9:  1)  Separa- 
trlx  at  the  start  of  acceleration;  2) 
separatrlx  at  the  end  of  acceleration. 

* 


Fig.  8.  Die  same  phase  region  as  In  Fig. 

7,  but  for  a  different  Injection  energy 
(W^  -  10  Mev). 

Tfi*  ~  (I  —  It  (39) 

where  denotes  the  amplitude  of  the  radial-phase  oscillations.  The 
greatest  amplitude  of  radial  oscillations  will  be  denoted  by  p.  The  ) 

value  of  p  Is  obtained  from  (39)  by  putting  ■  -9q: 
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I 

i 

i 


M  l 


(^0) 


A/fi 


Pig.  9.  Connection  between 
the  amplitude  of  the  radlo> 
phase  oscillations  and  the 

relative  swing  of  the  phase 
oscillations  (Vg  -  1>i)/27r,  at 

different  values  of  cos  9q. 

In  motion  along  the  separa- 
trlx  we  have  »  'p. 


obtain 

•  ’ 


Figure  9  shows  the  dependence 
of  the  relative  amplitude  of  the 
phase  oscillations  (^2  9^)/^ 

the  relative  amplitude  of  the  rad* 
lal -phase  oscillations  p^/p  for  dif¬ 
ferent  values  of  cos  9q« 

With  the  aid  of  Eqs.  (I6), 

(19) j  and  (30)  we  can  find  the  en¬ 
ergy  scatter  of  the  particles  AE: 

The  amplitude  of  the  energy 
fluctuations  (AE)^  and  the  largest 
amplitude  dS  is  determined  In  the 
same  manner  as  used  for  the  radlal- 
pheise  oBcll^tlons. 

Integrating  (30)  once  more  we 

f 

J  Vuiny  — yco»if,>-r-« 


The  Integration  can  be  carried  out  In  the  general  case  only  numeri¬ 
cally.  However,  the  expression  obtained  enables  us  to  determine  the 
frequency  of  the  phase  oscillations.  During  one  period  of  the  phase 
oscillations  T.^^  >  we  can  assume  that  Oq,  K,  F,  and  E  are  con¬ 

stant,  and  then 
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Pig.  10.  Frequency  (in  cycles  per  second)  of 
the  phase  oscillations;  Vq  «  10  kv  (vertical 

scale)  and  different  values  of  the  magnetic 
field  Index  n  (from  n  ■  0. 75  for  the  upper 
curve  and  n  >  0. 35  for  the  lower  one  with  In¬ 
terval  0.03).  The  same  figure  shows  the  con¬ 
version  coefficient  for  the  calculation  of 
the  frequency  of  the  phase  oscillations  for 
other  values  of  Vq  (right-hand  scale).  1)  cpaj 

2)  conversion  coefficient;  3)  kv. 


Where  <  Pq  <  ^2*  I^uuses  9^  and  determine,  as  already  men¬ 
tioned,  the  amplitude  of  the  phase  oscillations. 

Figure  11  shows  a  plot  of  the  values  of  the  Integral  contained  In 
(42).  So  long  as  19^^  9qI  «  1*  the  value  of  this  Integral  Is  con¬ 
stant.  As  19^  9qI  Increases,  the  Integral  also  begins  to  Increase. 
When  9j|^  -9q  the  Integral  tends  to  infinity. 

We  Introduce  In  place  of  the  phase  9^  the  deviation  from  the 
phasing  point;  "  9]^*  The  Integral  (42)  can  be  evaluated 

analytically.  If  we  assume  that  «  2  9q.  In  this  case*  (see  Fig. 
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~Hi  -on  0  on  0,8  i2  ii  2,0 


y> 

Pig.  11.  Value  of  the  integral 

^  . 
f  . . 

i  y»iu  7^9  l  Oi  ?i  “t" 

fi 

as  a  function  of  &nd 

value  of  for  each  curve  Is 
marked  by  lines  and  arrows 
(9i  <  9q;  92  >  9o)- 

10)  we  have 


Thus,  the  frequency  of  the  phase  oscillations  In  an  accelerator 
with  slots  differs  by  a  factor  from  the  frequency  In  an  ordinary 
proton  synchrotron  (disregarding  the  fact  that  <Oq  Is  iIq  times 
smaller  than  In  a  circular  accelerator). 

The  results  of  this  section  serve  also  to  prove  the  correctness 
of  the  Msumptlons  which  we  have  made  ln«  the  derivation  of  the  phase 
equation.  Indeed,  It  Is  easy  to  show,  for  example,  the  correctness  of 
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R«latlon8  (14)  when  »  •Vq,  which  Is  always  the  case. 

15.  souoTZON  or  vmsM  Mmaim  m  aacoim  approxzmatzoii 

Ve  now  proeatd  <to  datarmlna  the  second  approxlisatlmi,  which 
should  take  Into  aodount  the  influence  of  the  changes  in  the  coeffi* 
cients  of  Bq.  (20)  on  the  change  of  the  particle  phase. 

Ihe  solution  givm  in  the  preceding  section  Is  valid  only  idien 
the  parameters  are  constant.  But  if  the  msgnetlc  field,  the  frequency, 
and  other  parameters  of  the  apparatus  change  sufficiently  slowly,  then 
the  particle  motion  can  be  described  as  being  successive  transitions 
from  one  trajectory,  obtained  In  the  preceding  section,  to  the  next 
trajectory,  that  Is,  from  isotlon  with  one  integration  constant  a  and 
several  values  of  the  parameters  K,  F,  E,  and  Oq,  to  motion  with  ano¬ 
ther  constant  and  other  values  of  the  parameters.  The  Integration  om- 
stant  and  the  parameters  change  here  so  slowly,  that  at  each  given  in¬ 
stant  the  motion  can  be  described  In  the  same  manner  as  before,  m 
other  words,  at  each  given  Instant  we  can  regard  the  motion  as  occur- 

e 

ring  on  a  definite  trajectory  calculated  In  the  preceding  section. 

The  law  governing  the  variation  of  the  Integration  constant  or, 
what  Is  the  same,  the  law  governing  the  variation  of  the  oscillation 
amplitude.  Is  detenslned  with  the  aid  of  adiabatic  Invariants.  The- 
adiabatic  Invariant  of  a  systmn  with  one  degree  of  freedom  Is  the  In¬ 
tegral  ^pdq,  taken  over  the  entire  period  of  oscillation.  In  our  case 
the  role  of  j  la  assumed  by  the  phase  p,  and  the  role  of  p  >  ski  Is  as- 
suswd  by  the  quantity  B  f/a)|  K  F,  since  E/a)|  X  F  plays  in  Bq.  (20)  the 
role  of  the  mass  (or  the  momnt  of  inertia). 

The  adiabatic  invariant  (apart  from  the  constants)  can  be  writ¬ 


ten  In  the  following  form: 


Prom  this  we  obtain  the  dependence  of  a  on  the  time.  In  the  general 
case  the  Integral  (44)  cannot  be  evaluated  in  terms  of  elementary 
functions.  Figure  12  shows  a  plot  of  the  function 


Pig.  12.  Plot  for  the  calculation  of  the  variation  of 
the  phase-oscillation  eunplltudes  upon  change  in  the 
accelerator  parameters,  l)  Scale  for  o. 


The  use  of  the  graph  in  Pig.  12  is  very  simple.  A  horizontal  line 
crossing  any  curve  gives  the  initial  values  of  and  Og.  For  conven¬ 
ience,  each  pair  of  curves  pertaining  to  different  values  of  cos  9q 
starts  from  different  points.  Therefore  the  values  of  and  Og  (in 
radians)  should  be  reckoned  for  each  curve  from  its  own  origin.  The 
ordinates  of  the  curve  yield  the  values  of  the  Integral 
When  the  parameters  are  changed,  the  product y 
should  remain  unchanged.  Therefore  the  horizontal  line  is  displaced  to 
such  an  extent,  that  the  indicated  product  remains  constant.  The  new 
points  of  intersection  determine  new  values  of  and  O2.  When  varying 
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008  94  it  is  necessary  to  move  horizontally  to  a  second  curve «  corres¬ 
ponding  to  the  new  value  of  cos  9q>  and  the  intersections  again  deter¬ 
mine  the  new  values  of  and  Og. 

The  graph  presented  should  be  used  only  for  sufficiently  large 
oscillation  amplitudes.  Let  us  assume  that  the  oscillations  occur  only 

In  the  vicinity  of  9q*  We  make  a  change  of  variable  9  -  9^  +  o  and 

2 

carry  out  the  calculation  with  accuracy  to  a  .  In  this  case 


(45) 


In  the  relativistic  case  K,  F,  and  Wq  are  constant,  while  the  en¬ 
ergy  E  Is  proportional  to  H,  and  therefore  (when  Vq  ••  const)  ■ 

■  (9q  —  9^)  is  proportional  to  In  the  nonrelatlvlstlc  case  It 

Is  necessary  to  take  Into  account  the  time  dependences  of  K,  Oq,  and 
F,  and  the  result  will  depend  on  the  value  of  the  magnetic  field  Index 
n. 

Figure  13  shows  the  dependence  of  “njsuc^^'Wx^nach  particle 

energy  for  constant  values  of  Vq  and  sin  9q4  and  for  different  values 
of  the  Index  n.  Let  Vq,  Rq,  and  9q  remain  unchanged  during  the  accel¬ 
eration  process.  We  stipulate  that  under  these  conditions  0^^  must 
decrease  all  the  time,  that  Is,  we  require  that  the  Inequality 
da/dt^y  <  0  be  fulfulled.  Ihls  requirement  Is  equivalent  to  the  condi¬ 
tion  (d/dt)(K  F  u)q/E)  <  0.  In  carrying  out  the  differentiation  we  take 


account  of  the  fact  that 


u>  B  where  w  «  const.  As  a  result  we  get 

V  V 


(46) 


where  b  Is  a  positive  quantity.  The  expression  In  the  left  half  of 

o 

the  Inequality  decreases  with  Increasing  ^  .  Therefore,  If  this  In- 

2 

equality  Is  satisfied  when  p  «  0,  It  will  be  satisfied  for  all  other 
2 

values  of  0  .  We  thus  obtain 
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The  Condition  (4?)  replaces  the  condition  n  >  2/3  which  we  de¬ 
rived  In  1946  [4]  for  a  circular  accelerator. 

If  n  <  nj^j.,  then  the  amplitude  of  the  phase  oscillations  will 
first  Increase  and  then  decrease.  In  the  cases  of  practical  Interest 
this  Increase  In  amplitude  Is  small.  The  Increase  In  amplitude  con¬ 
tinues  up  to  a  certain  energy  value  Ej^^.  We  obtain  the  value  of  Ej^ 
from  (46)  by  replacing  the  Inequality  sign  by  an  equal  sign.  Indeed, 
the  vanishing  of  (46)  denotes  the  reversal  of  the  sign  of  da^^y/dt; 

(  48  ) 


Pig.  13.  Dependence 

®max/^®max^nach 
on  the  energy  for 
the  10-Bev  proton 
synchrotron  data 
(L/Rq  '  8/7). 


Fig.  14.  as 

a  function  of  the  values 
of  n  for  the  10-Bev  pro¬ 
ton""  synchrotron  param¬ 
eters  (l/r  =  8/7). 


It  Is  obvious  that  the  amplitude  of  the  phase  oscillations  has  a 
maximum  when  E  Ej^^,.  Let  us  calculate  the  ratio  of  the  largest  ampli¬ 
tude  a  of  the  phase  oscillations  to  the  Initial  value: 


(^9) 


The  ratio  ®/(“n»ax^nach  ®  function  of  n  Is  plotted  In  Pig.  l4  for  a 
definite  value  of  L/Rq. 

§6.  PHASE  EQUATION  WHEN  THE  MAGNETIC  FIELD  SPILLS  OVER  INTO  THE  LINEAR 
SECTIONS 


The  phase  equation  for  the  case  when  a  magnetic  field  exists  in 
the  linear  section  is  derived  in  perfect  analogy  with  the  case  of  the 
"ideal  accelerator"  (without  a  field  in  the  linear  section).  In  the 
derivation  it  is  necessary  to  take  into  account  the  distinguishing 
features  of  the  "nonideal  accelerator"  with  slotted  magnets.  We  shall 
therefore  start  to  discuss  these  singularities,  without  obtaining  the 
entire  derivation. 

Let  us  consider  by  way  of  an  example  the  case  of  a  field  H,  which 
is  constant  in  the  gap  in  the  x  and  jr  directions  (see  Pig.  15).  As 
will  be  shown  in  the  next  chapter,  if  a  field  is  present  in  the  linear 
portion,  the  magnet  sectors  will  subtend  not  an  angle  ■n/2,  but  tj/2 
where  Is  the  angle  through  which  the  particle  trajectory  is  turned 
in  the  linear  section.  We  shall  measure  the  lengths  of  the  linear  sec¬ 
tions  from  the  points  A  and  B,  in  which  the  field  is  only  slightly 
different  (at  the  accuracy  which  Interests,  say  by  1%)  from  the  field 
inside  the  gap. 

If  the  particle  moves  not  along  an  equilibrium  orbit,  but  is  dis¬ 
placed  as  a  result  of  the  radial-phase  motion,  then  the  center  of  curva¬ 
ture  will  shift  from  the  point  C  to  the  point  0  and  the  tangent  to  the 
particle  trajectory  will  turn  not  through  an  angle  6q,  but  an  angle  a 
fPLp;.  15).  Considering  the  Triangles  ACB  and  AOB,  we  can  find  the  con- 

I 

lion  between  the  angles  a  and 
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The  length  of  the  circular  trajectory  of  the  particle  In  the  linear 
portion  la: 

~=zr.a.=i  +  {.J#  ?  V 

Consequently,  the  perimeter  of  the  orbit  can  be  written  In  the  follow¬ 
ing  form: 

R  (2it —  -j-  "T  — 

=  2~It  +  Lm),  —  (/f  —  (<}i 


Putting  — 4y?,2,=L*,  we  write  for  the  perimeter  of  the  orbit:  PttR  +  L* 


Thus,  the  coefficient  n,  de¬ 
fined  by  Eq.  (lO),  assumes  the  fol¬ 
lowing  form: 

=  ^50) 

In  analogy  with  the  foregoing, 
the  magnetic  flux  <I>*  (R,t)  through 
the  orbit  of  radius  R  also  changes, 
since  It  Is  necessary  to  take  Into 
account  the  magnetic  flux  In  the 


Pig.  15.  Diagram  explaining  linear  sections.  The  coefficient  P 
the  symbols. 

Is  likewise  changed : 


jp* _ . _ II  —  I _ 

^  In-, >«(!-/»)]* 

After  going  through  all  the  steps  for  the  derivation  of  the  phase 
equation,  we  can  show  that  the  form  of  the  phase  equation  does  not 
change  If  n,  P,  <I>,  and  L  are  replaced  by  n*,  P*,  <!>*,  and  L*.  Indeed  , 
Eqs.  (17)  for  the  circular  part  of  the  magnet  obviously  remain  the 
same.  Nor  are  the  equations  for  the  straight  line  portions  change!  ! 


we  write  for  g(Y)  In  the  linear  portions  'Hj^/Hq(Rq)  and  put  £(7)®^  ■ 

-  1/n*. 

In  radial  accelerators >  however,  the  magnetic  field  is  not  con- 

« 

stant  along  the  particle  trajectory.  But  it  is  clear  from  the  forego¬ 
ing  arguments  that  the  decisive  role  is  played  by  the  angle  of  turn  of 
the  particle  trajectory  in  the  linear  section,  and  not  the  form  of 
H^(x).  Therefore,  if  depends  on  x,  then  all  the  formulas  will  con- 

i 

tain  the  average  quantity, 7 ss-j*  |^i(s)dc,  since  this  is  the  quantity 

responsible  for  the  turning  of  the  particle  trajectory  (see  Chapter  2, 
§4).  The  law  governing  the  variation  of  along  the  ^  axis  has  been 
shown  by  detailed  calculations  to  Influence  little  the  motion  of  the 
particles  under  rather  broad  assumptions  concerning  the  magnitude  of 
the  change  in  the  field. 

We  have  assumed  in  the  preceding  calculations  that  the  presence 
of  the  field  in  the  linear  portions  is  taken  into  account  in  the  con¬ 
struction  of  the  magnet.  The  sectors  have  been  made  smaller  by  an 
angle  6^,  so  that  the  equilibrium  trajectory  in  the  round  sectors  is 
part  of  a  circle  of  radius  R.  If  the  correction  for  the  angle  has  • 
not  been  made  or  has  been  made  Inaccurately,  then,  as  shown  in  Chap¬ 
ters  2  and  3,  the  particle  trajectory  becomes  distorted,  but  its 
Length  remains  constant,  accurate  to  (p/Rq)  . 

§7.  ACCELERATION  IN  MULTIPLE  RESONANCE 

As  will  be  shown  in  Chapters  4  and  it  may  be  convenient  to  use 
;nu]t,lple  resonance  between  the  revolution  frequency  and  the  accelerat- 
Iiig-fleld  frequency.  For  example,  it  will  be  shown  in  Chapter  5  that 
r  Jer  certain  conditions  the  intensity  of  injection  increases  in  raul- 
resonance.  It  is  indicated  in  Chapter  4  that  it  is  possible  to 
V-  0  the  undesirable  resonance  between  the  high  frequency  pertuba- 


aid  of  multiple  resonance. 


In  addition,  In  multiple  resonance  the  accelerating  system  with 
two  gaps  and  a  single  linear  section  operates  more  effectively. 

A  detailed  investigation  of  the  multiple-reeonanoe  oondltlone 
(for  a  round  accelerator)  was  made  In  considerable  detail  In  [39]«  In 
the  present  section  we  touch  briefly  only  upon  the  general  and  princi¬ 
pal  problems  of  the  multiple  acceleration  mode.  As  far  as  we  know,  our 
Investigations  are  the  only  theoretical  work  devoted  to  this  problem. 
The  first  actual  multiple  acceleration  mode  was  realized  by  A.  M.  Pro¬ 
khorov  [40]. 

Let  us  assume  that  the  frequency  of  the  accelerating  electric 
field  Is  3  times  larger  than  the  frequency  of  revolution  of  the  equi¬ 
librium  particle; 

'«#(•)= 


If  we  have  accelerating  gaps  In  only  one  linear  portion,  then  j 
can  assume  arbitrary  Integral  values. 

In  what  follows  It  would  be  convenient  to  use  the  following  nota¬ 
tion:  9  denotes,  as  before,  the  phase  of  the  particle  In  degrees  of 
the  high-frequency  accelerating  field;  f  Is  the  phase  in  degrees  of 
the  particle  trajectory  (at  angles  y).  If  q  «  1,  then  9  and  if  coin¬ 
cide.  They  are  obviously  connected  by 

(51) 

where  N  Is  an  integer  smaller  than  In  multiple  resonance,  the  mo¬ 
tion  of  the  particle  is  In  resonance  not  with  the  first  but  with  the 
q-th  harmonic  of  the  expansion  (11)  of  the  accelerating  field  In  a  se¬ 
ries  of  traveling  waves.  For  this  purpose^ we  must  obviously  satisfy 
the  condition  2K  -  1  =  q  [see  (11)]  or  K  ■  (q  +  l)/2.  Prom  this  fol- 


lows,  incidentally,  also  the  condition  that  ^  must  be  odd  in  the  oast 
of  two  accelerating  gaps,  since  K  is  an  Integer.  In  the  derivation  of 
the  phase  equation  only  the  relations  between  the  frequency  of  the  ao- 
oeleratlng  field  and  the  particle  revolution  frequency  change.  Thus, 
for  example,  Eqs.  (14)  and  (15)  are  now  rewritten  in  the  form 


or  5 (A I 
=  f  —  ?■  —  "Vll  —  9'r'  "f"  •  i 

j  .  >  I 

Consequently,  if  <Oq  is  replaced  in  Eqs.  (17),  (20),  and  (28)  by 
a)Q/q,  and  ^  is  replaced  by  ^q,  we  obtain  the  phase  equation  for  the 
case  of  multiple  resonance.  For  example,  in  place  of  (28)  we  write 

•l  f  ^7  1  fl'o.-.jis  _  rVoCOity,,  /co\ 

41  dt\  -Sr.  -  •  153; 


Equation  (53)  differs  from  (20)  and  (28)  in  that  the  first  term 
on  the  left  has  a  constant  coefficient  3. 

Let  us  Integrate  (53)*  In  analogy  with  the  foregoing  we  obtain: 


f  —  »  cos  ?o  a) . 


(54) 


Comparing  with  (30),  we  see  that  decreases  by  a  factor  Inas¬ 
much  as  Relation  (19),  which  connects  the  radial  deviation  p  with 
remains  unchanged,  in  the  case  of  multiple  resonance  (but  other  condi¬ 
tions  remaining  equal)  the  amplitude  of  the  radio  oscillations  de¬ 
creases  by  a  factor  ^q.  The  amplitude  of  the  energy  oscillations  (4B)^ 
also  decreases  by  a  factor  ^q  [see  Eqs.  (38) -(41),  whose  rlght'half 
should  be  divided  in  our  case  by  ^q]. 

Let  us  find  the  frequency  of  the  phase  oscillations  by  the  method 
of  54  [see  (45]; 

»•»! — %  )'•  •  (55) 


Thus,  the  ratio  1®  ^9  smaller  than  before,  but  is  ob- 
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vlously  lart^er  by  the  same  amount.  It  Is  obvious  that  this  circum¬ 
stance  can  be  used  If  must  be  changed  In  order  to  avoid  some  undes¬ 
irable  resonance  (see  Chapter  4). 

The  stability  region  can  be  determined  from  equations  of  the  type 

(32) « 

(56) 

We  see  from  this  equation  that  the  stability  region,  plotted 
In  the  coordinates  (9,  9),  remains  the  same  If  the  9  scale  Is  left  un¬ 
changed,  but  9  Is  multiplied  by  In  the  ordinary  scale,  all  the 

dimensions  In  the  direction  of  the  9  axis  are  contracted  by  a  factor 
while  In  the  direction  of  the  9  axis  they  remain  unchanged. 


Pig.  16.  Phase  plot  for  cos  9q  =0.6 

and  multiplicity  q  =  3  against  the 
background  of  the  accelerator  cham¬ 
ber.  1)  Separatrlx. 

In  place  of  the  9  we  Introduce  the  akls  p,  using  the  fact  that  p 
Is  proportional  to  9  [see  (19) !•  In  this  case  (56)  is  rewritten  In  the 
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form 


|(  ff )’  (1  -  «)» — ftiii  ,  -: .  CO.S  9 <  si  n  <?o  —  cos  ^0.  ^ 


On  going  over  from  degrees  4>  of  the  high  frequency  field  to  de¬ 
grees  of  the  particle  trajectory,  we  make  use  of  the  first  fonsula  of 
(31)  which  signifies  a  change  In  scale  along  the  9  axis  by  a  factor 
and  a  transfer  of  the  origin  by  an  amount  27rN/q.  When  the  phase  9  va¬ 
ries  between  0  and  2ir,  the  phase  it'  varies  between  0  euid  27r/q.  Inasmuch 
as  (57)  Is  periodic  In  9  with  period  2Tr,  the  period  In  V  Is  2ir/q.  Con¬ 
sequently,  the  separatrlx  separating  the  stable  region  (57)  tvcm  the 
unstable  one.  Is  contracted  by  a  factor  ^  on  changing  fr^  9  In  de¬ 
grees  to  it'  In  degrees,  and  Is  repeated  3  times  In  Identical  fashion 
over  the  extent  of  the  Interval  0  <  it  <  27t,  as  shown  In  Pig.  I6. 

Thus,  In  ^-fold  resonance  we  have  q  particle  beams  In  the  accel¬ 
erator.  It  Is  easy  to  see  that  the  total  area  3  of  the  separatrlxes, 

1/2 

In  the  case  of  3-fold  resonance.  Is  q  '  smaller  than  the  area  of  one 
separatrlx  In  ordinary  resonance. 

When  the  Intensity  Is  calculated  In  Chapter  5,  It  Is  necessary  to 
know  the  connection  between  the  amplitudes  of  the  phase  and  radial  os¬ 
cillations.  figure  9  shows  the  dependence  of  (92  ^  on  Pj^/p  for 

q  •  1,  where  9^  &nd  92  the  extreme  points  of  the  phase  oscilla¬ 


tions.  When  q  ^  1  we  are  Interested  In  the  sum  -,7  idiere  ^21 

and  are  the  extreqte  points  of  the  phase  oscillations  In  the  1-th 
beam.  It  Is  easy  to  see  that  as  a  result  of  (51) 


Thus,  the  plot  In  Fig.  9  can  be  used  also  In  the  present  case.  It  must 
be  remembered,  however,  that,  other  conditions  being  equal,  the  maxi- 


times  smaller  than  usual. 

Multiple  resonance  has  the  same  effect  on  the  magnitude  of  the 
radial  oscillations  as  a  reduction  In  the  amplitude  of  the  accelerating 
voltage.  But  a  reduction  In  the  amplitude  of  the  accelerating  voltage 
simultaneously  decreases  the  region  of  stability  with  respect  to  the 
cooivSlnate  if.  At  the  same  time,  the  transition  to  multiple  resonance 
does  not  change  the  region  of  stability  with  respect  to  if.  The  Influ¬ 
ence  of  multiple  resonance  on  the  intensity  will  be  Investigated  In 
Chapter  5*  It  can  be  stated  here  that  the  "convenience”  or  "Inconven¬ 
ience"  of  multiple  resonance  depends  on  the  dimensions  of  the  separa- 
trlx  and  on  the  dimensions  of  the  accelerating  chamber.  It  therefore 
turns  out  that  In  the  l80-Mev  model,  where  the  sepauratrlx  Is  very 
small,  multiple  resonance  is  harmful.  In  the  10-Bev  proton  synchrono- 
tron,  at  an  Injection  energy  of  4  Mev,  it  Is  convenient  to  use  multi¬ 
ple  resonance. ,  An  increase  In  the  injection  energy  by  3  times  affects 
the  stability  region  in  exactly  the  same  manner  as  3-fold  resonance. 
Therefore,  at  large  injection  energies  (20  Mev)  it  Is  "inconvenient" 
to  use  multiple  resonance.  In  addition,  multiple  resonance  can  be  used 
for  certain  physical  experiments,  in  which  It  is  essential  to  obtain 
short  particle  pulses  striking  a  target. 

[Footnotes] 
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It  is  easy  to  show  with  the  aid  of  Relation  (21)  that  If 


^  0,  then 
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ll 

64  cu^  Is  calculated  with  accuracy  to  0^^^  In  Chapter  4  [see 

,  (4,  84)]. 
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Chapter  2 

PAST  OSCILLATIONS  OP  PARTICIES 

§1.  Introduction 

Past  oscillations  In  accelerators  with  slotted  magnets  were  In¬ 
vestigated  In  [32,  38].  However,  as  will  be  shown  below,  the  calcula¬ 
tion  made  by  Dennison,  Berlin,  et  al  did  not  make  It  possible  to  ac¬ 
tually  estimate  how  the  linear  portion  really  influenced  the  operation 
of  the  accelerator.  Moreover,  the  criterion  of  the  Influence  of  the 

linear  portion  as  Introduced  by  Dennison  and  Berlin  is  the  so-called 
2 

quantity  r  ,  the  ratio  of  the  maximum  to  the  minimum  oscillation  amp¬ 
litude,  which,  as  will  be  shown  below,  has  no  physical  meaning.  These 
calculations  did  not  make  It  possible  to  estimate  the  Influence  of  the 
presence  of  tiie  linear  sections  on  the  particle  Intensity.  All  these 
questions  were  completely  solved  again  In  the  works  of  the  author  to¬ 
gether  with  A.M.  Baldln  and  V.V.  Mikhaylov  [17-19,  22]  In  1949-1950. 

The  present  chapter  Is  devoted  to  the  motion  of  particles  in  the 
so-called  theoretical  magnetic  field,  which  will  be  defined  below. 
Other  Important  questions  concerning  the  motion  of  particles,  which 
were  not  at  all  discussed  In  the  literature,  namely  the  motion  of  the 
particles  when  the  magnetic  field  deviates  from  theoretical  and  reso¬ 
nance  phenomena  In  the  motion  of  the  particles,  will  be  developed  in 
Chapters  3  and  4.  An  account  of  the  Influence  of  the  linear  sections 
on  the  Intensity  of  the  accelerated  beam  Is  also  Investigated  in  Chap¬ 
ter  5.  ' 

In  the  present  chapter  we  consider  the  motion  In  a  constant  mag- 
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natlo  field;  an  account  of  the  variation  of  the  magnetic  field  is 
given  In  Chapter  4  (§§2  and  3)*  This  question  Is  treated  separately  In 
Chapter  4  In  order  to  avodd  repetition.  In  Chapter  4,  In  considering 
the  passage  through  resonance,  we  are  forced  all  the  same  to  regard 
the  parameters  of  the  equation  (the  magnetic  field,  the  Index  n,  and 
others)  as  variable  quantities. 

§2.  Calculation  of  Particle  Q^ajectorles  In  an  Ideal  Accelerator  with 
- SIo^ -  - 

We  must  solve  Eqs.  (I,  27)  tdilch  were  obtained  In  the  preceding 
chapter.  In  the  first  part  of  our  calculation  we  use  the  method  pro¬ 
posed  by  Dennison  and  Berlin  [32].  Namely,  we  solve  the  equations 
(I,  27)  separately  for  the  circular  sectors  and  for  the  linear  por¬ 
tions,  and  then  "Join"  these  solutions. 

The  fast  motions  In  the  circular  sectors  have  been  thoroughly  In¬ 
vestigated.  The  basic  results  are  universally  loiown.  We  formulate  only 
those  premises,  which  will  be  used  later  on. 

We  write  down  the  fast  oscillations  In  the  circular  sectors  In 
the  form 

^  sin  D  cos  ^  ^  ^ 

Where  x  denotes  either  p  or  z,  and 


K  «  ^  1  —  n  for  radial  oscillations  and  k  =»  for  vertical  oscilla¬ 
tions  . 

The  amplitudes  of  oscillations  A  and  B  decrease  with  varying  mag¬ 
netic  field  In  proportion  to  Inasmuch  as  the  fast  oscillations 

can  be  regarded  independently  of  the  radial-phase  oscillations  U,  the 
principal  results  can  be  obtained  by  means  of  an  analysis  In  a  constant 
magnetic  field.  Independently  of  the  Increase  In  energy.  We  therefore  i 
assume  In  the  present  chapter  H  =  const. 
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As  In  the  case  of  slow  oscillations^  we  consider  first  a  motion 
In  an  Ideal  accelerator  with  slots.  In  this  case  we  can  write  an  e<iua- 
tlon  of  the  type  (12)  for  each  sector. 

For  example,  for  the  Jc-th  sector: 

ss  ,1,  Itilt  in*l^  Ut  COB  M*tit  (  2  ) 

For  convenience  we  measiire  the  time  for  each  sector  from  the  Instant 
that  the  particles  enter  In  It  (therefore  we  use  tj^  In  place  of  t  In 
(2)). 

Let  us  find  the  connection  between  the  amplitudes  (Aj^,  and 

^k+l*  ®k+l^  neighboring  sectors  of  the  magnet.  In  the  linear 

section  of  an  Ideal  accelerator  with  slots,  there  Is  no  magnetic  field. 

Therefore  the  particle  will  move  along  a  straight  line.  This  means  that 
• 

X  does  not  change  dvirlng  the  time  of  flight,  and  x  changes  by  an  amount 
• 

Xi/v,  where  1  Is  the  length  of  one  gap  and  v  •*  RqW  Is  the  velocity. 
Taking  these  considerations  Into  account,  we  readily  obtain 

•  Ik  cos  -^y—  —  Jjtl  y  -  —  •Ijt  +  p  (  3  ) 

•  • 

Here  value  of  Xj,.  at  the  end  of  the  k-th  sector 

h  (»)  =  [  •  li-  cos  _  ;4  sin  — ^  ;  (  4  ) 

N  Is  the  number  of  sectors. 

We  Introduce  the  notation 


'■IT' 


<•/. 


A” 


c  =  cos 


A' 


(5) 


(6) 


Then  Eq.  (3)  assumes  the  form 

/l,c  —  BliS  =  /I, , , ,  I 

(s  — /^c)  -p  (c  — j 

From  the  system  of  the  two  first-order  difference  equations  (6) 
we  eliminate  and  thereby  Increasing  the  order  of  the  equation 

—  />s)  =0.  j 
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We  seek  the  solution  of  (7)  in  the  form 


Substituting  De^^^  In  (7j  and  canceling  out,  we  obtain 


j<i‘_^e-*‘  =  2(c  — /«) 


or 


bi 

20r 


Pig.  17.  Permissible  val¬ 
ues  of  1/R,  obtained  from 
the  requirement  that  the 
phase  and  fast  oscilla¬ 
tions  be  stable  at  dif¬ 
ferent  values  of  n.  The 
solid  curve  shows  the  per¬ 
missible  values  of  l/R 
for  simultaneous  stabil¬ 
ity  of  both  oscillations. 
1)  Vertical  fast  oscilla¬ 
tions;  2)  radial  fast  os¬ 
cillations;  3)  phase  os¬ 
cillations. 


cos  H  K=;  f  —  px. 


(8) 


Prom  Eq.  (8)  we  obtain  two  values 
of  u,  which  are  of  opposite  sign.  Wb 
shall  henceforth  assume  p.  to  be  positive. 
When  p  =  0  we  get  p.  =  <v;  when  p  «  1  we 
readily  obtain 


+  (9) 

The  general  solution  of  (7)  assumes 
the  form 


.t^.  ^  —  //,  cos  -j- 

The  asterisk  following  a  letter  denotes 
here  the  complex  conjugate.  In  order  not 
to  have  growing  terms  In  the  solution, 
the  following  Inequality  must  be  satis¬ 
fied 

;cosul  =  ic  — //*!<  1.  .  . 


Condition  (11)  imposes  certain  requirements,  which  are  generally  speak¬ 
ing  not  stringent,  on  relation  1/Rq>  Flgvire  17  shows  the  dependence  of 
the  limiting  values  of  1/^q  on  the  magnetic  field  Index  for  the  verti¬ 
cal  and  radial  motions. 


We  determine  from  the  first  eqviatlon  of  (6): 


(12) 


Thus,  the  values  of  differ  from  by  a  constant  factor,  so 
that  we  can  write 

/j*,  n  =  e^  COH  ;i/j  -|-  Cj  »1  n  ;iA',  ( 13  ) 


The  quantities  c^,  C2,  and  I>2  are  not  Independent.  The  connection 
between  them  is  established  with  the  aid  of  (*12). 

nie  constant  D,  and  also  and  can  be  readily  expressed  In 
tenns  of  the  Initial  conditions  (the  Initial  deviation  and  the  Initial 
velocity).  Let,  for  example,  the  Injector  be  located  at  the  start  of 
the  sector,  and  let  at  the  Instant  t  =  0  the  deviation  be  x  Xq 
the  velocity  k  =  0. 

Then  we  must  put  in  (2) 


M.' =  c,:  (14) 

'/j,  =  —  vii  {D  ~  D*)  —  ( 15) 


The  constant  D,  as  well  as  D2  and  Cg,  can  be  readily  obtained  from 
(12),  (14),  and  (15) 


»-w  • 

•  ;i  L 

1  " 
bill  ;*  L  ' 

imX  '  •• 

(16) 


The  general  solution  of  the  equations  (I,  27)  has  the  fom 

7.i-  —  4*  C  .  C4  sill  -i-  ((//><;’■“*'  •  f  .  f’.  ^  Cus  .11*/;.  (  17  ) 

In  [32,  38]  the  solution  (17)  was  interpreted  as  follows:  the 

fast  oscillations  are  produced  in  an  accelerator  with  slotted  magnet 

with  the  same  frequency  m  as  in  a  circular  accelerator  with  radius  Rq, 

but  the  oscillation  amplitude  is  modulated  with  frequency  p,.  No  actual 

Investigation  of  (17)  was  made,  and  all  attention  was  focused  on  the 

« 

behavior  of  the  oscillation  amplitudes  [Eqs.  (10)  and  (13)  !• 
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However «  such  an  analysis  has  several  shortcomings.  Indeed,  the 
''modulation”  frequency  n  turns  out  to  be  larger  than  the  frequency  of 
the  oscillations  (In  the*  same  units)  27tk/N*  so  that  the  concept  "modu¬ 
lation"  does  not  apply  In  Formula  (17)>  In  addition.  In  the  Investiga¬ 
tion  of  the  motion  we  are  Interested,  of  course,  not  In  the  amplitude 
of  the  oscillations  but  In  the  maximum  deviation  x« 

In  the  papers  cited  the  authors  Identify  the  maximum  deviation  In 
a  given  sector  with  the  anplltude,  although,  as  will  be  shown  below, 
this  Is  not  true  for  all  azimuths. 

For  the  calculation  of  the  intensity  in  accelerators,  the  main 
problems  are  collisions  with  the  Injector  and  with  the  chamber  walla. 

It  Is  therefore  necessary  to  determine  the  maximum  and  minimum  devia¬ 
tions  at  the  Injector  azimuth  and  the  azimuths  In  which  the  deviations 
are  maximum  and  minimum. 

As  a  rule,  no  such  determinations  were  made,  and  the  ratio  of  the 
maximum  to  minimum  amplitude  was  Introduced  Instead  as  a  characteristic 
of  the  "Imperfection”  of  the  slotted  accelerator  as  compared  with  the 
circular  accelerator. 

We  have  obtained  a  simpler  and  physically  clearer  expression  for 
the  free  oscillations,  with  the  aid  of  which  we  can  answer  the  fore¬ 
going  questions  and  present  a  more  complete  and  clear  description  of 
the  motion  of  particles  In  an  accelerator  with  slots. 

We  Introduce  the  dimensionless  length 

-X.  (18) 

where  S  Is  the  length  of  the  path  along  the  equilibrium  orbit.  It  Is 
obvious  that  »  Oj^,  where  Is  the  dimensionless  length  of  the 
path  covered  by  the  particle  In  the  ]c-th  sector.  Therefore  the  devia¬ 
tion  In  (17)  can  be  regarded  as  a  function  of  and  k.  The  discrete 
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variable  k  Is  connected  with  the  particle  revolution  number  M  by  the 
relation 


J:=IV.Af, 


Eq:uatlon  (1?)  can  obviously  be  rewritten  In  the  form 


(19) 


/j,  =  (/)  sill  a  +  dD  cos  a)  4..: :  c!^  F,  (a)  cos  (NM^  -f  a  (a)),  (  20) 


Where 

F,  —  2\  /)  sin  ;  *:  ilD  cos  a  ] ; 

a=Ar;;;/>.';ii3'i-ti/)cosa].  .  (2l) 


We  have  written  a  without  the  subscript  k  In  Formula  (20),  since 
this  formula  holds  true  for  any  k.  With  such  an  expression  for  the  de¬ 
viation  Xk*  It  Is  natural  to  regard  Fq(0)  as  the  oscillation  aiiq;)lltude 
at  the  azimuth  a.  This  amplitude  Is  constant*  for  a  given  value  of  the 
azimuth  a,  for  specified  Initial  conditions,  and  for  the  chosen  Injec¬ 
tor  position.  Thus,  by  fixing  the  value  of  o  In  the  formula  for  Pq(o)» 
we  obtain  an  expression  for  the  maximum  deviation  at  the  given  loca¬ 
tion  In  the  sector.  It  Is  obvious  that  In  order  to  find  the  extremum 
of  (20)  It  Is  sufficient  to  seek  the  extremum  of  P^. 

Substituting  In  (21)  the  expressions  for  D  and  d  from  (12)  suid 
(16),  we  get 


r  1  -j-  r ‘ ~ J  = 

Where  =  27rK/N  Is  the  length  of  one  sector  In  dimensionless  units 
(18).  As  can  be  seen  from  (22),  consists  of  two  factors,  one  depend- 
ent  only  on  a  and  the  other  on  the  initial  conditions  (the  parameters 
of  the  accelerator  with  slots  are  assumed  to  be  specified).  Thus,  the 
curves  P„  =  F„(o)  on  the  (o,  P^)  plane  are  Identical  for  all  sectors 
and  are  symmetrical  relative  to  the  centers  of  the  sectors.  For  dif¬ 
ferent  Initial  conditions,  one  curve  goes 'over  Into  another  by  multip¬ 
lying  all  ordinates  by  a  constant  factor. 
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(23) 


The  condition  dF^/do  >  0  yields 

•  *  ■!» 


f,  ±  S 


^max  ^mln  azimuths,  on  which  Is  maximal  and  mlS^» 

mal.  From  (23)  It  fo^ows  that  F^  has  a  maximum  always  at  the  oenti^ 
of  the  sector,  while  no  minimum  Is  produced  within  the  sector,  slnoa^  ^ 
°mln  outside  the  sector.  Indeed,  even  In  the  case  of  twd 

linear  spaces,  In  accordance  with  (18),  the  angular  dimension  of  the 
sector  Is  In  ovir  units  <  tt.  Therefore  Is  either  smaller  than 
zero,  or  larger  than  tt,  although  by  definition  0  <  a  <  o^. 


Fig.  l8.  Dependence  of  the  fre« 
quency  of  the  fast  oscillations 
In  dimensionless  units  on  the 
Index  n  In  a  circular  accelera¬ 
tor  an'3  In  the  10-Bev  proton 
synchrotron  (I/IRq  *  2/t)j  1) 

accelerator  with  slots;  2)  cir¬ 
cular  accelerator.  A)  Frequency. 

2 

The  maxlioum  and  mlnlmiua  values  of  coincide  with  the 

c 

2  2 

and  minimum  of  Aj^  +  obtained  previously  by  the  other  cumbersome 
method,  using  the  concept  of  "modulation"  of  the  oscillations.  Ih  ad¬ 
dition,  however,  we  proved  here  that  the  maximum  of  the  oscillations 
occurs  only  at  the  center  of  the  sector,  and  no  minlmxim  Is  produced  In 
the  sector.  Thus,  It  becomes  particularly  clear  that  the  characteris¬ 
tic  Introduced  by  Dennison  and  Berlin,  referred  to  above,  has  no  i^s- 
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leal  meaning. 

The  dlmenslonleea  oscillation  frequency  la,  according  to  (20), 
equal  to  In  lieu  of  2nK  for  the  circular  accelerator.  Figure  18 
shows  the  dependence  of  4p,  on  n  for  the  parameters  of  the  proton  syn¬ 
chrotron  of  the  USSR  Academy  of  Sciences.  For  comparison,  we  show  aloe 
plots  for  the  frequency  2nK. 

The  F^(a)  curve  for  the  specified  Initial  conditions  limits  the 
region  of  the  sector  In  which  the  oscillations  take  place,  and,  as  can 
be  seen  from  (20),  the  deviation  at  the  given  azimuth  a  reaches  a  value 
F.,  but  nowhere  exceeds  It.  Therefore  F„  can  be  called  the  envelope  of 
the  particle  trajectories  for  specified  Initial  conditions.  The  value 
of  the  envelope  Is  also  Important  for  the  calculation  of  Intensity. 

We  note  that  the  dependence  of  F.  on  a  can  be  regarded  as  "spatial 
modulation"  of  the  amplitude  of  the  oscillations  occurring  with  fre¬ 
quency  Huii/2n.  This  modulation  Is  produced  In  such  a  way,  that  the  dis¬ 
tribution  of  the  amplitudes  Is  constant  In  time.  By  way  of  Illustration 
we  can  point  out  the  analogy  between  Formula  (20)  with  the  equation  of 
a  standing  wave.  In  which  the  amplitudes  are  likewise  different  at  dif¬ 
ferent  points.  In  the  standing  wave,  however,  the  oscillations  occur 
at  all  points  either  In  phase  or  out  of  phase.  In  our  case,  the  phase 
of  the  oscillations  varies  from  point  to  point  like  In  a  traveling  wave. 

So  far  we  have  considered  oscillations  of  particles  In  any  place 
In  the  magnet  sector.  Let  us  consider  now  the  oscillations  of  the  par¬ 
ticles  In  the  linear  section.  The  deviation  of  the  particle  from  the 
equilibrium  orbit  in  the  k-th  linear  section  will  be  denoted  by 
Obviously, 


(24) 


where  Xic(®v^  deviation  and  Its  time  derivative  at 
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the  end  of  the  k-th  sector,  and  Is  the  length  reckoned  In  the  lin¬ 
ear  section  from  the  sector,  along  the  equlllbrliun  orbit.  In  the  dlaea- 

slonless  units  (l8).i  •  _ _ 

Indeed,  »  t^^.  is  the  time  reckoned  frcnn  the  Instant  that  , 

the  particle  enters  Into  the  k-th  linear  section.  The  length  of  the 
linear  section  In  dimensionless  units  Is  equal  to  2p.  We  note  that 
Formula  (24),  which  we  have  obtained  for  an  "Ideal  accelerator  with 
slots,"  remains  valid  under  certain  assumptions  also  for  a  "nonideal 
accelerator  with  slots,"  l.e.,  for  an  accelerator  with  a  magnetic 
field  In  the  linear  section  (see  §4). 

Using  (17)»  we  obtain 

X"**  =  I  {*  T  **111.)  —  ■{- 

"i"  I'^l  (*  4*  CS,,!.)  —  C,  (ifSiip  —  c)I  cos  uA-  = 

=  (25) 

The  value  of  ^^^(Opj,)  Is  obtained  with  the  aid  of  (15)  and  (16). 
After  simple  transformations  we  obtain 


4- ( 


tin<» 


,/i- 


■V.,i+(i+2,l)Jrl.(*6) 


It  Is  natural  to  call  the  function  the  envelope  of  the 

particle  trajectory  In  the  linear  section.  All  the  statements  made 
above  concerning  the  envelope  Inside  the  circular  sector  apply,  obvi¬ 
ously,  also  to  the  function  P^^(o'pj,)*  The  function  P*^*^(Opj,)  also  con¬ 
sists  of  two  factors,  one  dependent  only  on  Cp^  and  the  other  on  the 

Initial  conditions.  The  dependence  on  the  Initial  conditions  coincides 

» 

here  with  the  dependence  of  F^(a)  on  the  Initial  conditions  [see  (22)]. 
This,  Incidentally,  Is  obvious  from  the  very  outset  from  Sq.  (22),  and 
was  used  to  carry  out  the  calculations. 

The  function  P^^(<Jpj,)  is  symmetrical  with  respect  to  the  center 
of  the  linear  section  (In  the  center  of  the  section  .■  p)  and  has  a 
minimum  at  this  point.  This  Is  directly  clear  from  (26).  Thus, 


[^'srn.]*  “  z5  —  2/»x,  -^  +  ( 1  +  2p  7  )  .  (  27  ) 

On  the  boundaries  of  the  sectors,  the  functions  and  p|  as 

well  as  their  derivatives  coincide.  Indeed,  the  only  difference  between 
and  P^  lies  In  the  fact  that  the  expression  f^  >■  2ps  cos  a  oos(Oy 
-  o)  Is  replaced  by  fg  =  2pcs  +  (Op^,  -  2p).  But  fj^(O)  *  " 

=  f^CO)  rr,  =  'T-cs.  L-I  ^Hitler.  f’.'2p'  «  f:JZ>  arvi  « 

“  f'l{®v^*  where  the  prime  denotes  differentiation  with  respect  to  a 


or  o_. 
pr 

It  follows  from  these  calculations  that  It  Is  possible  to  intro¬ 
duce  a  single  envelope,  which  Is  continuous  (together  with  Its  deriva¬ 
tive),  for  the  particle  trajectories  both  In  the  sector  and  In  the 
linear  section.  Thus,  the  deviation  from  the  equilibrium  orbit  for  any 
case  can  be  written  In  the  form 

/  =  /•;'!■{:)  c.»K  {<ik  -1-  •>  (s)), 

Where  a  Is  the  length  In  dimensionless  units  (l8),  reckoned  from  a  cer¬ 
tain  point  along  the  equilibrium  orbit. 

The  maximum  of  the  function  Is  lo- 

c 

cated  at  the  center  of  the  sector  and  Is 
equal  to 

(28) 


Fig.  19.  Dependence 
of  the  coefficient  a 
on  the  magnetic 
field  Index  n  for 
the  vertlcal‘”(  1)  and 
radial  (2)  oscilla¬ 
tions. 


The  minimum  of  the  function  P^^(o)  Is  located 
in  the  center  of  the  linear  section  and  is  de¬ 
termined  by  Formula  (27).  We  note  that  the 
minimum  of  the  function  P^^(o)  does  not  coin¬ 
cide  with  the  minimum  of  the  function  Pg(o), 


which,  as  shown  above,  is  not  realized.  The  ratio  of  the  maximum  of  P^ 
to  the  minimum  of  F^^  Is  Independent  of  the  Initial  conditions  and  is 
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equal  to 


a 


</ll»-t-/W(l  -I  <•) 

»in 


1  /  t  +  M-^P 
\  » -r  ip*  — ’ 


(29) 


Unllte  the  value  of' the  "depth  of  modulation"  r^]/i±5S  ,  Inli^- 
duced  by  Dennison  and  Berlin  [32],  the  quantity  a  has  a  perfectly  de¬ 
fined  physical  meaning.  For  the  proton  synchrotron  of  the  USSR  Acadeiy 
of  Sciences,  a  =  1.022  for  the  radial  motion  and  a  ==  1.048  for  the 
vertical  motion.  The  dependence  of  a  on  n  Is  shown  In  Fig.  19  (for 
j/r  *  4/V).  The  smallness  of  a  for  =  4/r  shows  that  the  spatial 
modulation  of  the  oscillation  amplitudes  Is  not  large. 

S3.  Some  Singularities  of  Injection  in  an  Accelerator  with  Slotted 
Magnet  ~ 

Let  us  consider  the  singularities  of  the  Injection  of  particles 
In  an  accelerator  with  slotted  magnet.  For  this  purpose  we  express  the 
quantities  Xq  irtilch  pertain  to  the  start  of  the  sector,  by 

and  XiA“>  which  pertain  to  an  arbitrary  azimuth  at  which  the  In¬ 
jector  la  located.  Putting  k  =  0  and  cwtj^.  =  In  (17),  we  obtain 

(30) 

cos  *<• 


i  > 


In  the  calculation  of  the  collisions  with  the  Injector,  It  Is  necessary 
to  know  the  deviation  of  the  p£u*tlole  from  the  equilibrium  orbit  at 
the  location  of  the  Injector.  Using  (30),  we  obtain  Fg(o)  at  the  asl- 
muth  of  the  Injector 


xtp  tin  (2»<  —  a.)  +  +  2p  co,  «<  cos  (s.  —  j,)) 


tinu 


(31) 


It  Is  seen  from  (31)  that  for  a  specified  deviation  of  the  Injector, 
from  the  instantaneous  orbit  and  for  a  specified  position  of  the 
Injector,  a^,  there  exists  a  certain  optimum  value  of  the  velocity 
X®^^  at  which  the  two  components  In  the  square  bracket  of  (31)  cancel 
each  other  out.  If  the  particle  Is  emitted  from  the  Injector  with  Xj^  “ 
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=  obvlouB  that  the  amplitude  of  the  oaelllatlons  is 

minimal  at  the  location  of  the  Injector  and  la  equal  to  Xj^* 

The  expression  for  follows  directly  from  (31)! 

_ _ 7<;»!iln(a,  — 2»<)  ' 

*“•  *  2ji  cut  s<  con  («,  —  C()  * 

Unlllce  the  clrculso*  accelerator,  x^^  does  not  vanish  and  Is  a  func> 
tlon  of  Xi  and  The  velocity  Xj^  can  be  expressed  In  terms  of  the 
angle  y  between  the  direction  of  emission  and  the  tangent  to  the  equi¬ 
librium  orbit  at  the  plate  where  the  Injector  Is  located: 

•“-iC-  (32) 


We  denote  the  optimum  angle  by  y 


opt 


■ir  V.. 


^ooT  « - 


!.il.  (5,  — 


(33) 


r  4-  2p  con  Oi  COS  (9«  c») 

In  this  notation.  Formula  (31)  assumes  the  simple  and  physically 
clear  form: 

y.2 

^(’,)  ~ Xi  ( 34 ) 


where 


♦  :•  2l>  1  5.  i'i>s  (3,  —  »i) 


If  we  let  the  lengths  of  the  linear  sections  approach  zero  (p  -♦0), 
then  f  -♦  1  and  Yqp^  0»  so  that  we  arrive  at  the  ordinary  formula  for 
circular  accelerators: 


(36) 


Comparing  (33)  and  (34),  we  conclude  that  In  our  case  the  Injec¬ 
tion  differs  from  the  Injection  In  circular  accelerators  In  two  re¬ 
spects.  First,  the  optimum  angle  does  not  vanish  and,  what  Is  more  Im¬ 
portant,  varies  during  the  Injection  process,  owing  to  the  variation 
of  Xj^*  Second,  the  deviation  from  maxlmum'angle  leads  In  our  case  to  a 
stronger  Increase  In  the  oscillation  amplitude.  This  an^lltude  will  be 


the  same  aa  In  a  circular  accelerator,  but  not  with  radius  Rq,  but 
with  radlua  Figure  20  shows  the  dependence  of  on  the  in¬ 

jector  position.  For  the  iproton  synchrotron  of  the  USSR  Academy  of 
Sciences,  varies  from  0  to  3',  while  f^^  »  I.O63  for  the  radial 
motion  and  =  1.042  for  the  vertical  motion. 

To  calculate  the  collisions  with  the  chamber  walls  we  must  know 
the  amplitude  of  the  oscillations  not  only  at  the  Injector  azimuth  (cr^), 
but  also  at  arbitrary  azimuth  (o).  Using  (22),  we  write 

(37) 

i' J  »  +  ‘US  SjCOi  (:,  —  e.) 

Where  FQ(a^,  0)  Is  the  amplitude  of  the  oscillations  at  azimuth  o,  when 
the  ejector  Is  located  at  azimuth  The  value  of  F^(o^)  Is  deter¬ 
mined  from  Formula  (34). 


Pig.  20.  Optimum  angle  Yop^;  at  Xj^  =  50  cm 

In  the  10-Bev  proton  synchrotron  (Rq  = 

=  28  ra,  l/^Q  =  2A)  as  a  function  of  the 

point  of  Injection.  1)  Linear  section; 

2)  circular  sector;  3)  min. 

So  far  we  have  assumed  that  the  Injector  Is  located  In  the  sector. 


If  It  Is  located  In  the  linear  section,  the  formulas  will  differ  sone- 
what  from  (34)  and  (37) •  Let  us  establish  the  connection  between  the 
values  of  Xq  and  Xo/*“»  referred  to  the  start  of  the  sector,  with  Xj^ 
and  Xq/^w*  referred  to  the  point  Inside  the  linear  section: 
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Substituting  (38)  In  (26)  and  (22)  and  carrying  out  a  series  of  anal¬ 
ogous  calculations,  such  as  separation  of  the  optimum  angle,  determina¬ 
tion  of  fp^,  etc.,  we  obtain  an  expression  for  the  anqplltude  of  the 
oscillations  at  any  point  and  at  any  azimuth  a.  If  the  Injector  Is 


located  at  the  point  (epp)^i 

I/*'  («np.  =-  ,  ^  -r  ,  [(/..pf,  -  2/.1  TjSr)* ] ' 


where 


^np 


U./*  — /v _ ~np  \1 1 

r /np  I  *  *011?/  I  • 


*  H-  2re  -f  *  |(»..,.)^--Pl(''np)<  . 


^np  —  _  -  -- 

Comparing  Formulas  (33),  (35),  and  (37)  with  Formulas  (39)  and 
(40),  we  see  that  we  can  write  the  expression  for  the  envelope  In  gen¬ 
eral  form,  i.e.,  for  arbitrary  location  of  the  Injector  on  the  orbit: 


61 11  :-i 


(39) 


(40) 


where 


for  a  in  the  sector 


(41) 


/(«)=: 


»(8-  :7.;;  for  a  In  the  linear  section, 

ttlJI  js 


(42) 


and 


V  B-  J_  «'  In  /(;) 
'<•"»  J  X  </> 


(43) 


In  practice,  the  parameter  p  «  1,  so  that  the  expression  for  f(a) 
and  Yopt  simplified 

1  -j- p  - «')  for  a  In  the  sector. 


/(o)  = 


"font  ~  I 


for  0  In  the  linear  section, 
*  for  a  In  the  sector. 


(42') 


for  a  In  the  linear  section. 
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(43') 


In  the  calculation  of  f(o)  In  the  linear  section  It  Is  necessary 
to  bear  In  mind  that  the  third  term  In  (42)  is  of  order  whereas  we 
oarx^  out  our  calculation  everywhere  with  accuracy  to  the  f^st  power  ^ 
of  jg.  We  retained  this  term  because  Its  order  decreases  upon  dlffe^n* 
tlatlon. 

As  was  shown  above,  the  function  f(a)  Is  continuous,  together 
with  Its  derivative  (see  also  Figs.  20  emd  21).  Figure  21  shows  a  plot 
of  f(a)  for  vertical  (k  «  V^)  and  radial  {k  -  —  n)  oscillations 

at  different  values  of  the  Index  n.  It  Is  seen  from  the  figure  that 
f(o)  has  a  minimum  In  the  middle  of  the  linear  section  and  a  maximum 
In  the  middle  of  the  sector. 

Formula  (43)  clarifies  the  physical  meaning  of  the  optimal  angle 
7opt*  tiarns  out  that  If  we  draw  an  envelope  through  the  Injector, 
then  coincides  with  the  direction  of  the  tangent  to  the  envelope. 
Physically  this  Is  obvious  from  the  very  definition  of  the  envelope. 
Indeed,  If  the  direction  of  emission  of  the  particle  crosses  the  en¬ 
velope  passing  through  the  point  of  Injection,  this  means  that  at  the 
trajectory  of  the  particle  there  exists  an  envelope  which  passes  above 
the  point  of  Injection,  which  contradicts  the  definition  of  the  op¬ 
timal  angle.  This  statement  can  be  verified  directly  by  differentiating 
(4l)  with  respect  to  the  length  of  the  trajectory  oRq/k. 

It  Is  clear  from  (4l)  that  the  amplitude  of  the  oscillations  at 

the  place  where  the  Injector  is  located  (for  arbitrary  location  of  the 

« 

Injector  along  the  orbit).  Is  equal  to 

•  («..  «<) = (»<)  =  V  x:  +  -^  /*  (®.)  (T  —  7,Mn5** 

Thus,  In  calculating  the  collisions  with  the  Injector,  the  entire 
singularity  of  the  accelerator  with  slots  manifests  Itself  in  the  ap¬ 
pearance  of  the  quantities  and  f(aj^),  which  are  functions  of  the 
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o^dia't^ao  o,2  7,i 


ce/tn^^ _ [^  ^ 

~J,0  ..  t.O  i2  i*  iS7^ 


Pig.  21.  The  fvmctlon  f(a)  for  different  values  of 
n  for  radial  and  vertical  oscillations.  1)  Straight 
Tine  section;  2)  circular  sector. 


Injector  position.  It  Is  clear  from  the  plot  of  Pig.  21  that  f(a^)  has 
a  minimum  at  the  middle  of  the  linear  section.  Therefore,  In  order  to 
reduce  the  probability  of  the  particle  striking  the  Injector,  It  Is 
most  convenient  to  place  the  latter  in  the  middle  of  the  linear  por¬ 
tion.  However,  as  is  clear  from  Formula  (41),  the  coefficient  preceding 
the  s(iuare  bracket  will  assume  In  this  case  a  maximum  value.  This 
means  that  this  Injector  position  increases  the  probability  of  colli¬ 
sion  with  the  chamber  walls.  The  practical  choice  of  the  Injector  posi¬ 
tion  Is  determined  by  design  considerations  and  by  the  convenience 
with  which  the  high-energy  particles  can  be  admitted  into  the  chamber. 
Therefore  the  length  of  the  linear  section  should  not  be  very  large, 
so  that  f{a)  differs  little  from  unity.  This  Is  precisely  the  sltviatlon 
In  the  proton  synchrotron  of  the  USSR  Academy  of  Sciences. 

The  envelope  method  developed  above  has  a  wide  range  of  applica¬ 
tion.  The  properties  of  the  free  oscillations,  which  were  derived  here, 
are  general  properties  of  solutions  of  equations  with  periodic  coeffi¬ 
cients.  It  Is  known  that  if  the  oscillations  are  described  by  an  equa- 
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tlon  of  the  type 

where  g(a)  Is  the  periodic  function  with  period  a^,  then,  with  the  ex¬ 
ception  of  several  oases  (resonances,  edges  of  the  stability  regions), 
the  solution  can  be  written  in  the  form 

p(a)  =  RoZ>«'  <f(o), 

Where  e(a)  is  the  complex  periodic  Floquet  fvunctlon  and  la  the  char¬ 
acteristic  exponent.  We  normalize  the  Floquet  functions  In  such  a  way 
that  the  Wronsklan  of  the  functions 

^  ^(c)  and 

Is  equal  to  —21.  Then  the  oscillations  of  the  particles  at  the  azimuth 
o  can  be  written  in  the  form 

(.  (;)  -=  c„.s  »  (3)1, 

Where  N  Is  the  number  of  periods  of  the  function  g(a)  contained  in  the 
entire  orbit,  and 


•  t  T'  T  • 

;  •  -i  I  r-./  /  _ 

The  function  f(o)  Is  the  modulus  of  the  Floquet  function 

/(-)=?(’)<?•(»)• 


The  quantity  k  In  the  expression  for  the  amplitude  Is  In  this  case  an 
arbitrary  number.  Introduced  In  the  definition  of  the  dimensionless 
quantity  o. 


Ths  derlvatlcr.  of  these  forrr-la.s,  s_-.i  Else  the  ejplleatloa  of 

this  method  to  a  strong-focusing  accelerator,  will  be  given  In  Chapter  6. 

Calculation  of  Particle  Trajectories  with  Account  of  a  Magnetic 
■*  yield  in  the  Linear  ^ectlo.ns 

So  far  we  have  disregarded  the  presence  of  a  magnetic  field  In 


the  linear  section.  As  shown  by  estimates,  even  In  the  10  Bev  proton 
synchrotron,  where  the  ratio  of  the  height  of  the  magnet  gap  to  the 
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Fig.  22.  Characteristic  of  mag¬ 
netic  field  near 

the  edge  of  a  straight  magnet, 
as  given  by  model  measurements. 

length  of  the  linear  sections  Is  small,  failure  to  taloe  Into  account 
r.he  magnetic  field  In  the  sections  would  lead  to  a  loss  of  part  of  the 
working  region  of  the  magnet  (~12  cm). 

As  will  be  shown  below.  If  the  penetration  of  the  magnetic  field 
Into  the  linear  sections  Is  taken  Into  account  In  the  design  of  the 
magnet.  It  Is  possible  to  avoid  noticeable  losses  of  the  working  re¬ 
gion  of  the  magnet  due  to  this  cause  (at  least  at  the  Instant  of  In¬ 
jection)  . 

The  magnetic  field  In  the  linear  sections  should  be  measured  with 
models.  By  the  time  the  work  was  outlined,  we  had  only  the  results  of 
measurements  on  models  (solid  Iron,  direct  current),  carried  out  at 
the  Physics  Institute  of  the  Academy  of  Sciences  [17,  42]  In  1949,  and 
also  the  results  of  measurements  made  In  1931  and  1952  on  the  magnetic 
field  of  the  proton  synchrotron  model.*  In  addition,  an  approximate 
theoretical  calculation  was  made.  On  the  basis  of  these  measurements 
It  can  be  concluded  that  the  decrease  In  the  field  In  the  direction  of 
the  axis  In  the  equlllbrlum-orblt  zone  (see  Fig.  24)  Is  quite  small. 
We  shall  therefore  assume  In  the  present  section  dH^dy  »  0.  Actually 
this  condition  Is  not  a  limitation:  dH^/dy  Influences  little  the  char¬ 
acter  of  the  motion,  since  on  the  average  *dH^dy*y  Is  considerably 
smaller  than  Hq  -  H^,.  This  can  be  verified  by  direct  calculation  of 


* 


the  orblt«  aa  was  Indeed  done  [22].  Plguz>e  22  ahowa  a  plot  of  dR^/dgr  x 
X  In  the  linear  aOotlon.  The  abaolaaaa  repraaent  the  lengtha  ln< 
unlta  of  magnet  alrgap.  fl?hua«  the  magnetic  field  In  the  linear  aeotion  C) 
deipenda  only  on  the  coordinate  x. 

nie  reaulta  of  ineaaxirementa  on  the  proton-aynchrotron  model  have 
ahown  that  the  dependence  of  the  magnetic  field  on  the  x  coordinate  la 
different  In  a  aolid  magnet  from  that  in  a  laminated  one.  Thla  la 
oauaed  by  the  existence  of  an  air  gap  between  the  ateel  lamlnatlona. 
Therefore  the  effect  of  the  edges  of  the  magnet  facing  the  linear  por¬ 
tions  on  the  magnetic  field  inside  the  sector  la  much  stronger.  We 
shall  not  use  the  plot  of  Pig.  23  for  quantitative  calculations.  Qual¬ 
itatively,  the  plot  of  Pig.  23  (obtained  with  the  aid  of  measurements 
on  a  solid  magnet)  describes  correctly  the  variation  of  the  field  In 
the  linear  section. 
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Pig.  23*  Characteristic  of  mag¬ 
netic  field  H2(x)/){q  at  the 

edge  of  a  straight- line  magnet 
according  to  model  measxire- 
ments. 

The  formulas  of  the  present  chapter  and  of  the  next  chapter  were 
uaed  auooeaafully  to  calculate  the  trajectories  and  to  choose  i  m  geo¬ 
metrical  dimensions  of  the  180  and  10,000  Mev  installations. 

To  investigate  the  motion  of  the  particles  In  the  linear  section,  ) 
we  make  use  of  the  following  procedure. 
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duoed. 


Let  ue  Introduce  the  concept  of  effective  length  of  the  linear 
section  t 


where  1  Is  the  length  of  the  linear  section  and  Is  the  height  of 
the  magnet  gap.  The  quantity  2b  ranges  frcrni  1.5  to  2.5«  depending  on 
the  construction  of  the  magnet.  Thusj  we  add  to  the  gennetrloal  length 
of  the  linear  section,  on  each  side,  a  length  bD^.  We  shall  assume 
that  on  the  boiindary  defined  by  ^ef  the  magnetic  field  differs  from  Hq 
by  less  than  1-5^. 

•Let  us  Integrate  (45)  over  the  effective  linear  section: 


y  = y  (0)  "T  y  (0) 


(^7) 


We  denote  the  deviation  p  from  equlllbrlvnn  orbit  at  the  start  of 
the  sector  by  p(lg£.)»  and  at  the  end  of  the  orbit  by  p(0).  Let  the  ef¬ 
fective  angle  of  the  sector  be  v  (Pig.  24)  and  let  It  differ  from  rr/2 
by  6q.  Then,  obviously  (Pig.  25), 

y  ~  (4<>)  “P 


We  neglect  the  second  term  (6q  <  0.02-0.06)  and  obtain 

y(W=p(^»+);  yW=p(0)* 

With  the  same  degree  of  accuracy,  we  get 

(0) = —lJLljl = + it . 

»  *  2 


with  the  aid  of  (48)  emd  (49)  we  rewrite  (45)  and  (4?): 


?  (A.1.)  — -  p  (I  i 


r^i. 


(48) 


(49) 


(50) 


<  > 


where 
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Fig.  25.  Diagram  Illustrating  the  no¬ 
tation:  1)  particle  trajectory;  2) 

Instantaneous  orbit. 

Eqvuitlon  (50)  differs  from  the  analogous  equation  for  the  "Ideal 
accelerator"  with  slotted  magnet  In  the  presence  of  the  terms  6  and  q. 
We  thewfore  obtain  In  lieu  of  Eq.  (6) 

«  -1-  A„C  —  Iit:S=  .1;.^, ;  ^  J 

T,  +  (.V  a.  2pc)  -f  (c  _  2ps)  = 

udiere 

«  =  — ;  c=cosa,;  s^sins,;  3,  =x»; 

Oy  Is  the  effective  length  of  the  sector  In  the  dimensionless  xuilts 
(18).  Thus,  we  use  the  same  notation  as  In  the  preceding  section,  ex¬ 
cept  that  all  the  geometrical  dimensions  are  replaced  by  effective 
ones.  Apart  from  this,  Eq.  (31)  differs  from  (6)  In  the  presence  of 
the  free  terms  e  and  t]. 

The  general  solution  of  (31)  Is  the  sum  of  the  general  solution 
of  the  corresponding  homogeneous  equation  [l.e.,  Eq.  (51)  without  t) 
and  e]  and  the  particular  solution  of  the  complete  equation.  We  have 
obtained  a  solution  for  the  homogeneous  equation  In  the  preceding  sec¬ 
tion.  The  particular  solution  can  be  readily  obtained,  since  the  free 
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terms  are  constants.  With  this  remark  taken  Into  account,  we  readily 
obtain 


2  (1  —  «  -I-  jm)  ' 

A*  ^  «(1  « -r  2/'«)  —  Tit 

2  (l-c • 


(52) 


Thus,  the  motion  In  the  k-th  sector  will  be  described  by  the  fol> 
lowing  equation: 

+  {C,  cos  ^  C,  sia H*)  cos  ‘  (  53  ) 

The  constants  Dg,  C^,  and  Cg  are  not,  as  already  shown.  Independent 
but  are  related  by  the  two  eqxmtlons  In  (l4).  The  constants  C||^  and 
can  be  readily  determined  with  the  aid  of  the  Initial  conditions 

(54) 


c.  /:*  = , 

*  *  /Hi*: 

^D^  -f.  .-1  o)/.  =  j. 


Bie  constants  and  can  be  determined  from  Formula  (l4) 


s-nrulpt-^ir  -  Cv...  -  ^•)] .  (55) 

— mr;  -r  '^p‘) — (?„„ — b*)  psj . 

If  we  make  the  following  change  of  variables: 

?'  =  f'»  —  =  p,  —  -l  *  sia  luxt^  —  B*co&  (  56  ) 

then  Eqs.  (53),  (54),  and  (55)  become  similar  to  Eqs.  (15),  (I6),  and 
(17),  obtained  for  the  "Ideal  accelerator  with  slots."  Thus,  the  pres> 
enoe  of  a  field  In  the  linear  section  changes  the  Instantaneous  orbit 
(and  also  the  equilibrium  one),  with  respect  to  which  we  measure  the 
coordinate  p.  If  p  Is  measured  from  the  new  Instantaneous  orbit,  then 
all  the  results  of  the  preceding  section  remain  In  force. 

The  equation  of  this  new  orbit  can  be  readily  written  down: 

=  ■^"‘*•0  yi  —  /.(i -j- B*  cos y/1  —  nO,  (57) 

Where  S  =  ut  Is  the  azimuth  of  the  particle,  reckoned  every  time  from 
the  start  of  the  sector  (line  MN  on  Fig.  24).  Inasmuch  as  the  new  orbit 


(> 


is  not  a  pni’l  oi’  a  oirclo  ovini  .li»  Uio  occtor,  not  all  the  working  re¬ 
gion  can  be  utilized.  In  order  to  determine  the  value  dp*  of  the  unused 
working  region,  we  must  calculate  dp*  *■  p*^^  —  P*mln*  If  we  substitute 
the  numbers  for  the  accelerator  of  the  USSR  Academy  of  Sciences,  we 
obtain  dp*  ■  12  cm. 

One  can  In  general  eliminate  the  losses  In  the  working  region  due 
to  the  presence  of  the  magnetic  field  In  the  llneeu?  sections  (at  least 
during  the  Injection  period)  by  choosing  In  suitable  manner  the  angle 
subtended  by  the  magnet  sectors.  Indeed,  In  order  to  avoid  distortion 
of  the  orbit,  we  require  that 

A*  =  B*  =  0. 


This  condition  Is  equivalent  to  the  conditions 


(58) 


Equations  (58)  can  be  satisfied  In  some  cases  by  suitably  choos¬ 
ing  the  angle  subtended  by  the  sector: 


li  = 


*j.ii 

I  //,il)di 


(59) 


If  the  magnetic  field  Is  symmetrical  with  respect  to  the  center 
of  the  linear  section,  then 


J  </xJ  //,(?) 4/1=  j 


Q  0 


0 


JIADdl. 


Introducing  the  notation 

we  rewrite  (58)  In  the  simpler  form 
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(60) 


Thua,  In  the  caae  of  a  ayinmetrlcal  field  the  aeoond  equation  In 

t 

(58)  and  (60)  la  the  conaequence  of  the  flrat.  The  angle  subtended  by 
the  aector  la 


U  ".P 


(61) 


Thua,  for  example  In  the  proton  synchrotron  of  the  USSR  Academy 
of  Sciences,  the  sectors  must  be  made  to  subtend  an  angle  not  ir/2,  but 
somewhat  less.  The  exact  value  of  V'  can  be  determined  only  after  model 
measurements.  One  must  bear  In  mind,  however,  that  owing  to  saturation 
and  to  other  factors  and  1^^  do  not  remain  constant,  but  change 
dxirlng  the  covirse  of  acceleration.  Therefore  Eqs.  (60)  can  be  satis¬ 
fied  only  within  a  certain  time  Interval. 

.With  the  aid  of  (60)  we  can  also  simplify  Relation  (52): 


A* 


- -  2  . 


(62) 


If  Condition  (60)  Is  satisfied,  then  Relation  (50)  coincides  with 
the  analogous  equation  for  the  "Ideal  accelerator  with  slots,"  and  Bq. 
(51)  coincides  with  Eq.  (6).  The  only  difference  lies  In  the  fact  that 
In  place  of  the  ge<xnetrlcal  length  of  the  linear  section  It  Is  neoes- 
s6ay  to  take  the  effective  length. 

If  the  magnetic  field  Is  asymmetrical  with  respect  to  the  center 
of  the  linear  section,  then  In  general  It  is  Impossible  to  choose  an 
angle  i  such  that  A*  and  B*  vanish  simultaneously,  and  consequently, 
that  the  orbit  does  not  become  distorted. 
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[Footnotes] 


Manu¬ 
script 
Page 

No. 

83  We  recall  that  we  are  not  considering  here  the  attenuation 

due  to  the  Increase  in  the  magnetic  field. 

97  Magnetic  measurements  made  on  the  10-Bev  piston  synohrotron 

magnet  have  essentially  confirmed  ovir  calculations  and  the 
validity  of  the  assumption  made  later  on. 


Manu¬ 
script  [List  of  Transliterated  Syntels] 

Page 

No. 

87  np  -  pr  =  pronezhutok  =  section 

91  onr  ■  opt  a  optimal ' nyy  »  optimal 

96  Hav  -  nach  >  nachal'nyy  ^  initial 

99  3$  ■  ef  »  effektivnyy  ■*  effective 

103  cp  ■  sr  =  sredniy  ■  average 
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Chapter  3 

EFFECT  OF  DEVIATION  OF  THE  MAGNETIC  FIELD  FROM 
THEORETICAL  ON  THE  MOTION  OF  THE  PARTICLES 

Introduction 

Certain  deviations  from  the  theoretical  magnetic  field  are  always 
observed  In  a  real  magnet.  By  theoretical  field  In  the  magnet  sectors 
we  mean  a  field  independent  of  the  azimuth  9  within  the  angle  v  (see 
Fig.  2k)  and  \inlform  In  all  the  sectors.  In  addition,  we  assume  that 
all  sectors  have  the  same  symmetry  plane.  In  the  linear  sections,  the 
theoretical  field  Is  regarded  to  be  one  which  causes  the  coefficients 
5  and  t)  to  vanish.  In  accordance  with  (II,  6o).  Another  Important  as« 
sumption  Is  that  all  four  sectors  are  similar  to  one  another. 

If  we  realize  the  theoretical  field,  then  the  Instemtaxieous  orbits 
of  the  particles  (l.e.,  the  orbits  about  which  the  fast  oscillations 
are  executed)  have  Inside  the  sectors  the  form  of  a  circular  arc,  lo¬ 
cated  symmetrically  with  respect  to  the  chamber  walls.  Any  deviation 
of  the  magnetic  field  from  theoretical  will  lead  to  a  distortion  of 
the  Instantaneous  particle  orbit,  which  Is  equivalent  to  the  loss  of  a 
certain  fraction  of  the  working  region  of  the  magnet.  This  Is  lllus- 
trated  In  Fig.  26.  The  distorted  orbit  (solid  line)  deviates  from  the 
theoretical  one  (dashed  line)  by  :!:A^/2.  In  order  for  the  particles  not 
to  Btrlks  the  chamber  walls  (or  the  Injector),  it  Is  necessary  that 
their  maximum  oscillation  amplitude  be  smaller  by  than  the  oscil¬ 
lation  ar.plltuce  perr.lsslble  Ir.  rhe  theore'lcal  -arr.etlc  field.  As 
will  be  shown  In  detail  In  Chapter  5,  the  Intensity  of  the  particle 
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beam  Is  direct ly  connected  with  the  permissible  swing  of  the  oscilla¬ 
tions  abovu  tho  equlllbrlvun  orbit.  Thus,  the  shaded  area  In  Fig.  26  la 
In  fact  not  used  to  produce  an  Intense  beam  of  accelerated  particles. 

The  smaller  the  deviations  of  the  magnetic  field  from  the  theoretical 

( 

value,  the  less  distorted  the  orbit  and  consequently  the  larger  the 
Intensity  of  the  particle  beam  for  a  specified  dimension  of  magnetic 
gap.  At  sufficiently  large  deviations  from  the  theoretical  field,  the 
acceleration  of  the  particles  becomes  Impossible  at  all. 


•  .  m*  am*  .d  •  .MW  W*  W  ^  ^3  ^ 

the  deviations  of  the  magnetic  field  from  the  theoretical  can  cause  in 
some  cases  an  increase  In  the  oscillation  anq)lltude.  Such  an  increase 
In  the  amplitude  has  a  resonant  character*  and  can  occur  for  certain 
fully  defined  values  of  the  magnetic  field  Index  n.  Therefore  the  value 
of  n  In  the  main  part  of  the  working  region  of  the  magnet  Is  chosen 
such  that  It  does  not  correspond  to  resonance.  The  resonance  phenomena 
will  be  Investigated  in  detail  In  the  next  chapter. 

It  Is  clear  from  the  foregoing  that  a  clarification  of  the  Influ¬ 
ence  of  the  deviations  of  the  magnetic  field  from  theoretical  Is  one 
of  the  most  Important  problems  In  accelerator  theory. 

In  an  accelerator  with  a  slotted  magnet,  the  Influence  of  disturb¬ 
ing  phenomena  on  the  motion  of  the  particles  Is  much  stronger  than  In 
circular  accelerators.  Moreover,  the  presence  of  the  linear  portions 
makes  It  possible  for  entirely  new  disturbances  to  arise  (Inaccuracy 
In  the  Installation  of  the  sectors,  shift  of  the  symmetry  planes  of 
the  magnetic  field  in  the  sectors.  Inaccuracies  In  the  angular  dimen¬ 
sions  of  the  sectors  and  in  the  length  of  the  linear  sections,  differ¬ 
ence  between  the  average  fields  In  different  sectors,  etc.). 

Usvially  the  deviations  of  the  fields'  from  theoretical  are  divided 


Into  a  statistical  part  and  Into  an  Instantaneous  part.  In  accord  with 
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Pig.  26.  Distorted  orbit.  The 
shaded  region  Is  the  actxially 
lost  portion  of  the  radial  gap 
of  the  magnet. 

the  measxirement  method  used  In  circular  synchrotrons  and  In  betatrons. 
We  shall  not  do  this,  and  use  the  term  deviation  to  denote  everyurtMre 
the  total  deviation. 

Our  Investigation  [17]»  carried  out  In  1949  (together  with  A.M. 
Baldln  and  V.V.  Mikhaylov)  Is  Indeed  the  only  one  devoted  to  this  ques¬ 
tion.  It  served  as  the  basis  for  the  design  and  to  the  choice  of  tol¬ 
erances  for  the  10-Bev  proton  synchrotron  of  the  USSR  Academy  of  Sci¬ 
ences  and  for  the  180-Mev  model. 

We  shall  consider  In  succession  several  deviations  of  the  mag¬ 
netic  field  from  theoretical,  assuming  these  deviations  to  be  small 
quantities.  Obviously,  only  this  case  Is  of  practical  Interest.  Each 
of  the  Inhomogenelties  will  make  its  own  contribution  to  the  distortion 
of  the  equlllbrlvim  orbit.  In  view  of  the  smallness  of  the  deviations. 

It  Is  natural  to  assume  that  the  total  distortion  of  the  orbit  Is  the 
sum  of  the  partial  distortions,  each  considered  separately. 

§2.  Calculation  of  the  Perturbed  Orbit 

In  the  presence  of  varlovis  types  of  poi-tui'bations  In  circular  ac¬ 


r 


) 


celerators,  the  motion  of  the  particles  In  the  vertical  and  radial  dl 
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reotlons  are  described  by  the  following  differential  equation: 

A(///)  +  //x*-^=;/x.(0),  (1) 

where  the  dot  denotes  differentiation  with  respect  to  the  aziiouth  6. 

!Ihe  function  g(6)  Is  periodic  in  6  with  period  2n,  The  general  solution 
of  (1)  can  be  written  In  the  form 

«+*« 

X  =  A  sir:  vP)  r  cos  -^0  -f  —  f  (Ocos*:®  — 

"•“It 

iThiii  »s  .1  ff(i)cos*(A  (2) 

H 

The  function  x*(®)  ^  period  211  and  can  be  regarded  as  the 

equation  for  the  distorted  orbit. 

An  analogous  expression  can  be  obtained  also  for  the  accelerator 
with  slotted  magnet,  by  using  the  solution  of  the  homogeneous  equation. 
Investigated  In  detail  In  Chapter  2,  to  determine  the  periodic  solu¬ 
tion  of  the  equation  with  right  half. 

It  Is  sometimes  convenient  to  Introduce  the  effective  angle  sub¬ 
tended  by  the  sector,  v  <  w/2,  as  was  done  In  the  preceding  chapter. 
Then  during  one  revolution  the  azimuth  6  Increases  by  4v  <  2nf  if  it 
Is  assumed  that  the  azimuth  6  does  not  change  In  the  linear  portions. 

In  this  case  the  equation  of  the  distorted  orbit  has  the  form 

f  ?(5)cosx(e-5  +  2v)e/5.  (3) 

•4 

We  Introduce  the  following  notation: 

ft(0)=^(v-r(^);  fo('^)=g(2>  +  ©).  etc.  (4) 

X*(0)  =  X*(9);  =  X*  (v -h  6)  I  etc. 

As  In  the  preceding  chapter,  we  assume  that  the  angle  Is  measured  frrai 
the  start  of  each  sector  and  varies  from  0  to  v. 

The  eqviatlon  of  the  distorted  orbit  'In  the  sectors  Is  sought  In 
the  form 
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Xx—  ^jr —  6)  —  co»  + X*  (6) 


(5) 


With  Bupplementary  periodicity  conditions 

<l.v+4  —  -^.vt  ~  ^jr,  (  6) 

Where  N  is  the  number  of  the  sector  (1  ^  N  ^  4). 


C 


b 


Fig.  27.  Distortions  of  field  and 
form  of  distorted  orbit. 

Equation  (3)  with  supplementary  conditions  (6)  can  be  regarded  as 
the  equation  for  the  new  distorted  orbit.  The  oscillations  of  the  par¬ 
ticles  about  the  distorted  orbit  will  occur  In  exactly  the  sane  manner 
as  about  the  symmetrical  orbit.  Indeed,  If  we  measure  the  deviation  X]| 
from  the  new  orbit,  we  obtain  an  oscillation  equation  which  coincides 
exactly  with  the  homogeneous  equations  of  the  preceding  chapter. 

It  Is  easy  to  obtain  the  equation  relating  Aj^  and  Bjj  with 


and  B 


N+1* 


~  2p  -  .1  ,^.c- 


(7) 


where  the  notation  of  the  preceding  chapter  [see  (50,  51)]  1*  used  for 


-  110 


o 


and  Unlike  the  previously  considered  cases,  we  assume  that  the 
quantities  e^  and  do  not  have  the  same  values  In  the  different  lin¬ 
ear  sections.  Ir.us,  -he  quar.clrlss  £,j  »  and  pertain  to  the 

linear  section  between  the  N-th  and  the  N  +  1-st  sectors. 

We  seek  the  solution  of  (7)  in  the  form 

(8) 

Where  Is  an  unknown  fimctlon  of  number  N,  satisfying  the  equation 

’■+*  2i itiu  11  *  (9) 

/  ”■'.**  ~  ‘  r  ~  2;«)  +  2p.t 

I, - ; - -Xv(v). 


With  the  aid  of  (9)  we  can  readily  obtain  the  periodic  solution 
for  which  satisfies  simultaneously  Relations  (6)  and  (7).  For  this 
purpose  It  Is  necessary  to  use  the  periodicity  of  the  function  fj|.  As 
a  result  of  the  calculations  we  obtain 

,  _  /.vCOS.'‘4-  /n  l;  r /y,..  Cu.-;.  -  'w,  COS2;i  ) 

—.TZiri;  •[  (10) 

•'  *‘x+l  ,  •  J 

Thus,  the  problem  Is  ccxnpletely  solved. 

By  way  of  an  example.  Fig.  27  shows  the  distorted  orbit  for  dif¬ 
ferent  values  ^  of  the  deviation  of  the  average  field  In  the  magnet 
sectors  from  the  theoretical  value.  The  ordinates  represent  the  devia¬ 
tion  of  the  orbit  from  the  average  position  In  the  cluunber.  The  ver¬ 
tical  dimension  of  the  direct  angles  Is  equal  to  the  change  In  the 
radius  of  curvature  of  the  particle  trajectory  In  the  given  sector, 
due  to  the  deviation  of  the  magnetic  field  from  the  average  value. 

Figure  28  shows  the  orbit  In  the  l80-Mev  proton  synchrotron,  cal¬ 
culated  In  accordance  with  the  derived  formulas  and  the  magnetic -meas¬ 
urement  data. 

§3.  Motion  of  Particles  In  Vertical  Direction 

The  motion  of  the  particles  In  the  vertical  direction  should  be 


-  Ill 
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Pig.  2d.  Orbit  In  l80-Mev  proton  synchro- 
tron  as  obtained  by  magnetic-measurement 
data.  The  arrow  Indicates  the  linear  sec¬ 
tion  with  magnetic  field  different  from 
theoretical.  1)  Direction  of  motion;  2) 
sector;  3)  injector. 

examined  with  particular  care.  Indeed,  the  region  accessible  for  par¬ 
ticle  motion  In  the  vertical  direction  Is  5-7  times  smaller  than  that 
In  the  radial  direction.  It  Is  usually  assumed  that  the  Inhonogeneltles 
arising  In  the  magnetic  field  do  not  give  rise  to  additional  oscilla¬ 
tions  In  a  vertical  direction.  In  fact,  however.  In  an  accelerator 
with  slotted  magnet,  unless  special  measures  are  adopted,  additional 
vertical  oscillations  with  large  amplitude  can  be  produced.  Connected 
with  this  phenomenon  Is  a  very  dangerous  resonance  between  the  vertical 
oscillations  and  the  revolution  frequency,  which  occurs  In  the  10-Bev 
proton  synchrotron,  unlike  In  the  circular  accelerator,  at  n  »  0.84, 
which  lies  within  the  stability  region. 

Owing  to  the  structural  features  of  slotted  magnets,  the  "central 
magnetic  plane"  In  such  magnets  Is  actually  not  a  plane. 

The  reason  for  It  Is,  first,  that  Inaccuracies  are  possible  In 
the  Installation  of  the  Indlvldvial  sectors  relative  to  one  another,  as 
a  result  of  which  the  "average  magnetic  planes"  of  the  different  sec¬ 
tors  may  be  situated  at  different  levels;  second,  each  sector  Is  made 
up  of  4£  tlocks,  so  that  the  "central  plane"  will  not  be  a  plane  even 
within  a  single  sector;  third,  the  geometrical  central  plane  may  not 
coincide  with  the  central  magnetic  plane,  and  the  position  of  the  lat¬ 
ter  is  Influenced  by  many  factors  (in  particular,  the  location  of  the 
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magnet  windings). 

Assume  that  the  equation  of  the  surface  on  vdilch  Hj,  »  0  can  be 
written  In  the  form 

09 

*==^=^fv+  s*8ln(A0+aJ)  /^l) 

i?ri  '  ' 


where  che  :ocrii.-.a-=  r  Is  .-eas'^Lrel  from  the  central  plane,  chosen  such 
that  =  To  solve  the  problem  of  Interest  to  us  we  can  use  the 

results  of  §2,  If  we  assume  k  =  X  “  =  0.  Without  stop¬ 

ping  for  the  self-evident  calculations,  we  shall  consider  a  few  im¬ 
portant  cases. 

We  assume  that  the  central  magnetic  planes  of  the  sectors  are 
shifted  parallel  to  one  another,  amd  then  all  the  Zj^  In  (11)  are  equal 
to  zero.  Formulas  (3)  and  (10)  are  valid  In  our  case  If  we  assimie 


,;'v  =  Vn*is,v  ^^2) 

and  replace  1  —  n  by 

Before  we  write  out  the  theoretical  formulas,  let  us  call  atten¬ 
tion  to  the  fact  that  In  the  case  of  the  vertical  motion  we  have  a  re¬ 
lation,  which  has  a  high  degree  of  accuracy,  fully  adequate  for  the 
calculations  on  the  10-Bev  proton  synchrotron. 


cos  ;i  =  0,84 — n.  (13) 

For  example,  when  n  =  0. 55  Eq.  (I3)  yields  for  cos  ^  value  0.29. 
Exact  calculation  leads  to  0.298.  When  n  =  0.95,  the  exact  value  of 
cos  M.  Is  0.1,  while  the  approximate  value  Is  O.O9. 

Then,  according  to  (10)  and  (3), 

I  <2.0.S  —  Jk)  (i.'y  —  ~  ~  -^-.v+O  .  M  li  ^ 

Zy=  /l  yCOS  •*  (»  -  0) - ^.V+l  cos  xO  -f-  illy. 

Along  with  the  coordinate  Zj^,  which  Is  measured  from  the  central 
plane  defined  above,  we  Introduce  a  coordinate  z'j^,  measwed  fron  the 
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central  magnetic  plane  of  the  N-th  sector.  Obviously,  z'jj  “  ®n ^N* 
Let  us  consider  three  particular  cases,  shovm  schematically  in 


Fig.  29: 


Let  us 
“'max' 


2)  ACjSs— 3)  —— 

-=  ^3^  s  — c;  --  As.  =  — a ;  As^  ”  ASj  =  a. 

calculate  the  maximum  deviation  from  the  central  magnetic  plane 


1)  C 


S> 


c,:.-:  t  .'-'iC  —  » ('I  -f  e) 

—  —  It)  " 


(15) 


) 


Pig.  29.  Distortions  of  cen¬ 
tral  magnetic  plane  and  form 
of  section  of  central  plane  of 
vertical  oscillations. 


As  can  be  seen  from  (15)»  In  cases  1)  and  3)  the  value  of 
exceeds  a  by  many  times  and  becomes  infinite  »dien  cos  -  0  (l.e,, 
when  n  =  0.84).  This  Is  connected  with  the  fact  that  when  cos  p,  -  0 
resonance  sets  In  between  the  vertical  oscillations  and  the  perturba-  ) 
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Thus,  when  the  magnetic  planes  are  shifted  parallel  to  one  another, 
we  obtain  curvilinear  surfaces,  the  projections  of  which  on  the  ver¬ 
tical  plane  are  shown  In  Fig.  29.  It  Is  precisely  near  these  surfaces 
that  the  free  vertical  oscillations  are  now  executed.  We  can  therefore 
call  them  the  effective  central  "planes."  It  is  clear  that  owing  to 
the  distortion  of  the  central  "planes"  we  are  unable  to  use  part  of  the 
magnet  gap,  equal  to  For  example,  If  the  Inaccuracy  In  the  In¬ 

stallation  of  the  sectors  Is  +3  nim,  then  we  lose  3^  mm  In  the  vertical 
gap  of  the  magnet  when  n  =  2/3  and  130  mm  when  n  =  0.75* 

Let  all  the  be  equal  to  zero,  and  then  we  can  use  Formula  (5) 
to  calculate  the  coordinates  of  the  effective  central  "plane,"  after 
making  In  this  formula  the  following  obvious  substitutions: 


A 


Jk' - 


X 

cos  3^ 


2  (cofi  A*  -H  —  coa 


Si- 


-n 

^ /i,.cos*(v— 0)—  »J). 


(16) 


We  see  that  the  effect  of  the  odd  harmonics  exceeds  that  of  the 
even  ones.  The  reason  for  It  is  that  for  vertical  oscillations  cos  p. 

Is  quite  close  to  zero.  In  other  words,  in  the  region  of  the  values  of 
the  Index  n  of  Interest  to  us  we  are  close  to  resonance  between  the 
revolution  frequency  and  the  vertical  oscillations. 

Let  us  consider  some  odd  harmonics  in  Expression  (I6). 

We  readily  obtain 


r  •  . 

Jj.  I  kl  cos  ajcus'd  (v  —  (1 1  —  ( — 1)  * 


C.OS  id 


'•i  {\)M  —  n) 


■  + 


-}-sin(W-f  aj)j. 


(17) 


In  (17)  the  greatest  contribution  is  made  by  the  first  two  tezms, 
whose  maximum  value  is  ' 


kt  I;. 

It  /.-  —  •*'■1  2  (0,.Vi  —  h) 
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Ve  shall  asBiune  that  the  maximum  of  (32)  occurs  at  the  same  values  of 
and  e  as  for  the  first  two  terns.  This  Is  true  If  cos  \i  «  kl/2R. 

In  this  case  we  obtain  • 

(18) 

where  =  1  If  (k  +  l)/2  Is  even  and  =.  0  If  (k  +  l)/2  Is  odd.  . 

As  Is  seen  from  (l8),  the  effect  of  the  first  harmonic  Is  approx¬ 
imately  five  times  larger  In  amplitude  when  n  =  2/3  >  and  8.5  times 
larger  when  n  =  0.75.  The  effect  of  the  third  harmonic  (irtien  n  -  2/3) 

Is  approximately  8  times  smaller,  and  that  of  the  fifth  harmonic  15 
times  smaller  than  the  effect  of  the  first  harmonic.  The  effect  of  the 
second  harmonic  Is  25-30  times  smaller  than  the  effect  of  the  first 
harmonic. 

§4.  Conclusion 

In  the  preceding  sections  we  Investigated  In  detail  the  siotlon  of 
particles  xinder  the  action  of  vsu'lous  disturbing  phenomena.  We  have 
shown  that  If  we  disregard  resonance  effects,  then  the  action  of  any 
kind  of  perturbation  reduces  to  a  distortion  of  the  equilibrium  orbit 
or  the  surface  about  which  the  oscillations  are  executed,  and  does  not 
affect  the  character  and  meignltude  of  these  oscillations. 

The  forms  of  orbit  distortion  have  a  relative  stability,  since 
the  disturbing  phenomena  are  in  themselves  relatively  stable.  During 
the  acceleration  process,  the  form  of  the  orbit  changes  very  slowly. 

In  the  10-Bev  proton  synchrotron  there  will  be  two  periods  during  idiloh 
the  form  of  the  distorted  orbit  changes  apparently  at  a  relatively 
larger  speed.  The  first  Is  the  Initial  period  of  acceleration,  as  the 
magnetic  field  Increases  from  150  to  1000  oersted.  The  remanent  nag- 
r.srlcs.'rlcr.,  •..v.i:'-.  rlays  a  larsa  rcla  ar  If;  cirsTals,  ^eaaas  ~s  Influ¬ 
ence  the  form  of  the  orbit  at  1000  oersteds.  Second,  at  the  very  end 
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of  acceleration,  starting  with  a  field  of  11,500-12,000  oersteds,  the 
satxiratlon  phenomena  Increase  sharply  and  Influence  the  form  of  the 
orbit.  Of  course,  the  most  important  Is  the  form  of  the  orbit  at  the 
start  of  the  acceleration. 

Xf  the  orbit  were  to  be  known  beforehand,  suitable  changes  In  the 

construction  of  the  chamber  and  of  the  magnet  could  help  avoid  losses 

In  the  working  region  of  the  magnet,  similar  to  the  account  of  the  de- 

* 

vlatlon  of  oiu?  orbit  from  circular  due  to  the  presence  of  the  linear 
sections.  Inus,  the  losses  In  the  er.ployei  portion  of  the  working  re¬ 
gion  are  due  to  the  fact  that  the  magnet  and  the  chamber  are  designed 
for  an  orbit  consisting  of  four  arcs  Joined  by  straight  lines,  whereas 
the  actxial  orbit  assximes  a  different  complicated  form. 

On  the  basis  of  the  foregoing  formulas  it  becomes  possible  to  do 
the  following:  1)  calculate  the  form  of  the  particle  trajectory  for 
any  distortions;  2)  estimate  beforehand  the  orbit  distortion  brought 
about  by  some  particular  deviation  of  the  field  from  theoretical;  3) 
ascertain  what  types  of  distortion  are  the  most  dangerous;  4)  choose 
methods  for  mutual  cancellation  of  the  distortions;  5)  choose  (with 
account  of  the  results  of  Chapter  4)  the  value  of  the  magnetic  field 
Index  n  in  the  main  part  of  the  working  region  of  the  magnet;  6)  de¬ 
termine  the  required  accxiracy  of  the  magnetic  measurements;  7)  deter¬ 
mine  the  required  accuracy  of  manufacture  and  erection  of  the  magnet 
(angular  dimensions  of  the  sectors,  lengths  of  the  linear  sections, 
etc.);  8)  choose  (with  account  of  the  results  of  Chapter  5)  the  dimen¬ 
sions  of  the  magnet  cross  section. 
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[Footnote] 
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107  Resonant  phenomena  may  also  not  be  connected  with  deviations 
of  the  magnetic  field  fron  theoretical,  but,  as  will  be 
shown  In  the  next  chapter,  such  resonances  In  annular  mag¬ 
nets  with  weak  focusing  hardly  play  any  role. 


[ 
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Ohaptar  4 

RESONANT  PHENOMENA  IN  ACCELERATOR 
WITH  SLOTTED  NAONBT 

« 

§1.  Introduction 

The  various  possible  resonant  phenomena  In  accelerators  should  be 
the  subject  of  a  special  analysis.  In  the  first  three  chapters  we  have 
Investigated  In  detail  the  i^'ee  and  radial-phase  oscillations.  All  the 
calculations  were  made  In  the  linear  approximation.  Usually  such  an 
analysis  Is  satisfactory,  and  Inclusion  of  the  second  and  hlj^er  ap¬ 
proximations  Is  of  no  practical  use.  This  holds  true,  however,  only 
away  from  resonance  between  the  different  modes  of  oscillation.  Reso¬ 
nant  phenomexui  between  the  fast  oscillations  In  circular  accelerators 
were  considered  In  many  papers  (see,  for  example,  [43-45#  56,  57])* 

Resonant  phenomena  In  an  accelerator  with  slots  were  first  Inves¬ 
tigated  In  detail  by  the  author  [25,  27].  As  will  be  shown  below,  the 
resonant  phenomena  In  accelerators  with  slotted  magnet  differ  essen¬ 
tially  from  resonant  phenomena  In  a  cyclic  accelerator,  inils  difference 
manifests  Itself  primarily  In  the  fact  that  several  resonant  values  of 
the  magnetic  field  Index  n  are  strongly  changed  even  when  the  lengths 
of  the  linear  sections  are  small.*  This  Is  particularly  slgnlfloemt 
when  the  resonant  shift  of  the  Index  Is  from  the  region  of  values  of  n 
lying  outside  the  working  region  of  the  msignet  to  the  Inside  of  this 
region.  This  Is  clear  from  the  fact  that  the  frequency  of  the  free  os¬ 
cillations  In  accelerators  with  slotted  Rlagnets  (as  can  be  seen  from 
Fig.  18}  changes  and  this  causes  a  change  In  the  Index  n  at  which  reso- 
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nance  with  the  revolution  frequency  sets  In.  The  resonant  value  of  n 
hardly  shifts  at  all  in  the  case  of  nonlinear  Msonanoe  between  free 
oscillations,  for  so  long  as  p  l«c/2R  Is  small,  the  frequenolee  of 
the  vertical  and  radial  oscillations  In  accelerators  with  slots  var^ 

In  proportion  to  each  other.  Therefore  the  well-known  resonance  occur¬ 
ring  at  n  a  0.2  between  the  vertical  and  radial  oscillations  occurs  In 
an  accelerator  with  a  slotted  magnet  at  practically  the  same  value  of 
the  magnetic  field  index  n.  Another  distinguishing  feature  Is  that  In 
an  accelerator  with  slotted  magnet  there  occur.  In  addition  to  the  or- 
dlnazy  resonances,  also  multiple  resonances,  l.e.,  resonances  with  the 
external  force  having  a  frequency  not  equal  to  the  natural  oscillation 
frequency,  but  to  a  multiple  of  this  frequency,  l.e.,  larger  or  smaller 
by  an  Integral  number  of  times.  The  theory  of  such  resonances  was 
first  developed  In  general  form  In  the  classical  paper  of  Mandel'shtam 
and  Papaleksl  [49].  The  reason  for  the  occurrence  of  multiple  reso¬ 
nances  lies  In  the  anharmonlclty  of  the  fundamental  oscillatory  process. 

Unlike  the  synchrocyclotron,  the  mlorotron,  and  annular  accelera¬ 
tors,  the  principal  role  Is  played  by  the  magnetic  field  In  the  region 
where  n  >  0.2  -  0.3.  According  to  the  technical  specifications,  0,55  < 

<  n  <  0.75  in  the  main  part  of  the  working  region.  It  Is  therefore 
meaningless  to  consider  the  well-known  resonance  at  n  s  0.2,  and  also 
the  resonance  at  n  »  0.25  (the  value  of  n  Is  given  for  the  circular 
accelerator),  etc.  In  amnular  accelerators  with  slots  the  principal 
role  is  assumed  by  resonances  between  the  radial  oscillations  and  the 
revolution  frequency,  brought  about  by  the  presence  of  deviations  of 
the  magnetic  field  from  the  theoretical,  and  resonances  between  the 
vertical  oscillations  and  the  revolution  frequency,  brought  about  by 
the  distortion  of  the  central  magnetic  plane  (Pig.  30). 

In  addition  to  resonances  with  the  free  oscillations,  resonances 
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Fig.  30.  Resonant  values  of  n  as  a 
function  of  \/K  for  vertical"' ( 1}  and 
radial  (2)  oscillations. 

with  the  phase  oscillations  can  occur  In  the  accelerator.  This  ques¬ 
tion  was  raised  for  the  first  time  In  the  summer  of  1950  In  a  discus¬ 
sion  of  the  power  supply  for  the  magnets  of  the  l80-Mev  and  10,000-lfev 
proton  synchrotrons «  held  at  the  Scientific  Research  institute  for 
Electrophyslcal  Apparatus  of  the  Ministry  of  Electric  Industry,  USSR. 

It  txirned  out  that  the  magnetic  field  will  contain  small  harmonic  con- 
ponents  with  frequencies  lying  In  the  range  of  variation  of  the  phase- 
oscillation  frequency.  Calculations  which  we  made  at  that  time  indi¬ 
cated  that  in  spite  of  the  exceedingly  small  amplitude  of  these  har¬ 
monics  ("'0.02  gauss),  this  phenomenon  may  prove  dangerous  In  some  oases. 
In  addition,  we  called  attention  to  the  danger  of  exceedingly  small 
oscillations  In  the  frequency  and  amplitude  of  the  accelerating  elec¬ 
tric  field. 

§2.  Qenerallzatlon  of  the  Averaging  Method 

In  solving  ordinary  differential  equations  with  slowly  varying 
coefficients  or  with  small  nonlinear Itles,  and  also  In  the  Investiga¬ 
tion  of  the  passage  of  a  system  through  resonance,  the  "method  of  av¬ 
eraging,"  which  was  established  on  a  solid  mathematical  foundation  in 
the  papers  of  N.N.  Bogolyubov  [33  ]«  plays*  an  Inqportant  role,  nils 
method  is  particularly  convenient  If  we  are  interested  in  first- 


approximation  calculations,  as  Is  usually  the  case.  From  the  mathemat¬ 
ical  point  of  view  the  changeover  from  the  circular  accelerator  to  an 
accelerator  with  slotted • magnet  denotes  the  changeover  from  differen¬ 
tial  equations  to  difference  equatlMis  or  from  equations  with  constant 
coefficients  to  an  equation  with  periodic  coefficients.  This  averaging 
method  can  also  be  generalized  to  Include  the  present  case. 

The  motion  of  the  particles  In  the  circular  sector  can  be  de¬ 
scribed  by  Eq.  (Ill,  1).  It  Is  possible  to  change  over  from  the  second- 
order  differential  equation  (III,  1)  to  two  first-order  equations  In 
the  two  variables  A(d)  and  B(d),  using  the  following  transformation 


y  =z  A  (}>)>.■  •'''  f-  (ti) cus J tdh ; 

u  U 

u  ft 

A  (0)  l  os  j  it/l  —  B  (0)  sin  j  vB'i, 


/.  =  * 


(1) 


«diere  the  angle  e  varies  from  0  to  v.  Substituting  (1)  In  (HI,  1),  we 
obtain  differential  equations  for  A  and  B: 


A  (0)=  cos  a  —  ^  “  I  /I  (0)  coa2n  —  B  (0)  sin  2a);  ^  ^  j 

5  (0)  =  —  sin  «  —  ('0  -h  I  rO  sin  2a  -i-  //  (0)  cos  2a|, 

Where  a=Jxc{0  and  x  b  ^ Were  the  angle  d  to  vary  without  limit, 

« 

then,  on  averaging  the  equations  In  (2),  we  would  find  that  the  terms 
In  the  square  brackets  vanish.  For  example.  If  g  a  0,  we  obtain  di¬ 
rectly  the  known  law  governing  the  variation  of  the  anqplltude  of  free 
oscillations  In  a  circular  accelerator.  Indeed,  In  this  case  A(9)  - 
-  For  an  accelerator  with  slots,  such  an  averaging  yields 

nothing,  since  S  varies  within  a  llvl-ed  range.  It  Is  obvious,  however, 
that  In  this  case,  too,  the  expression  In  the  square  braeleets  in  (2) 
should  play  no  role. 

We  mark  the  quantities  A,  B,  x*  k  with  the  Index  k,  which  In¬ 
dicates  the  number  of  the  sector.  In  addition,  we  Introduce 


i 


(3) 


//t(v)«. W«.v.;  //.(V)- 

O  and  "Join"  the  solutions  In  two  neighboring  seotors  with  the  aid  of 
Relation  (l)t 

Hare 


(4) 


»  * 

c --coi»|W0;  jr=giu[x(/0; 


n—  '*» 

^=27r 


(5) 


The  flrjst  equation  In  (4)  expresses  the  equality  of  the  raglal  or 

4 

vertical  components  of  the  particle  momentum  at  the  end  of  the  k-th 
and  the  beginning  of  the  k  +  1-st  seotors.  The  radial  or  vertical  iso- 
mentum  Is  In  our  case  equal  to  Hx«  ap8u:‘t  from  constants,  so  that  the 
right  and  left  halves  of  (4)  contain  the  value  of  the  magnetic  field 
at  the  Instant  when  the  particle  leaves  the  k-th  sector  and  at  the  In¬ 
stant  when  the  particle  enters  the  k  +  1-st  sector. 

Equations  (4)  euid  (2)  are  the  exact  equations  of  the  Investigated 
problem,  and  should  be  solved  slmultemeously.  However,  the  systems  (4) 
and  (2)  can  actually  be  solved  If  we  assume  that  the  variations  of 
A(9);  B(9);  K(d);  H(0},  etc.  are  slow  compared  with  the  variation  of 
the  angle  9.  Let  us  integrate  In  this  approximation  the  equation  (2) 
with  respect  to  e  from  0  to  v.  In  integrating  between  these  limits,  we 
can  assume  that  A  and  B,  which  are  contained  In  the  right  half  of  (2), 
do  not  depend  on  9  within  the  confines  of  a  single  sector.  As  a  result 
we  obtain 

i  cosarfO  — —  9,^1**]; 

- - J +//»  (6) 
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where 


,  irv  _  ii  J  In  (7/*) 

«» ““"S'  —  •>  Ht  * 


(7) 


Substitution  of  (6)  in  (4)  yields  the  first  dlfferenoe  equation  of  the 
problem  under  consideration: 


(8) 


Ag  (t  -j-  2pe)  -f-  Bt  (c  —  2pt) = (1  /ii)  Bg+i  — ~  -f- 

-f-]  " 

l» 

m  order  to  be  able  to  apply  the  averaging  method  to  (8),  we  must 
separate  in  Aj^  and  the  rapidly  oscillating  part,  similar  to  what  is 
done  for  differential  equations.  Therefore  in  place  of  the  actual  vari¬ 
ables  and  we  Introduce  the  complex  variable  D^,  which  turns 
into  a  constant  when  =  0  and  gj^  »  0: 


M  •  m 


(9) 


(10) 


y.  =  :‘»*i  =  «—/«• 

^  /at 


It  is  easy  to  verify  that  if  and  dj^  are  regarded  as  constant, 
then  (9)  is  a  solution  of  the  corresponding  homogeneous  equation  (8) 
when  the  parameters  are  constant.  According  to  (9),  we  obtain 


s=  — c .  c . ; 

A.I  =  -i-  Ifg  ,^(4)  -|-  c .  C . 


(11) 


Substituting  (11)  in  (8),  we  obtain  two  linear  equations  with  respect 
to  the  two  unknowns  AD  and  dD*: 


i^Dte- 


•  AD;r‘"**‘  =  -r  Ci .  U)  - 


cosJb; 
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I 


{} 


MV''-*’  ‘ 


«) 


CMVilt, 


(12) 


irtiere  2^  ^2  slowly  varying  funotlona  of  the  number  k.  T3a  the 

aolutlon  of  (12)  we  encounter  terms  of  the  form 

,  eto. 

U^n  averaging  they  yield  zero«  and  consequently  the  avez^age  solution 
(12)  has  the  form 


A/>» 


.  7*1’ 

fX-^+nr;.; 


(13) 


where 


If  we  regard  and  as  small  quantities,  the  squares  and  prod¬ 
ucts  of  which  can  be  neglected,  then  Eq.  (13)  assumes  the  following 
final  form: 


(16) 


Equation  (16)  Is  fundamental  to  our  theory.  Its  derivation  la 
somewhat  cumbersome  because  we  are  taking  Into  account  the  changes  In 
the  system  parameters,  with  an  aim  toward  obtaining  later  the  law  gov¬ 
erning  the  variation  of  the  anq>lltude  of  the  free  oscillations  In  an 
accelerator  with  a  slotted  magnet.  In  the  investigation  of  the  passage 
through  resonance,  one  can  generally  speaking  disregard  the  variations 
of  the  parcuneters,  since  the  resonance  plays  xxsually  an  lnq>ortant  role 

i 

for  a  short  time  interval.  In  this  case  Eq.  (16)  simplifies  to 
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(17) 


1 


> 

f 


f 


IJh^^  —  Vt  — 


f7®i' 


*♦1 


Equations  (16)  and  (17)  are  a  generalization  of  the  abbreviated  ‘ 
equations  of  averaging  theory  to  Include  the  case  of  difference  equa¬ 
tions. 

S3.  Adiabatic  Variation  of  the  Amplitude  of  Free  Oscillations 

Ih  order  to  solve  Eq.  (16)  It  Is  first  necessary  to  solve  the  oor 
responding  h(»nogeneou8  equation.  A  solution  of  this  last  problen  Is 
simultaneously  equivalent  to  a  determination  of  the  adiabatic  varla- 
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Fig.  31*  Dependence  of  the 
function  f(K9)  on  k  for  three 
%*alue3  of  S  £r.d  for  the  param¬ 
eters  of  the  proton  synchro¬ 
tron  of  the  USSR  Academy  of 
Sciences  (1/^  »  ^). 


tlon  of  the  amplitude  of  the  oscillations  In  accelerators  with  slotted 


magnets. 

Mj^), 


Solving  (16),  we  obtain  In  first  approximation  (inflj^  and 


(18) 


Replacing  summation  by  Integration,  we  obtain 
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The  square  of  the  osolllatlon  anplltude  at  the  azimuth  a  la  determined 
from  Formula  (XI«  22  )t 


^  -  V//  -  . -  '  J  ~  >11  ‘ 


(20) 


where  f(o)  la  defined  In  (ZI,  42).  It  la  aeen'frcmi  Foxwila  (20)  that 
If  K  la  oonatant,  then  the  law  governing  the  variation  of  the  anpll« 
tudes  of  the  free  oscillations  In  an  accelerator  with  slotted  magnet 
coincides  with  the  law  governing  the  variation  In  a  circular  accelera¬ 
tor.  However 4  If  k  changes,  as  Is  usually  the  case  on  going  through 
resonance,  then  certain  singularities  appear,  present  only  In  an  ac¬ 
celerator  with  slotted  magnet:  first,  the  change  In  the  oscillation 
amplitude  Is  different  In  different  azimuths;  second,  the  rate  of  at¬ 
tenuation  Itself  changes. 
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Fig*  32.  Dependence  of  the 
function  f((c0)  on  k  for  three 
values  of  Q  and  for  l/){  ««  1. 
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Figures  31  and  32  show  the  function  f(o)  for  three  different  asl- 
BMths:  9-0  (edge  of  the  sector)*  9  -  irA  (middle  of  the  seotor)*  and 
9  -  ir/B  (Intezmiedlate  points)*  and  for  two  values  of  l/R,  nasiely  B/J 
(the  proton  synchrotron  of  the  USSR  Academy  of  Sciences)  and  4.  We  SM 
from  these  figures  that  urtien  k  Increases  the  amplitude  at  the  center 
attenuates  more  slowly*  and  on  the  edge  It  attenuates  more  rapidly* 
than  In  a  circular  accelerator. 

From  Formula  (19)  we  can  determine  the  change  In  the  phase  of  the 
oscillations  due  to  changes  In  the  parameter  k  and  In  H.  We  assume 
that  K  -  const.  Then 

V'- ^ 

Thus*  the  change  In  the  phase  of  the  oscillations  Is  logarlthnle* 
l.e.*  rather  slow.  For  example*  in  the  proton  synchrotron  of  the  USSR 
Academy  of  Sciences*  the  phase  of  the  oscillations  changes  by  approxi¬ 
mately  30^  during  the  entire  acceleration  time. 

S4.  Resonance  when  n  =  0.84 

In  the  10-Bev  proton  synchrotron  when  n  -  &.84  the  frecjoenoy  of 
revolution  and  the  frequency  of  the  vertical  oscillations  coincide  and 
cos  p.  -  0.  The  value  of  cos  m>  ^  ^he  vicinity  of  n  -  0.84  can  be  found 
from  Formula  (III*  32).  The  value  of  the  Index  n*  at  which  resonance 
takes  place*  can  be  calculated  from  the  following  approximate  formula* 
which  usually  gives  an  accurate  result: 

H=^1  — (21) 

idiere  b  -  ^ttR.  Formula  (21)  Is  a  solution  of  the  equation 

/  ^'w  1..  ~  'I**'  _ i> 

COM— ;r-— 

Which  Is  ejq>anded  In  powers  of  b. 

The  magnetic  field  ln<tox  n  In  the  main  part  of  the  chamber  Is*  of 
course*  chosen  to  be  much  smaller  than  0.84  and  on  the  average  Its 


«*!?«•  --iyi-ivas.  1 


value  is  0.66.  According  to  the  technical  specification,  at  the  in¬ 
stant  of  Injection  from  a  working  region  measuring  160  cm,  n  lies  in 
approximately  l4o  cm  between  0.35  and  0.73.  It  is  desirable,  however, 
to  use  the  entire  working  region  of  the  magnetic  field,  up  to  n  «  1. 

In  addition  to  the  trivial  desire  for  making  full  use  of  the  magnet 
gap,  this  Is  connected  with  two  other  factors:  first,  when  n  -  1  the 
orbit  Is  compressed  more  rapidly,  which  can  increase  the  Injection  ef¬ 
ficiency;  second,  when  the  particle  beam  Is  extracted  from  the  accel¬ 
erator  chamber.  It  Is  necessary  to  use  the  region  n  ~  1,  In  order  to 
increase  the  pitch  of  the  unwinding  spiral  along  which  the  particle 
moves.  It  Is  therefore  Important  that  we  be  able  to  calculate  the 
single  or  multiple  passage  of  the  particles  thro\agh  the  resonant  re¬ 
gion. 

The  resonance'  at  n  =  0.84  will  occur  if  a  vertical  force  acts 
with  the  period  of  particle  revolution.  Such  a  force.  In  particular, 
is  the  distortion  of  the  central  magnetic  plane  of  the  magnet,  con¬ 
sidered  In  §3  of  the  preceding  chapter.  Such  a  force  Is  also  the  ver¬ 
tical  component  of  the  electric  field  of  the  Injection  plates  (Injec¬ 
tor).  In  short,  any  local  constant  force  having  a  vertical  component 
due  to  the  rotation  of  the  particle,  acts  on  the  particle  with  the 
period  of  revolution.  When  n  =  0.84  there  Is  also  parametric  resonance 
In  the  case  when  the  Index  n  depends  on  the  azimuth.  The  principal 
role  will  then  be  played  by  the  second  harmonic  of  the  variation  of  n. 

Let  us  Investigate  first  the  resonamce  phenomenon  In  the  case  of 
a  parallel  shift  of  the  magnetic  planes  of  the  Individual  sectors. 

This  corresponds  to  the  first  case  considered  in  §3  of  the  preceding 
chapter  which,  apparently,  corresponds  most  accurately  to  the  actual 
situation  In  the  proton  synchrotron  of  the  USSR  Academy  of  Sciences. 
After  substituting  (III,  12)  Into  (15),  we  obtain 
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(22) 


We  average  in  the  following  fashion: 


The  quantity  '!'*=  — changes  little  during  the  course  of 
the  resonance j  and  upon  averaging  it  can  be  regarded  constant,  just 
like  The  qtiantlty  Is  a  periodic  function  of  k 

with  period  4.  It  is  therefore  sufficient  to  average  It  over  one  period, 
changing  k  from  0  to  3*  As  a  result  we  obtain 

7y  =-^***(«  (23) 

Let  us  use  £q.  (17),  l.e.,  let  us  disregard  the  charge  In  the  os¬ 
cillation  amplitude  due  to  the  change  In  the  parameters  during  the 
time  of  passage  through  resonance.  In  this  case 


k 


f/fP 

2/iiio|A 


m 


We  replace  the  siunmatlon  in  (24)  by  integration  and  take  the  re¬ 
sultant  integral  by  the  method  of  steepest  descent  at  the  point  of  ex¬ 
act  resonance.  As  a  result  we  obtain  the  value  of  after  passage 
t^lro^;lgh  resonance  In  the  form: 

=»  {(A»«  —  A*,)  +  i  (A*,  —  Aj,)}  e‘\  (  25  ) 


It  is  Clear  from  (25)  that  the  addition  Io-Dq  has  a  maximum  when 
^k‘^*k+2  ^  l.e..  If  the  alternation  of  the  signs  of  the  shifts  of 

the  central  planes  occurs  every  other  sector.  Here  (and  henceforth)  we 
shall  calculate  t.he  resultant  arrlltuie  ottalr.si  after  passage  through 
resonance.  Of  covurse.  It  Is  easy  to  calculate  with  the  aid  of  the 
Fresnel  Integrals  the  entire  process  whereby  the  oscillation  amplitude 
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builds  up  (see  Figs.  33  and  3^)*  The  value  of  the  square  of  the  ampli¬ 
tude  depends  essentially  on  the  relation  between  the  phases  of 

the  initial  and  final  oscillations.  If  we  average  over  all  the  phases « 


we  obtain 

where 


+  tJt  [(At.-  AS,)«], 


(26) 


(27) 


dn  Is  the  change  In  n  during  one  complete  revolution  of  the  particle. 

According  to  (II,  22),  the  amplitude  of  the  oscillations  pf  Is 

pj  -  Aoj}:  [  1 + - «)  ]. 

Let  ub  consider  one  example.  Let 

AS|  =  A<,  =  — o;  ■Azj=As,  =  a, 

If  An  s  0.01,  then  the  amplitude  of  the  vertical  oscillations  ex¬ 
ceeds  a  by  almost  60  times. 

In  conclusion  we  note  that  In  order  to  calculate  the  passage 
through  resonance  during  the  Instant  of  Injection  It  Is  not  essential 
to  replace  the  sums  by  Integrals,  since  a  niunerlcal  calculation  by 
means  of  Pormula  (24)  does  not  entail  great  difficulty.  Indeed,  the 
number  of  revolutions  during  which  the  resonance  Is  significant  Is  on 
the  order  of  15-25-  Figures  33  and  34  show  a  comparison  of  nramerlcal 
calculation  with  the  method  of  steepest  descent. 

Let  us  consider  further  the  resonance  phenomenon  for  a  random  de¬ 
viation  of  the  central  magnetic  plane  from  the  geometrical  plane.  Let 
gj^(®)A;  g2(9)/<ci  S^(d)/K,  and  Bi^(9)/k  be  the  deviations  of  the  cen¬ 
tral  magnetic  plane  In  the  first,  second,  etc.  sectors  of  the  magnet. 
We  expand  this  deviation,  as  In  §3  of  the  preceding  chapter,  In  a 
Pourler  series  [see  (III,  11)],  and  Investigate  the  effect  of  the  J-th 
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Fig.  33 •  Comparison  of  numeri¬ 
cal  calculations  with  the  cal¬ 
culation  by  the  method  of 
steepest  descent:  1)  nmnerlcal 
calculation;  2)  calculation  by 
the  method  of  steepest  descent. 
A)  Number  of  particle  revolu¬ 
tions;  B)  scale  for. 


harmonic: 


(28) 


In  calculating  by  Formula  (13)  we  must  average  the  following  quan¬ 
tities: 


where 


1)  , 
2) 


(29) 

(30) 


•>.  »+>  =  »>.  0  -t-  -f  /  (*  +  1). 

{*  + 1)  +  (j**  — -j)  j  • 


2  =*[t 


(31) 


Let  us  consider  first  the  exponent  In  (29).  According  to  (31),  wa 
obtain 


»+i 

.  1 


(32) 
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Pig.  34,  Comparison  of  numeri¬ 
cal  calculations  with  the  cal¬ 
culation  by  the  method  of 
steepest  descent  (case  of 
slower  variation  of  the  mag¬ 
netic  field  index  n  than  on 
Pig*  33)*  1)  Numerical  calcu¬ 
lation;  2}  calculation  by  the 
method  of  steepest  descent.  A) 

Number  of  particle  revolutions; 

B)  scale  for. 

The  last  two  terms  in  (32)  are  almost  constant  (since  **  ‘>t/2)  ctnd 
the  first  term  can,  generally  speaking,  vary  rapidly.  In  this  case, 
the  value  of  (29)  vanishes  on  averaging.  However,  if  (-7r/2  +  7rj/2)  la 
equal  to  zero  or  is  a  multiple  of  27t,  then  the  average  value  of  (29) 
will  be  different  frcrni  zero.  This  latter  case  occurs  when 

J  =  +  1, 

where  q  =  0,  1,  2,  3,  4,  etc. 

An  analogous  analysis  of  Expression  (30)  leads  to  the  conclusion 
that  It  does  not  vanish  on  averaging  if 

J  =  ^q  -  1, 

where  q  =  1,  2,  3,  etc. 

Thus,  in  our  case  all  the  odd  harmonics  of  the  shift  of  the  mag¬ 
netic  plane  resonate.  We  have  carried  out 'the  derivation  for  an  accel¬ 
erator  with  four  linear  sections.  Obviously,  If  we  have  not  four  but  M 
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sections,  the  following  numbered  harmonics  will  resonate: 


J  -  Mq  +  1.  (33) 

For  example.  In  a  circular  accelerator  only  the  first  harmonic  reso¬ 
nates,  while  In  an  accelerator  with  four  linear  sections  all  odd  har¬ 
monics  resonate,  and  In  an  accelerator  with  six  linear  sections  the 
resonating  harmonics  are  nxmsbers  1,  5,  7,  11,  13,  etc.  nils  phenomenon 
Is  very  simple  to  explain.  The  eigenfunctions  of  the  oscillation  equa¬ 
tions  are  harmonic,  and  when  the  eigenfunction  of  the  lowest  period  Is 
expanded  In  a  Fourier  series,  we  obtain  harmonic  components  of  the  In¬ 
dicated  period. 

Thus,  we  should  consider  the  action  of  all  the  odd  harmonics.  It 
must  be  borne  In  mind  here  that  If  J  is  contained  In  the  exponent  (28) 
with  a  plus  sign,  we  consider  the  harmonics  numbered  1,  5»  9,  13,  17, 


etc.,  while  If  J  has  a  minus  sign,  we  consider  the  harmonics  numbered 
3,  7,  11»  15*  19,  etc.  It  Is  therefore  sufficient  to  consider  only  one 
of  the  expressions  contained  In  (28): 


m= 


e'-'*  (siirxO  -}-  CO!t  rfO;  ( 3^  ) 

II 

+  ilk;  J  (h  -  y)  Ilk. 

We  replace  the  summation  In  (3^)  by  Integration,  since  the  inte¬ 
grand  changes  very  little  after  a  change  by  unity.  Carrying  out  the 
calculations  Indicated  in  (3^),  we  obtain 


» . 

Where  Is  the  phase  of  at  the  resonance  point. 
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f 


0 


Zf  all  the  harmonica  are  present,  we  should  sum  their  action.  As 
a  result  we  obtain 


fiw » i). -  V ^ 


It  is  easy  to  oaloulate  the  sum  eontalned  in  (36).  IMeed 


■  • 

T 

«  1-  - 

Inasmuch  as  (1  +  c)/b  Is  e(]ual  to  the  value  of  d*|^  at  resonance  [see 
(10)],  we  can  regard  [sin  kB  -f  d*j^  cos  cd]  as  the  solution  of  the  com¬ 
plex-conjugate  hcMoogeneous  difference  equation  for  the  resonant  c.  In 
spite  of  the  apparent  simplicity  of  the  right  half  of  (37)  compared 
with  the  left  half.  It  Is  more  convenient  to  use  the  left  half,  for 
there  are  ready-made  methods  for  expansion  In  a  Fourier  series  (tem¬ 
plates,  analyzers,  etc.),  and  the  series  converges  rapidly.  For  the 
same  reasons,  for  example,  one  does  not  use  In  practice  the  "simple" 
expression  (III,  2)  for  the  distorted  orbit  in  the  central  plane.  It 
being  preferable  to  expand  (III,  2)  In  a  Fourier  series. 

We  note  that  the  right  half  of  (37)  can  of  course  be  obtained  also 
directly  (without  resorting  to  the  Fourier  series)  In  the  calculation 

i 

of  by  means  of  Fomula  (15),  as  we  did  In  the  derivation  of  Formula  i 

I 

(23)>  For  this  purpose  It  Is  necessary  to  use  the  following  relation,  I 
obtained  In  analogy  with  (23): 

■  *  Op 

“jf  l(f  I  ■”#*)“•  (ft — ft)!- 

In  the  cases  of  practical  Interest,  the  series  (36)  converges  well  and 
usually  Its  first  term  exceeds  appreciably  all  the  others. 

I 

Expression  (36)  ceui  be  simplified  by  assuming  to  be  a  small 
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quantity 


i>t—  ***^1^'^  {(*—•?*)  ^>**‘*‘  + 

^ V%Vi)  **^«*'‘‘***^+w  ji  *“  ^  • 


It  la  seen  from  (37)  that  the  action  of  the  flrat  hamonlo  la 

(1  -  3t/2)/(3tA)  «•  12.5  tinea  stronger  than  that  of  the  third  haraon&o, 

and  22.5  tinea  stronger  than  that  of  the  fifth  harmonic,  etc. 

As  is  seen  from  (36),  the  magnitude  of  the  resonance  is  greatly 
Influenced  by  the  value  of  dn.  Apparently  it  will  be  on  the  order  of 
0.01.0.02. 

So  far  we  have  carried  out  the  calculations  using  the  slaplifled 
equation  (17)  in  place  of  Eq.  (16).  It  is  easy  to  get  rid  of  this  lln- 
itatlon.  The  solution  of  the  homogeneous  equation  (16)  is  given  in  $3* 
Applying  to  this  solution  the  method  of  varyixig  the  constant,  we  easily 
obtain  the  desired  solution.  Let  be  the  solution  of  the  honogeneoua 
equation  [see  (19)1,  then 

(39) 

m  summing  (39)  we  use  the  method  of  steepest  descent.  Cmisequently, 

(40) 

Where  Is  value  of  Fj^  at  the  saddle  point  ICq,  while  Is 

the  solution  obtained  above.  In  other  words,  past  the  saddle  point, 
the  amplitude  varies  in  accordance  with  the  usxial  rules  considered 
above  in  §3.  Parametric  resonance  at  n  ■>  0.84  can  be  analysed  by  the 
method  developed  in  the  next  section. 

S5.  Parametric  Resonance  at  n  «»  0.79 

When  n  «  0.79,  a  well-known  resonance  between  the  first  hansonio 
of  the  azimuthal  asymmetry  and  the  radial  oscillations  is  produced  in  ' 
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o 


the  proton  synchrotron  of  the  USSR  Academy  of  Solenoes.  In  this  reso- 
nanoe,  the  frequency  of  the  radial  oeolllations  (8)  is  equal  to  half 
the  revolution  frequency  2n,  i.e., 

f-ii 

n«O.784.O.M-O.0N»+1.7a* -  (41) 


The  effect  of  this  resonance  is  proportional  to  the  product  of 
the  small  deviations  from  the  theoretical  field  and  from  the  equilib¬ 
rium  orbit.  This  resonance  is  therefore  referred  to  as  a  second-order 
resonance. 

Assume  that  the  vertical  components  of  the  magnetic  field  can  be 
represented  in  the  following  form  [see  (IXI«  14)]: 

0)-//,(r)It  +  A,(r.  0)1. 

Where  Hq  does  not  depend  on  the  azimuth  6  and  on  the  number  of  the  sec¬ 
tor  k«  while  h|g(r«  $)  is  small  and  yields  zero  when  averaged  over  k 
and  9:  =o  .  We  then  must  write  in  lieu  of  (XU,  1) 

^  (//rf)  -i-  //.(l  -  «;  {f>))p = -//A  («.  0); 

iS=~5-^2*;  »;(0)=«.{l  +  A*)-/f:5-A  =  «.-r"»('0. 

The  customarily  employed  quantity  nj^(9)  is  small  compared  with  the  con¬ 
stant  quantity  n^. 

The  Influence  of  the  term  — HQhj^(R,  9)  on  the  motion  of  the  par¬ 
ticles  was  already  Investigated  in  the  preceding  section. 

The  term-nj^(9)p  usvutlly  does  not  play  an  essential  role.  But  if 
n  w  0.79«  then  this  term,  which  is  small  in  magnitude,  resonates  in 
the  10-Bev  proton  synchrotron  with  the  frequency  of  the  radial  oscilla¬ 
tions  and  in  sane  cases  may  cause  a  noticeable  increase  or  decrease  in 
the  oscillation  amplitude. 

I 

Let  us  ejqpand  nj^(9)  in  a  Fourier  series 
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¥ 


I 


(43) 


Sh«  sign  In  front  of  thttphaao  Oj  Is  plxu  If  J[  is  posltivo  and  alnus 
If  J  is  negative.  We  aae  Bq.  (17)«  It  contains  the  quantity  1!|^  [see 
Poxtnula  (13)  ]s 

— - - - - - 


Dl 


f  **+,  (0) (iin lA  +  d;  tMAfdh  = 


(44) 


where  n|^(d)  is  the  value  of  n'(d)  —  in  the  Jc-th  sector «  and  c  > 

-  V  ^  “  ®0  (^  recall  that  Q  changes  from  0  to  ir/2).  In  averaging  (44) 
we  shall  assume  that  is  a  slow  function  of  k.  Equa¬ 

tion  (17)  assumes  the  form: 

(1  -  i  VO  -  ( 45 ) 

The  values  of  and  fg  are  readily  determined  from  (44): 


—  ~  J  <"•  + '»» + «»  «0 1  •••  '•  «*' -t  c'*-* !’  du- 


(46) 


J  •("»  —  «»)  —  » («»  —  «•)!  (•‘''' d;  MW  A/  db. 


where  n-j^,  n^,  n^,  and  n^^  is  the  value  of  n(e)  in  the  first,  second, 
etc.  sectors.  From  the  escpansion  (43)  we  readily  obtain 


(«i+  "t+"*+»*)  =<  «*/«>•(</' +*«0 


(47) 


Thus,  the  q:uantlty  Tg  connected  with  the  odd  hannonios  of  nj^(d) 
while  the  quantity  depends  on  the  values  of  the  haniwnies  that  art 
multiples  of  four. 

Let  iu9  first  investigate  the  effect  of  the  oscillations  of  ^ 
term  anq>lltude.  We  note  that  its  action  is  not  connected  with 


m 


o 


the  exlfttenoe  of  the  reeonanoe  under  omslderatlon,  and  doea  not  de¬ 
pend  direotly  on  nQ.  Oaloulation  hy  neana  of  Foraulaa  (46)  and  (4?) 
ylelda  (when  b.q  m  0) 


lilB^ 


Ih  thla  oaae  the  aolutlon  (45)  la  e(iual  to 


(48) 


.  (49) 

Inaamuoh  aa  ^  (juantlty,  the  amplitude  of  0^  remalna  oon- 

atant.  nie  phase  of  Dj^  ohangea  monotonloally.  !IhuB,  can  be  regarded 
aa  a  correction  to  the  frequency  of  the  free  oaolllatlons,  broufd^t 
about  by  the  azimuthal  variation  of  the  magnetic  field  Index. 

Substituting  (4?)  In  (46),  let  us  calculate  fg  for  the  resonant 
value  Hq.  The  derivations  will  be  carried  out  for  all  the  terms,  ex- 

o 

oept  the  one  corresponding  to  the  first  harmonic,  with  accuracy  to  p  • 
The  Influence  of  the  first  harmonic  will  be  determined  accurate  to  £. 
After  cuitbersoae  but  straightforward  calculations  we  obtain 


L' 


(50) 


As  Indicated  In  the  preceding  chapter,  an  appreciable  fraction  of 
the  azimuthal  asymmetry  la  brought  about  by  the  difference  between  the 
levels  of  the  magnetic  field  In  the  sectors  of  the  magnet.  Using  the 
notation  Introduced  there  (see  Pig.  27)  we  write.  In  accord  with  (42) 
and  (47): 


nt  (0)=  (n,-  2)  A.  =  (n,  -  2)  V/: 


(51) 


((A//-A,//)-  f  (V/  -  voi. 


Let  us  proceed  to  a  study  of  the  resonance  and  let  us  put  ■  0. 
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Wb  shall  henceforth  Toe  interested  principally  in  the  change  of 
the  saplitude  of  the  free  oscillations,  wa  therefore  write  the  equa¬ 
tion  for  defined  by  the  formula: 

Si  place  of  (45)  we  obtain  (accurate  to  the  first  power  of  £/f^) 
the  two  equations: 

Where  tg  is  the  phase  of  fg. 

We  first  integrate  the  first  equation  in  (52): 

k 

J  IV.IodMrf* 

1/),|=Z>^  ; 

u=±^^_27,  +  V  (53) 

The  Integral  contained  in  (53)  can  be  taken  by  the  method  of 
steepest  descent «  assvunlng  the  phase  to  be  constant.  Indeed,  the 

saddle  points  for  the  two  equations  will  be  the  same.  Consequently, 

Is  equal  to  zero  at  the  saddle  point.  Therefore 

u*=  ((.J  -f  — 2)i'  + 

The  prime  denotes  here  differentiation  with  respect  to  k.  We  can 
neglect  the  quantity  fg,  since  It  Is  of  the  next  (higher)  order  of 
smallness  compared  with  p,'.  The  position  of  the  saddle  point  Is  deter¬ 
mined  from  the  condition 

f  -  2A7,  +  f,  =  -  (2,.  - 1)  -  2A7,  +  =  0. 

The  shift  of  the  saddle  point  from  the  resonance  point  2m.  —  7r/2  »  0 
is  usually  not  very  considerable,  and  we  shall  neglect  It  henceforth. 
This  Introduces,  of  course,  an  uncertainty  In  our  calculations.  For 
the  cases  of  practical  Interest,  however,  the  Initial  amplitude  of  the 
oscillations  In  the  proton  synchrotron  of  the  USSR  Academy  of  Sciences 
is  sufficiently  large  compared  with  the  additional  amplitude  due  to  the 
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resonance.  We  can  therefore  solve  Eq.  (46)  In  practice  rather  simply 
by  successive  approximations*  talcing  as  the  sero-th  iq;>proxlfflatlon  the 
initial  value  of  D...  At  any  rate,  the  ssethofl  which  we  are  using  Shields 

A» 

« 

perfectly  satisfactory  results  for  our  case.  In  addition*  as  we  have 
already  noted*  it  la  not  difficult  to  oszry  out  a  numerioal  suanation 
of  (46)  ^ich*  as  shown  by  experiment*  consumes  only  a  few  hours  per 
trajectory. 

After  passing  through  resonance*  the  Integral  in  (53)  is  equal  to 

l,*'|a=2^[l  +  24— ^4*].  t=;^' 

Where  Uq  Is  the  value  of  the  phase  u  at  the  saddle  point  and  On  Is  the 
change  In  n^  dwlng  one  revolution  of  the  particle. 

As  can  be  seen  froa  (50)  and  (51)*  the  correction  Introduced  by 
the  llxMar  sections  will  not  play  an  appreciable  role*  If  the  first 
harmonic  Is  not  one  order  of  magnitude  smaller  than  the  third*  fifth* 
etc.  harmonics.  A  more  Important  circumstance  Is  that  the  presence  of 
the  linear  sections  shifts  the  resonant  value  of  Oq. 

As  It  executes  radial-phase  oscillations*  the  particle  may  pass 
through  the  resonant  region  msmy  times*  and  the  point  of  maximum  devla* 
tlon  of  the  frequency  can  lie  In  the  resonant  region.  In  this  latter 
case  Expression  (54)  Is  not  valid,  for  p.'  =>  0  at  the  point  of  maximum 
deviation.  Courant  [44]  proposed  to  use  as  the  stationary  phase  the 
phase  at  this  point  (which  we  designate  by  the  number  2  to  distinguish 
It  from  point  1*  where  resonance  takes  place). 

We  shall  essentially  follow  Courant  from  now  on*  with  one  excep¬ 
tion:  In  place  of  the  Bessel  function  we  shall  xise  the  Airy  functions 
[50].  This  enables  us  to  simplify  noticeably  the  final  formulas  and 
combine  three  cvunbersome  expressions  Into  a  single  simple  one. 
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At  the  point  2  the  derivative  Is  u"  s  2^,'  ■  0.  Therefore 


(55) 

li«J 

where  v(x)  le  the  Alzy  function  (In  the  notation  of  V.A.  fok  [50]) j 

- - (•+“>“(%)..  (56) 

wheM  4B  l8  the  distance  from  the  point  at  which  nQ  •  0.79  to-  the 
point  of  maximum  deviation  of  the  particle  which  executes  radlal-phaee 
oscillations  with  amplitude  A  and  with  frequency 

(57) 

It  can  be  shown  that  at  sxifflolently  large  AB  FOmula  (55)  goes  over 

Into  (54)  with  accuracy  to  within  the  difference  VV-  23^. 

S6.  Sl^lflcanoe  of  Resonances  of  Past  Oscillations  to  the  Operation 
of  the  Accelerator  '' 

The  role  and  the  significance  of  the  resonance  at  n  »  0.79  is  ee* 
sentially  different  from  the  role  and  significance  of  the  resonanoe  at 
n  -  0.84. 

Let  us  consider  two  stages  of  accelerator  operation:  the  injection 
process  and  the  acceleration  process.  The  resonanoe  at  n^  -  0.84  Is 
harmful  and  dangerous  only  during  the  period  of  Injection,  for  during 
the  time  of  acceleration  the  radial  oscillations  rapidly  decrease  and 
move  the  particle  away  from  the  resonant  region. 

The  resonance  at  n  »  0.79  Is  not  dangerous  during  the  time  of  ln« 
Jectlon.  To  the  contrary.  In  some  cases  It  may  prove  useful.  Indeed, 
as  can  be  seen  from  (53}«  (54),  and  (55)*  depending  on  the  value  of 
the  phase  the  amplitudes  of  the  oscillations  can  both  Increase  and  de¬ 
crease.  The  particles  In  which  the  amplitude  decreases  can  become  ef- 


fectively  captured  In  the  acceleration  mode.  Barden  [51]  considered  a 
similar  case  of  in.^estlon  Ir.  the  hetatron.  He  assumed  the  Index  n  to 
be  Independent  of  the  radius  and  close  to  Its  resonant  value.  His  varl- 
able  was  the  azimuthal  asymmetry.*  However,  Barden's  case  Is  far  fr<ai 
reality  In  either  the  betatron  or  In  particular  In  the  heavy-partlole 
accelerator.  Apparently,  our  case  Is  of  great  significance  for  all 
types  of  cyclic  accelerators,  when  the  Injection  Is  from  a  region  where 
n  Is  close  to  unity.  The  Influence  of  the  Investigated  resonance  on 
the  Injection  In  a  betatron  was  considered  In  detail  In  a  paper  by 
A.B.  Khznetsov  [52]. 

Let  us  apply  ovir  formulas  to  the  10>Bev  proton  synchrotron  of  the 
USSR  Academy  of  Sciences.  Let  An  =  0.02;  h^  s  h^  »  hQ;  hg  -  hj|^  a  — h^. 
Then  Eq.  (53)  assumes  with  the  aid  of  (54)  the  following  form 

(58) 

Since  In  this  case  Hq  does  not  exceed  0.003,  the  increase  during 
the  time  of  pasaagt  through  resonance  Is  not  more  than  5jf  of  Dj^.  This 
quantity  is  on  the  order  of  the  pitch  of  the  tvirnlng  orbit  during  the 
time  of  Injection.  At  the  start  of  acceleration  the  amplitude  of  tHe 
radial  oscillations  attenuates  over  the  period  of  the  phase  oscilla¬ 
tions  by  the  same  amount.  Thus,  if  An  =  0.02  or  more,  the  resonance 
under  consideration  hardly  Influences  the  injection  process. 

The  resonance  plays  an  entirely  different  role  during  the  accel¬ 
eration  period.  If  the  amplitude  of  the  radial-phase  oscillations  Is 
so  large  that  the  Instantaneous  orbit  falls  into  the  resonant  region, 
then  oscillations  can  build  up  gradually  owing  to  the  multiple  passage 
through  resonance.  In  order  for  such  a  buildup  not  to  occur,  it  Is 
necessary  that  the  amplitude  of  the  oscillations  be  attenuated  by  the 
Increase  in  the  magnetic  field  during  thd  period  of  the  phase  oscilla¬ 
tions  more  than  It  increases  as  a  result  of  resonance. 


Let  U8  consider  an  example.  Let  dB  -  0;  eVQ  «  6  kav}  -  10  Nev} 
R(dnQ/dR)  -  100;  aAq  -  0.02.  Then 

,  X)tcx/)/M,M%.  (59)  '  r- 

The  exponents  turn  out  to  be  approximately  twice  as  large  as  In  (57)  • 
This'  Is  understandable,  for  in  oiu>  example  the  radial  velocity  ohan^^e 
direction  at  the  resonance  point.  The  orbit  of  the  particle  Is  there¬ 
fore  In  the  resonance  region  for  a  relatively  long  time.  However,  If 
AB/Rq  s  0.001,  l.e.,  dB  &  3  cm,  then  the  exponent  In  (58)  decreases  by 
16  times,  nius,  the  resonance  at  n^  ^  0.79  Is  quite  peaked.  Of  oouree, 
the  sharpness  of  the  resonance  (and  to  a  smaller  degree  Its  magnitude) 
depends  on  the  value  of  R(dnQ/dR). 

We  see  from  the  foz*egolng  analysis  that  In  the  proton  synchrotrcm 
of  the  USSR  Academy  of  Sciences  free  radial  oscillations  of  the  par¬ 
ticles  can  actxially  build  up  If  the  amplitude  of  the  radial-phase  os¬ 
cillations  Is  sufficiently  large.  But  If  the  resonant  value  n^  is  suf¬ 
ficiently  close  to  the  edge  of  the  magnet  pole,  then  It  Is  always  pos¬ 
sible  to  make  the  percentage  of  the  lost  particles  negligibly  ssMill. 
Indeed,  as  shovm  In  Chapter  5,  diirlng  the  accelerating  mode  the  par¬ 
ticles  captured  are  essentially  those  with  small  amplitudes  of  the 
radial-phase  oscillations.  Moreover,  we  shall  show  that  the  optimal 
Injection  mode  occurs  at  Vq  »  4-6  kev,  vdien  the  radial-phase  oscilla¬ 
tions  occupy  only  one  half  the  region  between  the  average  orbit  and 
the  Injector.  Therefore  If  the  resonant  value  nQ  Is  located  at  a  large 
distance,  the  effect  under  consideration  will  not  play  any  role. 

During  the  time  of  acceleration  It  Is  expected  that  the  pole 
piece  will  become  saturated  and  the  points  Uq  ■■  0.79  and  nQ  ■■  0.84 
will  shift  Into  the  magnet.  However,  the  attenuation  of  the  radial- 
phase  oscillations  Is  much  faster. 

Thus,  by  taking  suitable  measures,  It  Is  possible  to  avoid  the  in- 


fluenoe  of  these  harmful  resonances. 


The  influence  of  other  possible  resonances  in  the  higher  orders 
can  be  considered  in  analogous  fashion.  However,  an  analysis  of  all 
the  pcssibllltles  shcva  that  Ir.  the  region  frcn  Z.55  -o  -*75  there  is 
no  danger  of  resonances.  Oensequently,  the  technical  specifications  of 
the  magnet  stipulate  specially  that  n^  lie  within  these  limits  in  an 
appreciable  portion  of  the  working  region  (l40  out  of  160  cm). 

The  correctness  of  our  statement  Is  confirmed  also  by  the  success- 
'^xl  operation  of  betatrons  and  synchrotrons  with  n  ranging  frcmi  0.6  to 

’.75. 


§7.  Different  Cases  of  Resonance  with  Slow  Phase  Oscillations 

Resonances  with  slow  phase  oscillations  are  usually  not  considered 
in  accelerator  theory  for  the  following  reasons:  a)  the  frequency  of 
the  phase  oscillations  is  hvundreds  and  thousands  of  times  smaller  than 
the  frequency  of  revolution  and  the  frequency  of  the  fast  free  oscil¬ 
lations;  b)  the  frequency  of  the  phase  oscillations  changes  suffi¬ 
ciently  strongly  during  the  acceleration  process;  c)  the  frequency  of 
the  phase  oscillations  is  usually  much  larger  than  the  ccminerclal  fre¬ 
quencies  (the  frequency  of  the  magnetic  field,  etc.). 

We  shall  now  show  that  item  "c"  does  not  hold  true  in  the  proton 
synchrotron  of  the  USSR  Academy  of  Sciences.  Indeed,  owing  to  the 
large  dimensions  of  the  installation,  all  the  frequencies,  and  partic¬ 
ularly  the  cyclic  frequency  of  the  phase  oscillations,  are  considerably 
reduced. 

Plgvire  10  shows  the  variation  of  the  frequency  of  the  phase  os¬ 
cillations  f^  =  o}^/27r  dxiring  the  time  of  acceleration  for  a  voltage 
Vq  »  8000  volts  and  a  multiplicity  q  =  1. 

The  frequency  f^^  chax^ges  from  -2000  to  -700  cps.  If  multiple  res¬ 
onance  is  used,  then  the  frequency  f^  is  Increased  by  a  factor  A- 
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The  increase  In  Vq  also  increases  the  frequency  of  the  phase  osoilla- 
tions  approximately  as  frequency  f^  is  considerably  influ¬ 
enced  by  the  value  of  the  index  n  (in  the  relativistic  ease  f^  ** 

«  a/(Vi  -  n),  and  in  the  nonrelatlvlstic  case 


The  magnet  windings  aM  fed  from  a  12-phase  rectifier.  Conse- 
qMently«  the  magnetic  field  will  contain  a  certain  component  with  noei- 
inal  frequency  600  cps«  and  also  harmonics  with  frequencies  1200«  l800, 

2400  cps,  etc. 

An  estimate  and  the  experience  with  the  180-Msv  proton  synchro¬ 
tron  have  shown  that  the  amplitude  of  these  components  is  quite  small 
(on  the  order  of  several  hundredths  of  a  gauss).  But  if  the  frequency 
of  the  phase  oscillations  is  equal  at  some  Ijistant  to  one  of  the  fre¬ 
quencies  indicated  above «  then  harmonic  field  components  of  small  amp¬ 
litude  can  play  a  considerable  role. 

.  The  magnetic  field  can  be  written  in  the  form 

U{i) = //,(«)  +  j?,  (/2‘ + '!'>)•  (60) 

whex*e  Q  ^  2n  600  radian/sec,  and  Hq  a  slowly  varying  function  of  the 
time. 

Let  us  consider  several  possible  cases. 

1.  The  frequency  of  the  accelerating  field  does  not  follow  the 
high-frequency  oscillations  of  the  magnetic  field.  In  the  right  half 
of  the  phase  equation  there  appears  an  oscillating  term,  idiich  we  now 
calculate.  If  our  magnetic  field  exceeds  the  theoretical  value  by  AH, 
then  the  particle  energy  increases,  for  a  specified  revolution  fre¬ 
quency,  by  an  amount 

^1  —  U  (j  i-  n)  lilf  •  (6l)  ^  * 


u 


Substituting  the  value  of  ^  in  the  first  equation  of  (I,  17) «  we 
obtain 

— ^rw:rn)TFii;  ^  «>•  O'O*  4-  <>>);  (62) 


Here  and  henceforth  we  neglect  the  terms  of  the  form  EdH; 
etc. t  assuming  them  to  be  negligibly  small. 

2.  Frequency  of  accelerating  field  changes  so  that  the  radius  of 
the  equilibrium  orbit  remains  constant.  In  order  to  obtain  the  oscil¬ 
lating  time  in  this  case,  it  is  sufficient  to  separate  the  oscillating 
part  In  the  expression  for  cos  (p^.  For  this  purpose,  we  substitute 
(61)  In  (I,  23)  and  obtain 


2eHln, 


(63) 


In  addition  to  the  cases  considered  above,  other  factors  can  also 
lead  to  resonance.  For  example,  if  the  supply  of  the  generator  of  the 
accelerating  field  is  from  a  rectifier,  then  the  amplitude  may  oscil¬ 
late  for  the  same  reasons  as  the  magnetic  field: 


r,  =  V,(l+ V  6^co8(/2i+^>)). 


(64) 


The  frequency  control  system  may  also  cause  the  frequency  of  the 
accelerating  field  to  oscillate: 


“• = %  +  ■*"  0^*  +  ^  ^5 ) 

We  are  considering  a  discrete  spectrum  only.  (It  Is  not  difficult 
to  consider  also  a  continuous  spectrum. )  Let  us  calculate  the  coeffi¬ 
cients  M.  • 

I 

3*  Amplitude  oscillations.  By  direct  substitution  of  (64)  Into 
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thA  phase  equation  we  obtain: 


£iglli2*yeoi(AJ:  +  «y). 


(66) 


4.  Fipequenoy  osoillatlons.  If  an  amount  nu  Is  added  to  the  fre- 

e  e 

quenoy«  then  f  Increases  by  >  du.  Therefore  the  additional  term  in 
the  phase  eq^iatlon  Is 


—  A*)  = 

sss 


(67) 


/»! 


(69) 


where 


m^ss- 


•iKft 


and  the  quantities  will  have  their  own  valvies  for  each  of  the  four 
cases  considered  In  §7*  Fox*  example.  In  case  (1)  [see  (62)]  we  have 


'Ai)h 


Bh’fQ 

^rjr—nTTnui' 


(70) 


Ih  cases  (2),  (3),  and  (4); 

A<fi=s-^co»f,-bj;  Aj*>ss—ma^e/J. 

Let  US  assume  that  at  the  Instant  tj  the  frequency  of  the  phase 


(71) 


i  ) 


S8.  Calculation  of  the  Passage  Through  Resonance  In  the  Linear  Approx» 
imatlSn 

we  make  the  following  change  of  variables  In  the  phase  equation: 

9  =  <Po4*«  (68) 

and  assume  that  <Pq  Is  a  constant  or  slowly  varying  function  of  the 
time,  while  the  deviation  a  Is  a  small  alternating  quantity,  the  square 
of  which  can  be  neglected.  As  a  result  we  obtain 

CD 

j  ("»hA) + k'lfa  =  ^  CO*  (/Cl  +  ♦y). 
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i 


OBClllatlona  is  ==  ^®”“  '** 

of  significance  In  the  entire  sun  In  the  right  half  of  Eq.  (69).  We 
can  therefore  neglect  all  tlM  other  terms  of  the  sum.  The  solution  of 
the  corresponding  homogeneous  equation  (6S)  is  Iraovm: 

The  particular  solution  of  the  complete  equation  (68)  Is  deter¬ 
mined  by  the  well-knoum  method  of  varying  the  constant.  The  Increasing 
part  of  this  solution  Is 

-‘AW+I  ’  (72) 


where 

♦i = J  *1  ( •  'S'! = J 

w  * 


The  amplitude  value  of  a  after  passage  through  resonance  can  be 
determined*  as  usual*  by  the  method  of  steepest  descent*  and  the  char¬ 
acter  of  the  increase  in  the  amplitude  can  be  determined  with  the  aid 
of  the  Fresnel  integrals.  As  a  result  of  simple  calculations  we  obtain 


Va  I  W)  (»*)  wj 


(73) 


Substituting  in  (73)  the  values  of  Aj  from  (70)  and  (71)  we  ob¬ 
tain  an  ejqpresslon  for  In  the  cases  under  consideration.  Before 

we  discuss  the  obtained  result  and  give  numerical  examples*  we  call 
attention  to  two  circumstances.  First*  if  the  frequency  n  Is  not  con¬ 
stant*  then  Formula  (73)  will  contain*  obviously*  In  place  of  the  quan- 
•  •  • 

tity  the  quantity  —  fij;  second*  the  use  of  Formula  (73)  la 
permissible  If  resulting  from  the  numerical  calculation  Is  smaller 
than  unity. 

In  the  10-Bev  proton  synchrotron  Is  a  small  quantity  when  3  - 
"*  1*  and  when  3  ~  0  the  frequency  Is  practically  constant.  Therefore 
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even  very  small  harmonic  conponents  of  the  magnetic  field  and  of  the 
frequency  may  exert  during  the  time  of  resonance  a  very  strong  Influ- 
enoe  on  the  amplitude  ofi  the  phase  oscillations. 

Let  us  give  two  numerical  examples. 

1.  The  resonances  with  frequency  600  and  1800  cps  can  he  ellm- 
Inated,  If  necessary,  by  varying  Vq  during  the  tlirra  of  operation  of 
the  machine.  Therefore,  let  us  consider  resonance  with  frequency  1200 
cps.  The  value  of  depends  essentially  on  the  magnetic  field  Index  n 
and  on  the  value  of  oVq.  This  dependence  Is  particularly  strong,  es¬ 
pecially  at  low  energies  (up  to  1  Bev): 

*, «  — 2it  •  coo 

for  =  27r*1200;  n  =  2/3;  Vq  =  6000  v;  H  =  4000  oersted.  Substituting 
the  values  obtained  In  (73)  we  get 

1  «•!  1  =  I  “'ll.  I  =  ( 74 ) 

where  hg  Is  in  oersted.  Thus,  a  value  of  hg  on  the  order  of  0.01  oer¬ 
sted  can  result  In  large  phase  oscillations.  In  this  case  hg  Is  only 
0.00025J^  of  H,  but  hg'Jfi  amounts  to  about  2}^  of  dH/dt. 

From  the  foregoing  example  It  Is  clear  that  even  when  hg  i>  0.01 
oersted  It  Is  necessary  to  take  Into  account  the  nonlinearity  of  the 
phase  equation. 

2.  Six-phase  rectification  in  the  generator  supply  system  leads 

to  oscillations  of  the  amplitude  of  this  oscillation  Is  0,3^  and 
the  frequency  Is  300  cps.  Higher  harmonics  of  the  fundamental  fre¬ 
quency  also  appear.  The  amplitude  is  In  the  worst  case  (u^  ■■ 

«  27T*600;  =  27r*100) 

•«.  I'  I  •  •  ct^  —  lOOi,,. 

9  *  V 

If  bj  amounts  to  0.5jj,  then  =*  0.5. 

3.  Let  us  consider  the  oscillations  of  the  frequency  of  the  ao- 


oeleratlng  field.  In  this  case 


then  Cj  =  ^2^/^  •»  15  «  50  ops. 

ThuSf  small  pertvirbatlons  at  resonant  frequency  can  oaiise  suffi¬ 
ciently  large  phase  oscillations «  which  again  leads  to  the  need  for 
taking  Into  acco\uit  the  nonlinearity  of  the  problem,  which  turns  out 
to  be  quite  appreciable. 


§9.  Calculation  of  Passage  Through  Resonance  with  Accovmt  of  the  Mon- 
linearity  of  the  Oscillations 

We  are  not  In  position  at  present  to  solve  the  nonlinear  problem 
conqjletely.  However,  the  existing  methods,  and  primarily  the  averaging 
method,  enable  us  to  solve  the  problem  by  assuming  the  nonlinearity  to 
be  small.  This  essentially  makes  the  results  of  the  preceding  section 
more  accurate,  since  the  rate  of  passage  through  resonance  is  small 
and  therefore  even  a  small  nonlinearity  changes  the  results  appreciably. 
Indeed,  in  the  linear  approximation,  when  a>^  ^  0,  the  amplitude  of  the 
forced  oscillations  tends  to  Infinity  for  all  values  of  Aj  [as  can  be 
seen  frcm  (73)].  At  the  same  time,  when  the  nonlinearity  Is  small  and 
the  values  of  Aj  small,  the  amplitude  of  the  phase  oscillations  remains 
finite  In  the  case  of  Interest  to  us  even  when  «  0. 

The  physical  reason  for  this  phenomenon  has  been  explained  long 
ago  [53].  When  the  amplitude  of  the  phase  oscillations  Increases,  the 
frequency  of  the  oscillations  decreases,  so  that  the  particle  goes  out 
of  resonance. 

In  the  proton  synchrotron  of  the  USSR  Academy  of  Sciences  the  fre¬ 
quency  (i)^  of  the  small  phase  oscillations  decreases  very  slowly  during 
the  course  of  acceleration.  However,  during  the  passeige  through  the 
resonance  the  amplitude  of  the  phase  oscillations  Increases,  which 
rapidly  brings  the  system  out  of  resonance.  N.M.  Krylov  and  N.N.  Bogol- 


yubov  [53]  called  such  aysteme  actively  nonlinear,  to  distinguish  them 
from  passively  nonlinear  systems,  which  do  not  limit  the  amplltuda  in 
the  absence  of  danqplng.  • 

We  shall  show  that  the  direction  of  passage  throu^^  resonance  Is 
very  liqportant  here.  If  the  time  and  amplitude  dependence  of  the  fre¬ 
quency  of  the  phase  oscillations  act  In  one  direction  (l.e., 
(d(i^/dt)(S(»>i/^o^^)  >0),  then  the  nonlinearity  Itself  assumes  the 
role  of  "effective  friction."  This  Is  precisely  the  case  during  the 
entire  time  of  acceleration  In  accelerators.  The  account  of  the  small 
nonlinearity  enables  us  to  obtain  not  only  a  qualitative  but  also  a 
quantitative  result.  This  method,  however,  does  not  enable  us  to  con¬ 
sider  the  passage  of  the  particle  through  the  separatrlx  on  the  phase 
plane.  The  latter  question  can  be  treated  only  qualitatively. 

For  the  calculation  we  vused  the  work  of  Yu.  A.  Mltropol ' sidy  [3^]* 
who  developed  and  mathematically  Justified  the  use  of  the  averaging 
method  for  systems  with  slowly  varying  coefficients. 

We  Introduce  In  the  phase  equation  (62)  the  dimensionless  tlaie 

t  =  (75) 

Where  (i>^  Is  the  frequency  of  the  small  phase  oscillations  [see  (69)], 
and  carry  out  ejqianslon  In  powers  of  a  [see  (68)].  As  a  result  we  ob¬ 
tain 

o('4-a  =  — «(jCtg*,— — 2a’], 

Where  e  Is  a  smallness  parameter,  which  In  the  final  answer  must  be 
set  equal  to  unity,  while  the  prime  denotes  differentiation  with  re¬ 
spect  to  T  and 


Let  U8  estimate  the  dlmenslonleee  quantities  contained  In  (77) » 
for  the  parameters  used  In  (7^)s 

»«0.7.10-^:.  (78) 

Where  h^  Is  expressed  in  oersteds.  !Ehus,  D  Is  on  the  order  of  several 
hundredths  or  less. 

we  seek  the  solution  of  (76)  In  the  form  [3^]** 

«sa:aco«74.«n,(tT;  a:n:T)  +  **«»H — ; 

Y-’i+t:  ■  (79). 

S*=“|(«:  «;  ♦)+«%!,+  ...:  a;  . 

Substituting  (79)  In  (76)  we  obtain  the  equations  In  the  first 
and  second  approximation  for  and  Ug.  The  left  halves  of  these  equa¬ 
tions  will  contain  expressions  u''^  +  u^^  or  u''^  +  Ug.  Prom  the  right 
half  It  Is  necessary  to  eliminate  the  terms  with  cos  y  and  sin  y  In 
order  that  the  solution  contain  no  secular  terms.  Equating  the  coef¬ 
ficients  of  cos  y  and  sin  y  to  zero>  we  obtain  the  equations  for  the 
determination  of  a^,  Sg,  b^,  and  bg. 

In  place  of  the  procedure  indicated  above,  which  is  well  known  in 
oscillation  theory  [53  we  can  multiply  the  Initial  equation  (76) 
first  by  cos  y  and  then  by  sin  y,  and  Integrate  within  the  limits  from 
0  to  27r  with  account  of  (79). 

Both  methods  yield  the  following  first-approximation  equation 


Solving  (80),  we  obtain 


,  Dcon-ii  ,  «*  1  ■O  I . 

«i—  ( 

H,  =  -  J  (1  — -J- COS  27)  ctg  9,  —  ^  COS  3y. 

I 

We  analogously  find  the  second-approximation  equation 
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Am.  .  .  2>«*tln<i<  Deat^  di  ,  54*.._,_  •» . 

(82) 

..  it.  .  M.  J)tlni>di  U*Deo»i>  , 

(1  ~  0  «5+ 2-,=-!^  ijfrpr  ^ 


Solving  the  equations  In  (82),  we  obtain 

_ i)**coi<({7— {) . 

JK  ie(l+lj*(3-5)’ 
dt  .  i)«*Jn-V(5-3a  .  «« 

N  "  Tfr+t?  3T  +  Itf(  i  ql  ft— CV  n  +  uSi  ■ 

Finally,  the  sought  equation  has  the  form 


(83) 


•-•“•(t|+«)-^*[i-1co«2(ti+w]  ctg  y.-^cosSdj+t); 

J>a>$^r4,  ‘*(7-i)  1  U  ,  Dtlni>df.  .... 

1+i  n»i»  +  b(8-yj  2 ^"(1  +{^ 3t •  (84) 


dA 

T.- 


lou  +  exs- 

Pm  «»('~»-3S)  T  I  neoi>  di 
^  iou  +  b(3-e)J^ •(1  +  5)3 3^' 

We  first  find  the  stationary  solution,  equating  the  right  halves 
of  (84)  to  zero.  Eliminating  if,  we  find  the  algebraic  equations  re¬ 
lating  a  with  4.  Figures  35-37  show  the  results  of  the  numerioal  solu¬ 
tion  of  this  equation.  In  the  interval  of  the  values  of  a,  D,  6,  and 
d^/dT  of  interest  to  us,  the  terms  containing  a^,  6,  and  d(/dT  do  not 
play  any  role  (as  shown  by  numerical  analysis),  nor  do  the  second 
terms  in  the  square  brackets  of  (84).  Oherefore,  for  an  analytical  In¬ 
vestigation  it  is  sufficient  to  use  the  simplified  third-degree  alge¬ 
braic  equation  (although  the  numerical  calculation  can  be  carried  out 
also  with  the  conq^lete  equation): 


ten 


•=o. 


(85) 


,  l  +  fclg*?,  (l+5)(l+|.ctgSy,j' 

Where  the  minus  sign  corresponds  to  the  stationary  phase  at  t  «  +ir/2 
and  the  plus  sign  to  the  stationary  phase  y  -  -^/2, 

Equation  (85)  will  have  three  different  real  roots.  If 

■^»°(;-yn.t5)i<_e.75.  (86) 
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If  the  Inequality  sign  Is  replaced  In  (86)  by  an  equal  sign,  we  obtain 
the  condition  for  the  existence  of  one  multiple  and  one  simple  real 
root.  If  Inequality  (86)  Is  not  satisfied,  then  only  one  real  root  ex¬ 
ists. 

For  what  follows  we  need  to  mew  the  value  of  the  multiple  and 
simple  roots  when  the  Inequality  sign  In  (86)  Is  replaced  by  the  equal 

sign: 

;  |«^i=21«hp|.  (87) 

Formula  (87)  has  been  derived  accurate 
to  1^. 

The  Investigation  of  the  stability 
of  the  stationary  solution  leads  to  the 
following  results.  The  upper  branch  of 
the  cvirve,  corresponding  to  the  station¬ 
ary  phase  f  =  -Mr/2,  Is  stable.  Of  the 
two  lower  branches,  corresponding  to  the 
stationary  phase  -7r/2,  one  Is  stable  and 
the  other  not.  The  boundary  between 
these  regions  Is  a  =  aj^  [see  (87)]. 
Inasmuch  as  the  quantity  ^  a 
Increases  In  the  proton  synchrotron  of  the  USSR  Academy  of  Sciences, 
the  representative  point  moves  over  the  lowest  left  curve  up  to  the 
stability  region  (see  Pigs.  35-37).  At  this  point  the  amplitude 
Increases  rapidly  (It  approximately  doubles),  and  then  decreases.  We 
note  that  the  maximum  amplitude  will  occiu*  at  ^  <  1,  l.e.,  resoxwnce 
sets  In  before  the  frequencies  of  the  small  phase  and  forcing  oscilla¬ 
tions  are  equalized.  ' 

Inasmuch  as  the  frequency  of  the  small  phase  oscillations  in  the 


Pig*  35*  Stationary  reso- 
namce  curves.  The  depend¬ 
ence  of  the  amplitude  of 
the  phase  oscillations  a 
on  the  ratio  i  of  the  ”* 
frequency  of  the  external 
action  to  the  frequency 
of  the  small  phase  oscil¬ 
lations  for  D  =  0.02  and 
cos  9q  =  0.  1)  Upper 

stable  branch;  2)  upper 
unstable  branch;  3)  lower 
stable  branch. 
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Fig.  36.  The  sane  as  in 
Pig.  35,  but  for  D  -  0.02 
and  COB  «  0.5.^ 


t 


Pig.  37.  The  aame  aa  In 
Pig-  35,  but  for  D  -  0.1 
and  COB  (pQ  B  0.5. 


(  ) 


proton  aynchrotron  of  the  USSR  Academy  of  Sclencea  changea  very  slowly, 
the  true  reaonance  curve  will  be  cloae  to  the  atatlonary  curve.  Uhfor- 
tunately^  knowledge  of  the  reaonance  curve  la  still  not  svifflelent  to 
Judge  the  motion  of  the  particles  with  different  Initial  conditions. 
Only  after  a  very  strong  perturbation,  following  the  passage  through 
resonance,  are  the  amplitudes  of  the  oscillations  of  almost  all  par¬ 
ticles  eqviallzed.  It  must  be  borne  In  mind  that  on  going  over  to  the 
unstable  branch,  danced  oscillations  with  amplitude  *»a|Q,  are  produced 
on  the  stable  branch  about  the  new  equilibrium  position.  The  amplitude 
of  the  oscillations  Is  on  the  order  of  one  half  or  two  thirds  of  the 
distance  between  the  stability  limit  and  the  upper  stable  branch  of 
the  curve.  The  exact  form  of  the  curve  can  be  obtained  only  as  a  re¬ 
sult  of  numerical  Integration  of  (84)  for  D  »  0.04  and  6  »  0.0001. 

The  Initial  conditions  were  chosen  In  such  a  manner,  aa  to  make 
the  amplitude  of  the  oscillations  equal  to  zero  away  from  resonance. 
Thus,  the  continuous  curve  shown  in  Fig.  38  Is  the  true  resonance 
curve.  The  dashed  curve  Is  obtained  for  the  case  when  the  amplitude  of 
the  phase  oscillations  away  from  resonance  Is  -0.2. 

We  note  that  were  the  represented  points  to  be  located  on  the  up¬ 
per  curve,  then  the  amplitude  would  not  Increase  In  resonance,  but 
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would  decrease  monotonlcally.  Such  a  case  can  occur  for  sufficiently 

/■  large  oscillation  amplitudes.  However,  In  order  for  It  actually  to  be 

iJ 

realized.  It  Is  necessary  that  the  phase  of  the  Initial  oscillations 
be  equal  to  4ir/2. 

The  maximum  amplitude  In  the  stationary  ease  Is  equal  to  2aj^ 
[see  (87)].  In  our  case  the  maximum  amplitude  Is  somewhat  larger  (by 
23-30$^).  This  Is  seen  In  Fig.  38,  obtained  as  a  result  of  numerical 
Integration  of  (84).  We  eiqpreaB  2aj^  in  terms  of  the  amplitude 
calculated  In  the  preceding  section.  In  order  to  show  the  extent  to 
which  an  account  of  the  nonlinearity  changes  the  final  result.  With 
the  aid  of  (73),  (77),  and  (87),  we  obtain: 


(88) 


Let  \is  consider  an  example  corresponding  to  (74)  and  ctg  «  O.f 
2ajjy  «  0.55(oda^^)^^^.  Thus,  whereas  in  the  linear  theory 
In  the  nonlinear  theory  2ajjj,  =.  0.55*  If  =*  2,  then  2aj|y  •  O.69. 

We  see  that  the  amplitude  of  the  nonlinear  oscillations  changes  within 
narrower  limits. 

Thus,  the  final  theoretical  formulas  for  the  four  oases  consldez*e 
In  the  end  of  §7  are: 


(89) 

(90) 

3)  2<»hp*7 - ^ - ^.(6/clg9,)V.; 

(91) 

4)  21^,=., - r— 

(92) 

Thus,  an  exEunlnatlon  of  the  nonlinear  case  enables  us  to  relax 

I 

greatly  the  requirements  concexrilng  the  size  of  the  field  Jiarmonlcs, 
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Fig.  38*  Dynamic  reaonance  curve 
obtained  from  ntmterlcal  calcula¬ 
tions  (D  =  0.04;  cos  Vq  =  0*5i 

6  10*^).  The  dashed  curve  shows 

the  change  In  the  amplitude  of 
the  oscillations  at  Initial  amp¬ 
litude  =  0.2;  1)  upper 

stable  branch;  2)  unstable 
branch;  3)  lower  stable  branch. 


the  frequency  of  the  accelerating  field,  etc.  Hie  major  aocompllshsisnt 
of  the  theory  Is  the  possibility  of  obtaining  analytic  formulas  for 
the  nonlinear  oscillations. 
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[Footnotes ] 


This  was  also  pointed  out  In  the  paper  of  Blaohnan  and 
Courant  [38]. 

In  Barden's  calculations,  the  azimuthal  asynmetry  was  as-  k) 
Burned  constant.  Its  variability  was  taken  Into  consideration 
In  the  discussion  of  the  results. 
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Chapter  5 
INJECTION  THEORY 

Si.  Introduction 

The  effectlveneea  of  the  Injection  method  determines  the  intensity 
of  the  beam  of  accelerated  particles,  since  the  main  particle  losses 
occur  dxirlng  the  Injection.  At  the  same  time,  a  theoretical  analysis 
of  this  problem  Is  exceedingly  difficult.  It  Is  sufficient  to  state 
that  In  spite  of  the  numerous  attempts  we  still  have  no  satisfactory 
Injection  theory  for  the  electron  accelerators,  betatrons,  and  synchro* 
trons  with  betatron  triggering.  This  Is  connected  with  the  fact  that 
In  betatrons  and  synchrotrons  the  injection  efficiency  Is  determined 
by  the  Interaction  of  the  particles  with  one  another.  In  addition,  an 
Important  role  Is  played  by  the  space  charge,  secondary-alectron  emls* 
slon,  etc.  From  among  the  large  number  of  particles,  only  an  insig¬ 
nificant  fraction  enters  the  acceleration  mode.  However,  the  short 
lifetime  of  the  main  mass  of  the  "lost  particles"  exerts  a  serious  In¬ 
fluence  on  the  entire  Injection  process. 

The  picture  Is  entirely  different  In  the  10-Bev  proton  synchro¬ 
tron.  The  large  volume  of  the  chamber,  the  Insignificant  Inlet  proton 
current  (300  microamperes),  and  the  good  colllmatlon  of  the  beam  en¬ 
able  us  to  neglect  the  particle  interaction  and  to  stay  within  the 
framework  of  the  one -body  problem.  Indeed,  the  Coulomb  charge  would 
start  to  play  some  significant  role  only  if  the  proton  current  would 
Increase  by  10,000  times  compared  with  the  Indicated  value. 

Thus,  we  have  to  solve  the  problem  of  the  motion  of  a  large  num- 


I 


u 


bar  of  particles  In  a  specified  magnetic  control  field  and  eleotrlo 
accelerating  field. 

Among  the  aggregate  of  Initial  conditions,  we  must  find  those 
that  ensure  resonant  acceleration  without  collision  with  the  Injector 
and  with  the  chamber  walls. 

The  proton  beam  emerging  from  the  Injector  will  be  assumed  speci¬ 
fied.  An  lJiq;)ortant  Independent  problem  Is  to  calculate  the  motion  of 
the  particles  from  the  Injector-accelerator,  which  Is  10-12  meters 
away  from  the  chamber.  This  problem  was  solved  by  A. A.  Kolomenskly  [26], 
and  will  not  be  discussed  here. 

Different  variants  of  Injection  were  developed  by  the  author  in 
1949-1950.  We  present  here  only  the  final  variant,  chosen  to  trigger 
the  I80-  eind  10,000-Mev  Installations. 

Let  us  describe  the  Injection  method  briefly.  The  particles  are 
Introduced  from  the  linear  accelerator  with  the  aid  of  lenses,  a  turn¬ 
ing  magnet,  and  an  electrostatic  deflector  (Pig.  39)  Into  the  working 
region  of  the  magnet,  where  the  magnetic  field  Index  Is  n  <  1. 

During  the  first  stage  of  the  Injection  the  accelerating  electric 
field  Is  turned  off.  The  Instanteuneous  particle  orbit  Is  gradually 
pushed  from  the  Injector  toward  the  central  orbit.  The  radius  of  the 
Instanteuieous  orbit  Is  determined  by  the  energy  w^^  of  the  Injected  par¬ 
ticles  and  by  the  magnetic  field  H(R,  t): 

cH  [It.  t}‘ 

Inasmuch  as  the  Injection  energy  Is  constant,  R  varies  In  proportion 
to  l/]l(R,  t).  The  change  ^  In  the  radius  of  the  orbit  during  the  time 
T  of  one  particle  revolution  Is 


(2) 


where  are  the  magnetic  field  and  Its  partial  derivative  with 
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respect  to  time  at  the  Instant  of  Injection.  At  an  Injection  energsr  4 
Mev  we  have  T  «  7.5  (isec,  «  104  oersted,  >  4000  oersted/sec,  n  m 
m  2/3 »  and  AR  -  2.4  cm.  The  value  of  AR  varies  In  Inverse  proportion 
to  the  Injection  energy.  For  example,  at  a  10-Nev  energy  AR  «  l  cm. 


Fig.  39.  Diagram  for  the  Injection  of 
the  particles  Into  the  accelerator:  1) 
linear  accelerator:  2)  shield;  3)  dual 
magnetic  corrector;  4)  adjusting  capac¬ 
itor;  5}  turning  magnet;  o)  sector;  7) 
chamber;  8)  Inf lector. 

At  the  present  time,  for  several  reasons  connected  essentially 
with  the  possibility  of  obtaining  the  theoretical  magnetic  field  dur¬ 
ing  the  Instant  of  Injection,  the  chosen  value  of  energy  Is  w^  m  10 
Mev.  The  contraction  of  the  orbit  during  one  revolution  can  be  regu¬ 
lated  between  1  and  3  cm  by  short -duration  forcing  of  the  rate  of  change 
of  the  magnetic  field.* 

If  we  denote  by  the  distance  from  the  Injector  to  the  central 

orbit,  then  the  first  Injection  stage  (without  the  accelerating  elec- 

« 

trie  field)  continues  for  a  time  t^,  where 

-  T 

We  shall  henceforth  call  the  quantity  the  Injection  time.  When  Wj^  a 
s  10  Mev,  «  50  cm,  and  AR  »  1  cm,  the  Injection  time  Is  >  240  ^seo. 
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After  the  Instantaneous  orbit  has  reached  the  position  of  the 
central  orbit,  the  second  Injection  stage  begins:  the  admission  of  the 
particles  Into  the  accelerator  chamber  Is  stopped  and  the  accelerating 
electric  flell  Is  turned  on.  We  shall  assuse  that  the  second  injection 
stage  continues  for  one  period  of  the  phase  oscillations  (about  500 
M-seo ) . 

The  particles  which  did  not  collide  during  the  first  Injection 
stage  with  either  the  wall  or  the  Injector  will  be  called  the  par¬ 
ticles  "captvu'ed"  during  the  first  stage.  The  capture  of  the  particles 
during  the  first  stage  depends  on  the  angle  of  departure  of  the  par¬ 
ticles  from  the  ejector,  y,  the  rate  of  constriction  of  the  orbit,  the 
value  of  p^,  the  Injector  dimensions,  the  structure  of  the  beam  of  In¬ 
jected  particles,  etc. 

The  particles  captxired  during  the  first  Injection  stage  as  a  re¬ 
sult  of  the  constriction  of  the  Instantaneous  orbit.  Indeed,  It  can  be 

readily  shown  that  the  effect  of  dancing  of  the  oscillations,  which  is 
-1/2 

proportional  to  H  '  ,  Is  negligibly  small  compared  with  the  constric¬ 
tion  of  the  orbit  (approximately  50  times  smaller). 

The  particle  leaving  the  Injector  executes  free  radial  and  ver¬ 
tical  oscillations  about  the  Instantaneous  orbit,  and  the  anqplltude  of 
the  radial  oscillations  Is  always  larger  than  or  equal  to  the  distance 
from  the  point  of  departxire  to  the  Instantaneous  orbit.  The  particle 
does  not  collide  with  the  Injector  (with  a  probability  close  to  unity) 
If  after  three  to  six  revolutions  the  Instantaneous  orbit  Is  displaced 
by  em  amount  larger  than  the  difference  between  the  oscillation  ampli¬ 
tude  and  the  shortest  distance  from  the  Injector  to  the  Instantaneous 
orbit,  measured  at  the  Instant  of  departure  of  the  particle  from  the 
Injector.  • 

In  order  for  the  particle  not  to  collide  with  the  chamber  walls, 
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the  anq;>llt\;(da8  of  the  radial  and  vertical  oeclllatlons  should  be 
smaller  than  the  distance  from  the  orbit  to  the  corresponding  wall 
(for  BK>re  aocwate  determinations  see  the  next  section). 

At  the  second  injection  stage  (called  also  the  transient  mode), 
slow  radial-phase  oscillations  are  added  to  the  free  oscillations. 

This  raises  again  the  question  of  collisions  between  the  particles  and 
the  injector.  It  is  obvious  that  the  svim  of  the  free  and  phase  oscilla¬ 
tions  should  be  less  than  the  distance  from  the  equil'ibrlxim  orbits  to 
the  injector.  Moreover,  for  resonant  acceleration  in  the  proton  syn¬ 
chrotron  mode,  the  initial  phase  of  the  particle  (9j^qj^)  uid  the  jAiase 
velocity  should  satisfy  certain  conditions  [see  (I,  58)]. 

If  the  curz*ent  from  the  injector  is  equal  to  I,  then  during  the 
injection  time  the  nxunber  of  protons  entering  the  chamber  is  Zt^/e. 
The  number  of  particles  captured  during  the  first  stage  is  ~ 

>■  Z‘r.iloil_/e,  where  q  is  the  probability  that  the  particle  will  bypass 
the  injector  and  the  vertical  walls  of  the  chamber,  and 
probability  that  the  particle  will  bypass  the  horizontal  walls  of  the 
chamber,  capture  coefficient  of  the  particles  during 

the  first  stage  of  injection.  In  the  second  stage,  some  fraction  Q  » 

>1  of  the  particles  will  be  captxired,  where  is  the  coeffi¬ 
cient  of  the  transient  mode.  The  product  of  both  coefficients  will  be 
called  the  injection  efficiency.  Thus,  the  efficiency  of  the  injection 
is  equal  to  the  ratio  of  the  captured  particles  during  the  injection 
time  to  the  number  of  particles  admitted  Into  the  chamber: 

t=7|  =  t,v  (^) 

Along  with  the  quantity  we  shall  use  the  number  of  effective 
revolutions  of  the  particles: 


The  quantity  Typ  la  equal  to  the  ratio  of  the  number  of  partlolea 
which  do  not  strike  the  Injector  to  the  nuniber  of  partlolea  emitted 
during  one  period  of  revolution. 

§2.  Fundamental  Aastanptlons  Made  During  the  Calculations 

We  are  faced  with  the  problem  of  calculating  the  Injection  effi¬ 
ciency  «  by  solving  the  dynamic  problem  of  the  motion  of  many  particles 
The  efficiency  turns  out  to  be  quite  sensitive  to  certain  parameters 

of  the  Installation  (in  particular,  to 
the  magnetic  field  Index  n).  In  practice 
however,  It  Is  Impossible  to  obtain  a 
definite  value  of  n  specified  with  high 
accuracy.  In  designing  such  a  tremendous 
Installation  as  the  proton  synchrotron 
of  the  USSR  Academy  of  Sciences,  we  are 
unable  to  connect  the  Injection  method 
with  the  attainment  of  some  high  accu¬ 
racy  In  the  value  of  n.  In  the  fundamen¬ 
tal  part  of  the  working  region  of  the 
chamber,  n  will  be  within  the  limits 
from  0.6  to  0.7. 

For  practical  purposes  It  Is  quite 
essential  to  determine  the  dei)endence  of 
the  Injection  efficiency  on  the  main 
parameters  of  the  magnet:  1)  the  size  of  the  magnet  gap;  2)  the  devia¬ 
tion  of  the  magnetic  fields  from  the  theoretical  value;  3)  the  charac¬ 
teristics  of  the  Injector,  namely  a)  the  energy  of  the  Injected  par¬ 
ticles,  b)  the  angular  and  energy  scatter  of  the  particles,  and  0)  the 
geometry  and  location  of  the  Injector;  4)'  the  characteristics  of  the 
high-frequency  accelerating  device,  namely  a)  the  effective  accelerat- 


Plg.  40,  Percentage  of 
particles  not  striking 
the  Injector  after  the 
first  six  revolutions, 
for  different  values  of 
the  Index  n.  The  Injec¬ 
tion  ener^  Is  =  4  Mev, 

the  distance  from  the  In¬ 
jector  to  the  central  or¬ 
bit  Is  =  50  cm,  and 

the  maximum  angle  of  de¬ 
flection  of  the  par¬ 
ticles  from  the  optimal 

direction  Is  =  +0.2°. 

'm&x  — 

The  dot  denotes  the  the¬ 
oretical  value  obtained 
frcxn  the  approximate  for¬ 
mula.  1)  Theoretical 
point;  2)  nimiber  of  revo¬ 
lutions. 


Ing  voltage,  b)  the  multiplicity,  l.e.,  the  ratio  of  the  generator  fre 
q[uenoy  to  the  particle  revolution  frequency;  3)  the  rate  of  change  of 
the  magnetic  field  (the  forcing);  6)  Injection  methods. 

It  turns  out  that  the  dependence  of  q  on  the  foregoing  character¬ 
istics  can  be  determined  with  a  high  degree  of  adcuracy.  At  the  saaw- 
tlme,  the  absolute  value  of  the  Injection  efficiency  t]  needs  to  be 
known  with  an  uncertainty  amounting  to  a  factor  of  1.5-2.  It  Is  desir¬ 
able  further  that  the  error  result  rather  in  an  underestimate  of  q 
than  In  an  overestimate. 

Starting  from  the  foregoing,  we  have  made  the  following  assusip- 
tlons:  1)  the  damping  of  the  free  oscillations  dxirlng  the  Injection 
time  and  the  damping  of  the  radial-phase  oscillations  during  the  phase 
oscillation  time  can  be  neglected;  2)  the  particle  beam  admitted  Into 
the  chamber  Is  homogeneous  In  density  and  In  angular  spread  at  any 
point;  3)  the  principal  losses  occur  diu’lng  the  third  and  sixth  revo¬ 
lutions  after  the  particle  leaves  the  Injector.  Were  the  Injection  to 
occur  In  a  constant  magnetic  field,  then  50$(  of  the  particles  would  be 
lost  during  the  third  revolution  and  the  remaining  50$(  during  the 
sixth  revolution. 

The  first  assumption,  as  Indicated  above.  Is  easily  Justified:  an 
account  of  the  attenxuitlon  results  In  a  correction  amounting  to  l-2jt. 
The  second  assumption  Is  not  a  principal  one.  Were  we  to  have  experi¬ 
mental  data,  they  could  readily  be  used.  Prellmlneur'y  experiments  Indl- 
cate  that  the  deviations  from  homogeneity  In  the  beam  will  not  be 
large. 

The  most  essential  Is  the  third  assumption.  In  the  Installation 
of  the  USSR  Academy  of  Sciences,  the  particles  execute  during  the 
first  Injection  stage  only  20-50  revolutions,  so  that  It  Is  not  diffi¬ 
cult  to  determine  by  numerical  calculation  the  particle  loss  due  to 
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meoretlcal  point;  2) 
number  of  revolutions. 


Of  X  a  4  s 


S  VucM  2 


FIs.  42.  Tt)B  same  as  In 
Pig.  40,  but  for  -  10 

Mev.  1)  Theoretical  point; 
2)  number  of  revolutions. 


collisions  with  the  Injector.  Such  calculations  were  actually  carried 
out  In  the  paper  of  A. I.  Zaboyev  [35].  The  Injection  efficiency  Is  a 
sharply  oscillating  fxmctlon  of  n  with  many  gaps.  During  the  Injection 
period,  idien  the  eddy  cwrents  and  the  remanent  magnetization  play  an 
Important  role.  It  Is  Impossible  to  maintain  n  constant  with  a  high 
degree  of  accuracy.  Consequently,  the  rapid  oscillations  have  no  phys¬ 
ical  meaning. 

However,  It  Is  possible  to  obtain  with  the  Indicated  degree  of 
accuracy  analytical  formulas  which  mate  It  possible  to  choose  correctly 
the  accelerator  parameters. 

Let  us  consider  the  following  Imaginary  experiment.  Let  n  m  0.66  nt 
+  0.06  and  the  magnetic  field  be  constant,  auid  let  protons  be  admitted 
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into  the  accelerator  chamber.  Then,  as  shown  by  numerical  caloulatiiii,' 
no  particles  are  lost  at  all  during  the  first  revolution,  from  0  to  20J( 
are  lost  during  the  iecqnd  revolution,  and  from  30  to  60f(  on  the  third 
revolution.  After  six  revolutions  the  main  bulk  of  the  particles,  1:9 
to  90^,  will  be  lost,  and  the  main  losses  occur  during  the  fifth  aitf 
sixth  revolutions,  idiile  practically  no  paur'ticles  are  lost  during  the 
fourth  revolution. 

This  picture  can  be  made  rougher.  In  the  first  approximation  we 
can  assume  that  all  100$(  of  the  particles  are  lost  during  the  third 
revolution.  The  second  more  accvirate  approximation  is  the  statement 
that  50^  of  the  particles  are  lost  during  the  third  revolution  and 
during  the  sixth.  If  now  the  magnetic  field  is  varied  in  time,  then 
some  of  the  particles  will  avoid  collisions  with  the  injector,  and 
furthermore.  If  we  assxime  our  approximate  assumption,  then  the  losses 
will  be  produced  only  during  the  third  eur^d  sixth  revolutions. 

Getting  ahead  of  ourselves,  we  present  the  results  of  the  numer¬ 
ical  calculations  in  Figs.  40,  4l,  smd  42.  The  ordinates  in  these  fig¬ 
ures  are  the  percentages  of  the  particles  that  ic  not  collide  with  the 
injector  after  several  revolutions,  the  number  of  which  is  laid  off  on 
the  abscissa  axis.  The  same  figures  show  also  the  percentage  of  par¬ 
ticles  not  colliding  with  the  injector,  calculated  on  the  basis  of  the 
third  assunqption  (the  "theoretical  point"). 

From  these  and  many  other  calculations  it  is  seen  that  our  method 
% 

gives  a  sufficient  degree  of  accuracy  in  all  the  cases  of  interest  to 
us. 

S3.  Capture  of  Particles  During  the  First  Injection  Stage 

In  the  first  part  of  the  calculation  we  shall  take  into  account 
only  collision  with  the  injector  and  vertical  walls  of  the  chamber  and 
calculate  the  value  of  t)  .  We  then  introduce  a  correction  t)  ,  taking 

r  " 
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into  account  the  particle  lose  due  to  the  colllslone  with  hCJJPfWP* 
tal  walls  of  the  chamber. 

Assume  that  a  particle  beam  with  radial  dimension  2A  X§ 

into  the  chamber  of  the  accelerator.  The  beam  subtends  an  tim3rf  9Y|k|]|* 

The  beam  axis  maksa  an  a(«le  s  with  the  optimal  direetien* 

The  angle  of  particle  emlsslor,  relative  to  the  optisitl  4MWQl|9n« 

will  be  denoted  by  7.  We  introduce  also  symbols  for  the  WWtpmi  914 

« 

minimum  angles: 

Ti*T—+*;  Ti=w-«* 


These  and  other  symbols  are  explained  in  Pig.  43. 

In  place  of  the  angle  y,  which  is  measured  in  radians «  It  $s  CHNU* 
venient  to  Introduce  an  angle  a,  expressed  in  terms  of  other  dimenficm- 
less  units: 


Where  the  value  of  f  is  given  in  Pig.  21,  *rtille  is  the  dlstgnoe 
from  the  injector  to  the  central  orbit  (see  Pig.  43).  We  shell  dtncitt 
the  angle  a  with  the  same  Indices  as  the  angle  7: 

The  amplitude  of  the  radial  oscillations  is,  in  accord  With 

/>.=  V(u  +  y)»+«»,  (7) 


Where  u  -  Pq/p^;  y  -  x/pj^;  P^  -  oscillation  amplltude/p^.  (8) 


The  meaning  of  PqX  is  cleau?  from  Pig.  43. 

The  oscillation  amplitude  exceeds  the  dlstemce  from  thS 
tor  to  the  orbit  by  an  amount 

AF  «=  y(u  4- y)* +«*—«.  (9) 

We  assume  that  the  collision  with  the  injector  occurs  «t  tht 
third  and  sixth  revolutions.  Consequently,  in  order  to  guar(tntef  thf 
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Pl^.  43.  Notation  BOhene  used  In  the 
oaloulatlon  of  the  injection  effl> 
olenoy.  me  hatching  denotes  the 
chaniber  wall,  the  wavy  line  the  re¬ 
gion  between  the  Injector  plates, 
the  dashed  line  the  optljoum  beam  di¬ 
rection,  and  the  solid  line  the  ac¬ 
tual  direction  of  the  beam  axis.  I) 
Instantaneoixs  orbit;  II)  average  or¬ 
bit;  0)  origin  of  X  coordinate. 


absence  of  particle  losses,  we  must  stipulate  the  fidflllment  of  the 
following  Inequalities: 


(10) 

N  H 

In  order  for  the  particles  not  to  collide  with  the  chaolwr  walla, 
we  satisfy  the  condition 


(u) 

'(•t) 

If  s[f(o^)/f(or/4)  ]  <3dR/p^,  all  peu^tloles  which  would  be  lost  In  the 
third  revolution  as  a  result  of  collisions  with  the  Injector,  are  ac¬ 
tually  lost  during  the  first  and  second  revolution,  owing  to  collisions 
with  the  chamber  walls.  We  therefore  write  for  the  third  revolution  In 
place  of  (10)  and  (11) 

A/<a,.  (12) 

where  a^^  is  the  smaller  of  the  two  numbers  3dR/p^  and  B[f(0j^)/f(«r/4)  ]. 
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Analogously,  for  the  sixth  revolution  we  write 

(13) 

where  is  the  smaller  of  the  two  numl)ers  6AR/p^  and  8[f(o^)/f(«irA)]* 

As  shown  in  Chapter  3,  the  deviation  of  the  magnetic  field  frosi 
the  theoretical  value  is  talcen  into  aooount  in  the  following  manner. 
First,  the  size  of  the  magiwt  region  employed  is  decreased  by  the 
amount  of  the  azimuthal  asymmetry.  The  q[uantity  which  la  contained 
in  our  foxmulas  is  reduced  in  proportion  to  it.  Second,  the  optimal 
direction  for  the  emission  of  the  particles  Is  changed. 

For  example «  In  the  IC-Bev  prcron  synchrotron,  the  working  region 
of  the  magnet  will  be  l60  cm,  of  which  40  cm  drops  out  as  a  result  of 
the  azimuthal  asymmetry  and  10-15  cm  Is  lost  because  of  Inacctiracy  in 
the  Initial  frequency  of  the  accelerating  field.  The  vailue  of  s^^  will 
be  on  the  order  of  10-15  cm.  Consequently,  the  maximum  value  of  p^ 
does  not  exceed  apparently  50  cm. 

1.  Parallel  particle  beam.  Let  us  consider  a  parallel  beam  of  par¬ 
ticles,  emitted  at  an  angle  to  the  optimal  direction.  The  number  of 
particles  captured  dxu'lng  a  time  dt  from  the  points  of  the  beam  with 
coordinate  x;  x  -»•  dx  Is 

dO’ss—dt~. 

In  place  of  the  time  dt  we  Introduce  the  amount  of  constriction  of  the 
Instantaneous  orbit  dp^: 


where  T  is  the  time  of  revolution  of  the  particle,  and  we  change  over 
to  the  dimensionless  variables: 


where 


dQls=2Adudy, 


ffiT 

2«(4A)0  ' 


(14) 
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and  Tl  -  2*A/p^  is  the  dlnenalonleee  width  of  the  beam.  Let  us  integrate 
(14)  under  the  assumption  that  a  can  assume  with  equal  probability  ^ 
two  values  a^  and  a2*  and  obtain 

(15) 

when  the  Integration  regions  and  Cg  will  be  determined  by  the  In¬ 
equalities  given  below.  The  first  two  Inequalities  are  obvious 

0<»<P. 

W*»+y)*+®I— »<•,.  (17) 

The  next  Inequality  takes  Into  account  the  fact  that  the  Instantaneous 
orbit  is  constricted  only  to  the  central  orbit,  and  then  the  aooelerat- 
ing  field  is  tvirned  on.  Therefore  the  oscillation  amplitude  cannot 
exceed  unity: 

(i®) 


Fig.  44.  Domains  of  Integration  (cross  hatched)  of 
the  Integrals  (15)  for  two  oases: 

A)  ■•<•<;  B)  n<Si  H>^4 

The  lower  boundaz^  Is  in  accord  with  Bq.  (17)j  the 
upper  boundary  Is  In  accord  with  Bq.  (18);  the 
right-hand  boundary  for  ceuie  A  Is  In  accord  with 
Eq.  (16). 


Figure  44  shows  the  domain  of  Integration  for  two  different  esMs. 
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It  iB  seen  from  this  figure  that  the  maximum  poaslble  value  of  2  i* 
determined  by  the  Intereeotlon  of  the  boundaries  of  domains  (17)  tnd 
(18)^  and  Is  equal  to 

“J-  (19) 

The  aotual  width  of  the  beam  T5  ean  be  either  larger  or  HUller  than 
We  Introduce  the  quantity  y^,  which  Is  equal  to  the  smaller  of  the  two 
nufldMrs  TJ  and  y^^.  If  we  Integrate  first  with  respect  to  u«  then  the 
limits  of  Integration  are 

(20) 


After  simple  Integration  we  obtain 


let  us  consider  two  particular  cases.  Let  the  beam  width  TJ  be 
larger  than  y^.  Then 


or  approximately 


<r  -  iZiZL  VaJl  +  ^In 

L  *•  J 


where  e  Is  the  base  of  the  natural  logarithms.  From  (22)  we  can  readil- 
obtain  the  maximum  permissible  angle  »  0^^^.  It  depends  on  the  value 
of  a^^: 

(24) 

In  order  for  the  number  of  captured  particles  to  be  large,  it  is 


necessary  to  have 
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Lst  U8  consider  a  second  particular  case.  Let  the  width  of  the 
bean  be  smaller  thdn  y^.  Ihls  case  Is  realised  If 

,  (26) 


where 


-0.  (27) 

It  Is  then  necessary  to  substitute  *0  In  Bq.  (21)  In  place  of  y^ 

(28) 


nie  quantity  Introduced  In  $2,  can  be  readily  obtained  frcMs 


(22)  and  (28): 


%=W 


(29) 


2.  Beam  with  angular  scatter.  In  order  to  find  the  number  of  par¬ 
ticles  capt\ired  dxirlng  the  first  Injection  stage.  It  Is  sufficient  to 
multiply  (21)  by  da^2oi^„^  and  Integrate  from  the  minimum  to  the  maxi¬ 
mum  aixigle  (’-02*  **'0]l^)>  Since  only  the  square  of  the  angle  Is  contained 
In  all  the  formulas  we  get 


(30) 

(we  leave  out  the  Indices  of  e  and  a).  Bach  Integral  In  (30)  breaks  up 
Into  two  parts:  when  a  <  “V  ~  *i)  necessary  to  use  Bx- 

presslon  (28)  for  Q''^,  and  If  a  >  Expression  (22)  should  be  used. 

If  the  angle  Is  larger  than  the  maximum  permissible  angle 
(24),  then  the  Integration  must  be  carried  out  to  If  the  angle  oi|^ 
Is  smaller  than  Og^,  the  Integration  Is  carried  out  to  the  angle  Oj^. 

Taking  Into  account  the  foregoing  remarks,  the  Integration  Is 
quite  simple  to  carry  out.  To  write  down  the  final  result  In  the  most 
concise  fashion,  we  Introduce  a  function  of  the  two  Independent  vari¬ 
ables: 
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(31) 


« 

MiMV 

.  /•.  If 

•"lvsir=3i-v  If  .>vJir=?f. 


Lst  ua  Investlaiate  tha  behavior  of  the  function  If  a  > 

0(«;  \/a0— 
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Fig.  45.  Plot  of  the  function  a(a>  a) 

In  accord  with  Formula  (31)  for  the 
calculation  of  the  number  of  particles 
captured  during  the  first  Injection 
stage. 

VIhen  a  «  1  we  have  approximately 

<»(a,  V«(2—«))=i^ 0*^(1  +!}*)•  (33) 

The  difference  between  the  two  values  of  the  functions  Is 

0(a,  «,)—•(«,  «i) =-^[(a — a) Vl — ^ +/«—«) «e •*“ «i+ 

+  -^+4,„£].  (3*) 


tten 
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Ws  oan  now  write  down  an  expreeeldn  for  the  number  of  partlolee 
captured  durlr«  the  flrat  atage,  in  general  forms 


•  «i)I. 


Plota  of  the  function  «(a,  a)  for  different  valuea  of  a  are  idiONn 
In  Fig.  45*  where  the  abacleaaa  are  the  valuea  of  a. 

Let  ua  cosialder  aeveral  particular  caaea. 

1.  Aaauase  that  we  have  a  broad  beam  with  lai^e  angular  aoatter. 
Then  for  75  >  a^^  (tij^  >  ^a^(2  -  a^^))  we  have 

When  a^  «  1. 

PTcmi  (37)  It  followa  that  the  Intenalty  Increaaea  In  proportion 
to  p|/*i  (PH)VS,  and  irtsere  N  la  a  parameter  of  the  theory 

(the  number  of  "effective  revolutlona"  without  colliding  with  the  In* 
Jector).  Since  the  width  of  the  beam  and  the  angular  aoatter  are  large, 
the  Intenalty  la  Inveraely  proportional  to  the  angle  aubtended 
and  to  the  beam  width  75. 

2.  If  the  width  of  the  beam  la  75  <  a^  (oj^  >  V^^(2  —  a^)),  then 


— T — (38) 

3.  In  the  limit  «aa  75  0  we  obtain 

(39) 

4ml 

The  Intenalty  Inoreaaea  in  this  case  aa 

and 

4.  Let  ua  oonalder  the  eaae  of  email  anglea  but  a  broad  beams 
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5>«i--l+ Vl— «Vi„ 

irtittrt  l8  the  mlnloum  value  of  the  angle  a.  Ih  this  ease 

Approximately  we  have  (for  a^^  «  1;  «  1) 


then 


irtien 


5«  When  the  angle  subtended  and  the  width  of  the  beam  are 

%-d=|T||h(‘+^)- 


When 


t  j-  _ 

« -J— 2  2  o»  v'l  —  «J  +  ••«  »ln  «»  + 

Ha  L 

,  +  ,  ®*  1*  tf<  1 

+  -5— +lo 


«»<V«<(2  — «,)• 


we  have  considered  all  the  particular  cases  encountered  In  prac¬ 
tice,  with  the  exception  of  the  so-called  "mixed"  cases,  l.e.,  we  as¬ 
sumed  that  both  angles  and  Og  satisfy  Identical  conditions  for  both 
values  of  a^.  The  method  of  writing  down  the  expression  for  or 
In  the  mixed  cases  Is  obvious:  one  of  the  terns  In  the  double  sums 
should  be  replaced  by  a  corresponding  term  from  the  sums  (37) -(43).  To 
save  space  we  shall  not  write  out  these  expressions,  all  the  more  since 
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Formula  (35)  covers  all  the  possible  oases.  The  application  of  the  eib- 
talned  relations  to  the  proton  synohrotron  of  the  USSR  Academy  of  Sol- 
ences  will  be  given  below. 

3  Calculation  of  the  corrections  for  collisions  with  the  ImrA.. 
Bontal  walls  of  the  chaaiber.  Inasmuch  as  the  angles  In  the  radial  (y) 
and  vertical  ((;)  directions  are  small,  we  can  consider  motion  In  tlie, 
two  directions  Independently. 

We  denote  the  beam  dimension  In  the  vertical  direction  by  the 
angle  subtended  by  the  beam  by  2^^^,  the  vertical  working  dimension  of 
the  chamber  by  and  the  displacement  of  the  beam  from  a  di¬ 

rection  parallel  to  the  central  magnetic  plane  by  e..  The  amplitude  of 

z 

the  osolllatlona  has  a  maxlmun  at  the  center  of  the  sector  and  Is 
equal  to 


Where  and  Is  the  value  of  the  fxmctlon  f  at  the  center 

of  the  sector  and  at  the  point  of  the  Injector  (see  Pig.  21)  for  the 
vertical  oscillations  (z^  Is  the  coordinate  of  the  particle  emitted 
from  the  Injector).  The  optimal  angle  (q  Is  small  and  ranges  between  0 
and  1',  so  that  It  can  be  henceforth  neglected. 

We  Introduce  the  notation 


/.(«*) 


(44) 


Then  the  amplitude  of  the  oscillations  can  be  expressed  moz^  simply  as 

(45) 

in  order  to  prevent  collisions  with  the  chamber  walls,  we  must  have 

(46) 
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whore  Is  the  n^lnun  permleelble  angle.  For  different  points  of 
the  injector  (Sy).  this  angle  assumes  different  values. 

Hie  probability  of  not  colliding  with  the  ohasdser  walls  Is  obvi- 

« 

ously 


idiere  a.  and  -a_  are  the  maximum  and  minimum  vertical  angles,  ex- 

*1  Zg 

pressed  In  the  unite  defined  In  (44). 

Let  us  consider  three  oases. 

Case  1.  Let  the  angles  of  emission  of  the  psrtlole  be  sufflclmtly 

large,  l.e.,  |a_  |  >  D_;  |a_  1  >  D.,  and  a_  >  0.  In  this  case  the  do- 

Z  Zg  z  z^ 

main  of  Integration  In  (4?),  on  the  plane  (a.;  z„).  Is  a  circle  of 
radlxis  truncated  by  two  symmetrical  chords:  z^  >■  Xy  >y  ~ 
Calculating  the  area  of  this  figure 

2.=2[x,vsp7;  +  /)j.rctln^],  (48) 


we  obtain 


« ± 


9 


(49) 


where  the  upper  sign  Is  for  a_  ,  a.  >0  and  the  lower  one  for  a.  , 

*1  *2  *1 

a_  <  0. 

*2 

Case  2.  Let  the  angles  of  emission  be  small,  l.e. , 
yW^<K\<D.  and  y2;r^<i«j</).(«,.>0). 
m  this  case  two  segments  are  cut  off  from  the  Integration  domain  con¬ 
sidered  In  the  preceding  case  by  two  parallel  chords  a.  -  a.  and  o.  >■ 

z  z^  z 


Let  us  Introduce  the  coordinates  z 


a.  and  Zn 
*1  2 


-ir- 


*  ^ 


for  which  the  maximum  permissible  angle  Is,  respectively,  a.  and  . 


Then 


f 


the  upper  and  loner  eisns  are  written  for  the  oaeee  a.  >  0  and 

*2 

o.  <  ^*  reapeotlvely. 

■2 


tu  Oi 


Fig.  46.  Percentage  of  par- 

tlolea  colliding  with  the  hor- 

Isontal  walls  of  the  chamber, 

as  a  function  of  the  deviation 

e.  of  the  beam  axis  fron  the 
z 

angular  half  width  «m  (=3tv“ 

12.5  cm;  2D_  =  25  cm). 

z 

Case  3*  Let  the  emission  angles  be  even  smaller,  l.e.. 


|«J<V2!Fx*:  -.^O. 

The  Integration  domain  degenerates  Into  a  rectangle 


Nixed  oases.  In  analogy  with  the  preceding,  we  can  write  down  also 
the  mixed  cases.  For  example.  If 


then 


We  see  that  Fozwiula  (52)  consists  of  the  first  part  of  (49)  and 
the  second  part  of  (51) •  To  facilitate  the  calculation  of  the  mland 
oases,  we  have  pwposely  broloen  down  the  expression  In  the  numeratore 
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of  (49)  and  (51)  into  two  parts «  the  first  of  which  oorresponds  to  the 

angle  a_  and  the  other  to  the  angle  a_  .  ^ 

*1  *2 

A  plot  of  T)^  for  different  values  of  and  is  shown  in  fig.  46. 

4.  Application  to  the  USSR  Aoademy  of  Soienees  proton  sraeteotgcwi. 
figures  47-50  shew  four  groups  of  curves  of  for  different  velvee  of 
the  paraaeters  of  the  10,000>lfsv  Installation  of  the  USiSBl  Aoadengr  of 
Soienoes. 

% 

If  the  beam  has  a  sufficiently  large  angle  scatter,  then  it  is 
easy  to  obtain  satisfactory  Intensity  even  when  the  error  upon  injec¬ 
tion  is  large. 

in  the  case  of  a  parallel  or  nearly  parallel  beam  and  a  very  stsall 
\eLlue  of  the  error  e,  the  value  of  is  of  course  even  larger.  How¬ 
ever,  for  any  appreciable  value  of  e  the  Intensity  laswdlately  tends 
to  zero.  For  example,  when  »  30  cm,  dH/dt  «  4000  oersted/seo,  and 
e  -  0.2^  we  obtain  for  an  almost  parallel  beam  »  0.  A  parallel  beam 
with  error  e  =«  0.15^  yields  the  same  Intensity  as  a  beam  with  a  larger 
angular  divergence  (y^^^  ~  1®)  with  error  e  «  0.8®. 

A  certain  improvement  Is  obtained  for  a  paz«llel  beam  with  erro¬ 
neous  injection  direction  by  forcing  the  derivative  of  the  magnetic 
field.  For  exanQ)le,  for  dH/dt  =  12,000  oersted/sec,  a  parallel  beam, 
and  an  error  e  »  0.3®  the  intensity  still  remains  dlffezvnt  from  aero. 

From  this  we  draw  two  conclusions. 

1.  In  order  to  adjust  the  apparatus  it  Is  necessary  to  use  a  beam 
with  large  angle  scatter.  Qeimrally  speaking,  owing  to  the  negligible 
aperture  of  the  Inlet  unit,  the  beam  will  be  almost  parallel.  One  of 
the  possible  waya  of  Increasing  the  beam  entrance  angle  Is  to  apply  to 
one  of  the  pair  of  plates  used  for  the  admission  of  the  peu^tioles  an 
alternating  voltage  with  frequency  larger  than  the  particle  revolution 
frequency.  It  is  obvious  that  the  obtained  beam  with  varying  direo- 
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Pig.  47.  Number  of  effective 
revolutions  as  a  function 

of  the  deviation  e  of  the  beam 
axis  from  the  optimal  direc¬ 
tion  and  of  the  angular  half 
width  of  the  beam  (the 

angles  are  given  In  degrees). 

Ihe  Injection  energy  Is  — 

a  10  Mev,  the  distance  frcm 
the  Injector  to  the  central 
orbit  Is  »  50  cm,  the  beam 

width  Is  5  cm,  and  the  change 
In  the  magnetic  field  Is 
dH/dt  a  4000  oersted/sec. 

tlon  Is  eq;ulvalent  to  a  beam  with  large  angular  spread. 

« 

2.  To  adjust  the  machine  It  may  be  useful  to  force  the  derivative 
of  the  magnetic  field,  although  if  the  apparatus  is  In  stable  operation 
and  the  injection  Is  at  correct  angles,  this  forcing  will  not  be  necea- 
sary.  Forcing  Is  also  useful  if  the  injector  Increases  the  Intensity 
idille  decreasing  the  Injection  tine. 

Thus,  in  spite  of  the  fact  that  the  value  of  (the  constriction 
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Fig.  49.  !Bie  same  as  In  Fig. 

47,  but  for  =»  30  cm  and 

dH/dt  s  12,000  oersted/sec. 

of  the  orbit)  Is  large  compared  with  dR  for  medium  scale  accelerators, 
the  problem  of  particle  capture  In  a  10,000-llev  Installation  encounters 
a  difficulty  of  its  own.  A  7-9'  deviation  of  the  angle  of  particle 
emission  from  the  specified  direction  causes  the  particle  to  strike 
the  Injector. 

Attention  must  be  called  also  to  another  unfavorable  olrounstanoe. 
During  the  first  stage  of  the  Injection,  the  capture  Is  most  effective 
If  the  deviation  of  the  Instantaneous  orbit  fr«D  the  Injector  Is  large. 
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Thtrtfore  most  partlolss  tihloh  do  not  collide  with  the  injector  have  a 
large  anplitude  of  free  oscillations  and  will  be  poorly  csptured  in 
the  seccmd  stage  of  the  injection  (see  the  next  section). 


Fig.  50.  The  same  as  in  Pig.  47 
but  for  =  30  cm. 

The  most  convenient  would  be  powerful  but  brief  injection  with  a 
favorable  position  of  the  Instantaneous  orbit,  using  a  forced  value  of 
dH/dt. 

On  examining  the  plots  in  Figs.  47-30  we  can  make  the  unequivocal 
conclusion  that  the  overwhelming  majority  of  particles  will  be  cap¬ 
tured  during  the  first  stage.  For  this  purpose  it  is  necessary  to  sta¬ 
bilize  the  direction  of  the  particle  admitted  into  the  chamber  with  an 
accuracy  of  several  minutes,  idiich  apparently  is  feasible. 

S4.  Distribution  of  the  Particles  among  the  Oscillation  Amplitudes 
after  the  First  iSnjectlon  stage 

In  the  present  section  we  consider  the  auxiliary  problem  of  the 
distribution  of  the  particles  among  the  oscillation  amplitudes  after 
the  first  stage  of  injection.  As  will  be  shown  below,  this  gz*eatly 
facilitates  the  calculation  of  the -second  stage  of  injection.  As  in 
the  preceding  section,  we  consider  first  a  parallel  beam. 


1.  Parallel  particle  beam.  In  order  to  find  the  distribution  of 
the  psrtioles  aacmg  the  oscillation  aaplitudes,  it  is  necessary  to  in* 
troduce  tlM  amplitude  in  the  integral  (15)  in  place  of  one  of  the 
variables  (u  or  2)  and  Integrate  with  reapect  to  the  second  variable* 
for  ennplei 


(fa  SB 


__  FtdF, 


a. 


where  the  sign  of 'the  root  coincides  with  the  sign  of  (u  -f  y), 

<54) 

She  integration  domain  c'^  is  plotted  on  the  (y,  P)  plane  for  different 
oases  (Fig.  51) •  Let  a^  >  and 

1  r  .  /  •rVv'^R 

1  ^  J  \  1+ 

S»*  • 

••  I  A 


(55) 


where 


«i  H-  «< 

2sj 


“  2«<  ' 
=  —  0. 


(56) 


From  this  we  obtain  immediately  the  distribution  of  the  particles 
among  the  oscillation  amplitudes: 


(r,,ir.-*dr.'2 


M 


,  «hen a.  </•.</:; 

r  J:  *  #:  ^ 

When. /;</?</;; 


■v'/M 

when /:</•,<!. 
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(57) 
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Pig.  51.  Integration  doaalns  ( cross  hatched)  of  the  In¬ 
tegrals  (55)  for  different  cases: 

A)  W>i.  ••<*<1  B>  M>V  ■•>NiC'>  *•-*•  •l<0. 

Integration  is  oazrled  out  twice  over  the  imnin  I. 


Expression  (57)  renalns  valid  also  when  and  >  a^  (for 

arbitrary  Z),  If  the  following  sniles  are  employed:  1)  If  P"^  >  1  It  Is 
necessary  to  assume  F"^  «  1;  2)  if  any  expression  In  (57)  becoses  nega- 
tlve«  It  should  be  assumed  equal  to  sero. 

On  the  other  hand«  If  o^  <  a^  auid  75  <  a^^  -  (o^a^^),  then 


iml 


2^jjl^.when  ■  5>«r-V 

■  ^  .when  a  0<«,— V. 

yfi  •, 

when/;</',<l. 


(58) 


The  values  of  F'^  and  F"^  are  determined  in  (56). 

It  follows  from' (57)  and  (58)  that  as  the  angle  decreases*  the 
particle  distribution  among  th»  oscillation  amplitudes  for  P^  »  a^^ 
becomes  more  and  more  unlfora.  This  Is  particularly  clearly  seen  in 

Pig.  52*  which  shows  the  probability  density  /Q"  as  a  function  of 

0 

the  amplitude  F^: 


2.  Beam  with  angle  scatter.  'In  order  to  obtain  the  distribution 
of  the  particles  among  the  oscillation  amplitudes  in  the  presenee  of 
an  angle  scatter  of  the  particles,  it  is  sufficient  to  multiply  Fomu- 
las  (57)  ond  (58)  by  do^2o^  and  integrate  over  adl  possible  angles 
taking  account  of  all  the  inequalities  presented  above. 


Pig.  52.  Distribution  of 
particles  among  the  oscil¬ 
lation  amplitudes  for  a 
parallel  beam  and  various 
errors  in  the  direction 

of  the  beam  axis,  a^  = 

s  0.1;  Ag  =  0.3  (the  value 

of  a.  for  each  curve  Is 
e 

Indicated  on  the  right 
side ) . 


Fig.  53.  Distribution  of  par¬ 
ticles  among  the  oscillation 
amplitudes  for  a  broad  beam 
with  large  angle  scatter. 
Curve  1  is  in  accord  with  the 
approximate  formula  (63), 
while  curve  2  is  in  accord 
with  the  exact  formula  (62). 
a^  *  0.1;  ™  0.3;  ^  ^  0.3. 


Assume  that  we  have  a  beam  with  a  large  angle  spread.  fRien  we  ob¬ 


tain  after  integration 


I 


«0/V,  wheno<f,<^; 

« («*  -  f\)  (•',  -  ’I',  (a,),  when 
•i«,  (a,)  -  «i*  (fi,),when  ^  <  1 , 


(60) 


where 
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(61) 


•i(«)  x)—  (A*,— *)«rcc<»i»5Sj;^j , 

ifh«n  9^  »  X. 

Lat  us  oaleulsts  ths  pvobsbili^ 
density 

(62) 

where  Is  given  by  fonmla  (35)*  At 
proxlastely  we  have  [see  Fonsu- 

las  (33)  and  (37)1 

♦(/'.)=|-V7:.  (63) 

A  comparison  of  Fomilas  (62)  and 
(63)  is  shown  in  Pig.  33  for  different 
values  of  a^  and  for  a  broad  beam.  Zt  is 
clear  from  this  figure  that  the  approximate  formula  (63)  represents 
well  the  probability  density  ^(Fq)  over  almost  the  entire  interval  of 
variation  of  F^. 

For  a  mirrow  beam,  a  comparison  of  Formulas  (62)  and  (63)  Is  slumm 

in  Pig.  34.  WO  again  reach  the  conclusion,  which  is  Important  for  what 

follows,  that  the  width  of  th»  beam  influences  only  the  oscillation 

amplitude  distribution  of  order  a^. 

The  form  of  the  function  ^(Fq)  Is  more  greatly  influenced  by  the 

character  of  the  angular  scatter  of  the  beam.  We  can  roughly  assume 

that  all  the  possible  values  of  the  probability  density  fif^)  lie  be* 

tween  the  two  extreme  values  given  in  (39)  and  (63).  The  only  exoep* 

tion  from  this  rxxle  is  the  case  when  the  particle  beam  is  very  narrow 

* 

but  the  error  in  the  emission  angle  la  large.  Then  the  distribution  is, 
roughly  speaking,  also  close  to  (39),  but  with  F^  »  a^.  This  case, 
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although  It  can  arlae  in  the  adjustment  and  starting  of  the  maohine* 

Is  nevertheless  an  exception  in  the  case  of  a  nomslly  operatjUig  ma¬ 
chine.  It  will  also  be  considered  below. 

* 

is.  Transient  Mode  with  Accurate  Sifitohing  on  of  the  Aooelerating 
Field  for  a  Honoenerxetio  USSSESS" 

During  the  tine  of  the  second  injection  stage,  radial-phase  os¬ 
cillations  arise.  The  particle  will  not  collide  with  the  injector  dur¬ 
ing  the  second  stage  if 

(64) 

where  0^  -•  9f/Pi$  is  the  amplitude  of  the  radlal-idiase  oscilla¬ 

tions. 

In  addition,  as  shown  in  Chapter  1,  the  amplitude  of  the  radial- 
phase  oscillations  is  uniquely  related  with  the  swing  of  the  phase  os¬ 
cillations  ^2  ^  ^1*  Flsuro  9  shows  a  plot  of  the  function 

=  (65) 

Where  p  is  the  maximum  amplitude  of  the  radial-phase  oscillations.  The 
connection  between  p  and  the  pao'aineters  of  the  installation  is  given 
in  Formula  (I,  40). 

At  first  we  consider  for  simplicity  accurate  tvo'nlng  on  of  the  ac¬ 
celerating  field  in  the  absence  of  an  energy  spread  of  the  particles. 

By  definition,  in  "accxirate  tvirnlng  on  of  the  accelerating  field"  the 
frequency  of  particle  revolution  equals  the  frequency  of  the  accelerat¬ 
ing  field,  l.e., 

^nach  “ 

The  amplitude  of  the  accelerating  field  is  established  rapidly 
(within  10-15  (iBSc)  compared  with  the  period  of  the  phase  oscillations 
(-500  M,sec),  and  therefore  we  can  assume  with  good  degree  of  accuracy 
that  the  anQ>lltude  is  established  instantlaneously.  In  this  ease,  if 
Condition  (66)  is  satisfied,  the  initial  phase  of  the  particle  > 
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>  (-*9q)  Is  equal  to  one  of  the  two  maximum  values  of  the  phase  or 
Xhasmuoh  as  (^2  ~  ^i)/^  always  smaller  than  unity,  not  all  if 
pirtleles  will  be  subjected  to  proton-synehirotron  aeoeleratien. 

Zf  .the  saqplitude  of  the  free  osoillations-' is  equal  to 
the  Mplitude  of  radlal*]^wuM  osolllations  should  be  less  tliaa 
P|^(l  -  Fq)*  llultdq>lylng  the  probabilities  of  these  two  events  and  1%, 
tegrating  over  all  possible  values  of  P.  we  obtain  the  transient-sMde 
ooeffioient: 

•  • 

where  is  the  probability  density  of  the  given  value  of  the  amp¬ 

litude  F^  after  the  first  Injection  stage,  determined  in  the  preceding 
section.  An  analytic  expression  for  the  quantity  cannot  be  obtained 
In  the  general  ease,  if  for  no  other  reason  than  the  fact  that  there 
is  no  analytic  expMssion  for  the  function  e.  A  nuiserloal  Integration 
of  Formula  (67)  entails  no  difficulty. 

However,  for  many  important  particular  cases  we  obtain  an  approx¬ 
imate  expression  for  ti^.  For  this  purpose  it  is  necessary  to  approxi- 
nate  the  function  e.  It  is  possible,  of  course,  to  expand  the  function 
In  powers  of  p^/p,  but  this  series  converges  poorly.  We  shall  there¬ 
fore  seek  an  approxlmatlxig  function  using  aus  guidance  the  following 
principles:  the  approximation  must  be  quite  accurate  for  small  p^/p 
and  approximate  for  p^/p  -  1.  Indeed,  as  follows  from  inequality  (64) 
and  Formula  (67),  the  particles  subjected  to  proton-synchrotron  accel¬ 
eration  are  those  for  which  p^/p  is  small.  Figure  55  shows'*  plots  of 
the  function  27rs(p^/p)  «  •q(Pj/p)  (dashed)  and  of  the  two  ^pqproxlmate 
functions  eQ(pj^/p)  (solid  lines)  for  the  values  of  cos  Oq  of  practical 
Importance: 
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(68) 


irtMre  «  0.2  and  kg  -  0.25.  further  oaloulatlons  hava  ahown  that  at 
both  values  of  the  constant  ^  we  obtain  the  sasie  expression  for  in 
the  region  of  values  of  9q  of  practical  interest,  m  general,  the  see* 
ond  tern  in  the  square  brackets  of  (68)  gives  rise  as  a  rule  to  only  a 
snail  correction. 


Pig.  55*  Comparison  of  the  exact  (dashed)  and  a^rox- 
imate  (I  and  II)  curves  for  the  function 

given  by  Formula  (68).  Curve  I;  «  4  (/l  —  _ 

-  9q  ctg  9o  (*  +  0*25  a^),  curve  II:  Eq  =»  4  Vl  - 

-  9q  ctg  Oq  (a  +  0.2  a^);  for  the  curve  I,  k  ■ 
e  0.25  while  for  cxirve  II,  k  =  0.2. 


1.  Let  \i8  calculate  for  the  case  of  uniform  distribution  of 
the  amplitudes  after  the  first  Injection  stage.  This  case  corresp<»^ 
to  a  monoenergetlc  parallel  beam.  With  this  simple  exanqple  we  can  also 
analyze  the  computation  technique.  If  the  beam  deviates  from  the  op¬ 
timal  direction,  then  approximately  all  the  aaqplltudes  from  a,  to  1 
are  represented:  ' 
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2h  tlM  oouTM  Of  4At«sratlon  it  amst  be  borne  in  mind  that  If  the  airgu- 
■ent  of  the  function  c(x)  exceeds  unity,  then  e  must  be  refirded  aa 
equal  to  in  fiooord  with  (68): 

+  whenp>h-vi; 

-  7  +  X  0  ~~  4  **  •"  7  *)  J  *  (69) 

■  when  p  <  -  Ogpj^;  here  x  -  p/pi* 

2.  Let  us  consider  a  monoenergetlc  beam  with  large  angle  diverg¬ 
ence.  Zn  this  case 


(70) 

Integrating,  we  obtain 


When  X  <  1. 

If  we  assume  that  we  have  a  distribution 

(72) 

which  Is  a  poorer  representation  of  reality,  we  obtain  a  simpler  ex¬ 
pression: 


ni-T - iT 


If  •>l; 


*  N(»— 

^-T - 5“ 


-  [l  -  (1  -  x)*+^(l  -  2  (1 -*)»  X 


X(3-.+3**))  .if  »<1. 


]• 


(73) 


) 
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comparing  (71)  and  (73)  on  Pigs.  56a  and  56b,  w  oan  verify  that  the 
difference  does  not  exceed  155^.  We  make  use  of  this  faet  In  what  fol¬ 
lows. 


Tmuimi  1 


2000  3000  iM  ioao  tm  7oao  Boo^  Of:' tom 

'•■1  1 

Pig.  56a.  Transient  mode  coef¬ 
ficient  Hg  for  a  monoenergetic 

parallel  beam  as  a  function  of 
the  voltage  Vq.  The  upper 

curve  la  for  accurate  injec¬ 
tion;  the  lower  is  for  the 
case  of  an  error  =  0.25. 

The  Injection  energy  is  = 

=  4  Mevj  distance  to  the  cen¬ 
tral  orbit  is  =  50  cm.  l)  v. 


2  \ 
/JmCmmrw. 


3000  tm  tm  tm  mo  oooosooom^ 

Fig.  56b.  Same  as  In  Pig. 
but  for  a  monoenergetic  bean 
with  Injection  energy  10  Nev. 
The  upper  curve  Is  for  a  par¬ 
ticle  distribution  ^(Pq)  » 

=  (3/2)  P«i  lower  -  for 

y(F.)  =  2P..  1)  Exact  fonoula; 
c  o 

2)  approximate  formula;  3) 


§6.  'R’anslent  Mode  with  ^ror  in  Turning  on  the  Accelerating  Field  and 
for  a  Nonmonoenergetlc  Particle  Beam 

In  turning  on  the  accelerating  field,  an  error  may  arise:  either 
the  accelerating  field  is  not  tvirned  on  on  time,  or  the  beam  energy 
does  not  have  the  correct  value.  In  practice  these  two  factors  cause 
one  and  the  same  result  and  can  therefore  be  represented  theoretically 
by  one  and  the  same  parameter. 

Assiune  that  at  the  instant  when  the*  accelerating  field  Is  turned 
on  the  instantaneous  orbit  is  a  distance  p^M  away  from  the  central  or- 


bit  (by  dffflnltlon,  oh  th«  oentrAl  orbit  tho  froq^uonoy  of  rovolUtlon 
it  oq^ml  to  tbt  frtqutnoy  of  tht  tootltrtting  fitld  or  it  a  aultiplt 
of  tht  latttr).  fbt  valut  of  N  it  oonntettd  with  tht  "trror"  in  tht 
omtgy 

•  J"-"  (7*) 

or  with  th«  "trror"  in  tht  tuming-on  intttntt 

<75) 

nit  phatt  vtlooity  of  tht  partiolta  at  tht  inttant  of  turning  cm 

(76) 

difftrs  from  stro. 

Tht  anplitudt  of  tht  radial-phMt  oaoillationt  dtptndt  on  tht 

t 

initial  phatt  and  on  tht  initial  phatt  vtlooity  (i*t**  on 

p^N).  With  the  aid  of  (76)  and  {1,  38-40)  wt  write 

2  [(-it)  —  (iji)*]  »>  (■ill  CM  (•ill  — 

—  ■intM’i+f  wtp  (77) 

At  can  be  seen  fron  (77) «  it  t  nultiplt -valued  function  of 

(pj/p)^  -  (Mp^/p)^.  Wt  find  fw  each  value  (pj/p)^  -  (Mpj/p)®  two  val- 

<  pQ  and  Po  >  Pq,  and  Mt  up  the  function 
'*’naoh  ^  *naoh 

Vfs  call  attention  to  the  fact  that  when  M  «  0  the  function  (78) 
goto  over  into  the  function  (65) «  the  form  of  which  is  known  to  ut. 
Since  N  enters  into  (77)  only  as  part  of  tht  combination  Up^/p)^  — 

-  (Mp^/p)^),  we  get 

•(*)■•««(»).  (79) 

Let  us  call  attention  to  one  dlfftrtnot  between  (65)  and  (78)*  in 

(78)  Po  ~  i®  n®  longer  the  swing  of  the  phase  osciUationa, 

^nach  "^nach 
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When  the  aaiplltude  of  the  radial-phaae  oeoillatlons  Is  equal  to  p^,  Zn 

this  OMS  Wp  -  Si  Is  equal  to  the  region  of  Initlsl  iiftiases> 
nach  nach 

for  whioh  the  astplltude  of  the  radial-phase  osolllations  for  speoifled 
II  is  ssaller  than  or  equal  to  p^.  It  is  obvious  that  it  is  preolsely 
this  quantity  that  interests  us  in  the  oaloulation  of  the  effiolMiey 
of  the  seoiNid  stage  of  injection  (the  transient  node). 

The  iqiproxlnate  exinression  for  e„  has  in  this  case  the  fora  [see 

(68)1* 


where 


xssl;  kM0,2  or  0,25. 


(80) 


The  naxiaun  value  is  obtained  id*en  <>  p,  i.e.,  when  u^  »  x  -■  p/p^t 


«if.—  - "  <*-r.Tl5 X  -■  ^ (x« — A/«)S j .  (8l) 


Ihe  coefficient  of  the  transient  mode  is  in  this  case  equal  to 


T,==  j  .jf \/(i  - > if,) df,.  (82) 

During  the  integration  it  must  be  remembered  that  if  (1  —  F^)  >  x 
then  Eji  «  ^jinax’  ^  Formula  (82)  we  take  into  account  automatioally 
that  when  an  error  arises  in  the  energy  or  in  the  instant  of  turning 
on,  there  will  be  fewer  particles  after  the  first  stage  than  in  the 
case  of  accurate  turning  on.  Actually,  in  (82)  we  Integrate  with  re¬ 
spect  to  Fg  not  to  unity,  but  to  1  -  M.  Thus,  we  sift  out  all  the  par¬ 
ticles  that  are  captured  after  u  Increases  to  1  —  M  (u  ^  F^). 

Let  us  calculate  the  coefficient  for  a  uniform  particle  dis¬ 
tribution  (F(Fp)  =a  1): 


— 


? 
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whtr* 


'  bVi^JwO’  ■  » 

Eqt  dtflnitloii.  If  >  o^  1ft  BBut  put  In  Peamult  (84)  x  «  1  -  a,. 

Ift  Mt  fron  Ixpi^tlona  (83)  and  (84)  that  in  ovdtv  for  ttm  ootf* 
f ioltnt  1)2  to  ht  dlfftrtnt  fr<»ii  ttro  It  It  neoottary  tluit  M  bt  aaalltr 
than  2  and  atalltr  than  1  -  a^.  The  oast  dttorlbtd  by  fraaula  (^)  it 
rtallttd  whtn  an  alaotz^ttatio  ganarator  la  uaad  at  a  touroa.  Xhdttd, 
In  thla  oata  ua  hava  an  alnoat  aonoanargatlc  baam  with  anall  ai^ila 
aoattar.  Howavari  tha  avaraga  anargy  of  tha  baam  la  aubjaot  to  larga 
a]^  oaolllatlona.  niarafoz^  ¥1  0, 

If  tha  Injaotor  anployad  la  a  llnaar  aooalarator,  than  tha  anai^ 
^oattar  la  larga  and  In  aaoh  eycla  wa  hava  an  antlra  aat  of  valuta  of 
N.  m  ordar  to  obtain  tha  value  of  It  la  naoaaaary  to  avaraga  Vor- 
nula  {83)  ovar  all  poaalbla  valuta  of  N: 

i. 


In  tha  oaaa  of  aoourata  awltohlng-m  and  a  nonaonoanargatio  baam. 

Mg  - -Hi  -  Mq. 

Carrying  out  tha  averaging  In  (83)  wa  raplaoa  tha  funotlona  4^(x)« 
e||,  and  a2(x)  by  thalr  maan  valuta: 

+f.re.U^; 

3jtf*ln  — l^li 

^  40(iV,-W,)L  •  +  ^ 

^  ^  (2S**  -  22.V*)  4- 3«»  tin  ; 

*jr.3u*  “  wij/.-j/,,  *-  —a-*..*.-. 
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Ixx  using  Foxmilas  (83)«  the  following  should  be  borne  In  mind. 

Ihs  symbol  denotes  that  It  la  nsoessary  to  subtract  from  the  valxis 
of  the  expression:  In  the  square  bracket  at  N  •  1^  the  value  of  the 
same  expression  at  N  a  If  it  turns  out  that  or  are  larger 
than  j  (or  1  -  Og)«  then  we  must  set  N  In  the  squsM  bracket  equal  to 
X  (or  1  -  Og). 

For  Tjg  we  obtain  a  very  simple  expression  In  the  ease  of  the 
large  energy  spread  (l.e. ,  when  Hg  >  x  and  -41^  >  x)t 

.  2_,  ,  .  i  H. 

^  )  *  -  ?  ^  v  7r*+^*M* 

4.s=s(..-2+.):  (86) 

I  1.  when«.<^<* 

0,  when/,<«.. 

By  way  of  another  example  It  would  be  necessary  to  analyze  the 
distribution  of  the  particles  among  the  oscillation  amplitudes  for  a 
large  apertwe  angle  of  the  cone  of  the  particle  beam,  which  Is  propor¬ 
tional  to  great  degree  of  accuracy.  However,  the  Integzmls 

obtained  In  this  case  cannot  be  evaluated  In  terms  of  elementazy  func¬ 
tions.*  We  must  therefore  use  the  less  accurate  distribution  (72), 
which  gives  an  undervalued  result  for  the  coefficient  (by  approxi¬ 
mately  15$()« 

In  this  case 


’ll  = - ^j; - 1  '»»,(•*)-  y  (**  -  M*)  ''  - 

+  i  I  +  (1  -  *)“. 


Where  ^^(x)  and  defined  In  (84).  We  recall  that  If  x  Is 

greater  than  unity,  we  must  set  x  equal  to  unity  In  (87). 

If  the  particles  are  admitted  Into  the  chamber  with  an  energy 
spzead,  then  Expression  (87)  must  be  averaged  over  N.  In  the  simplest 

f 

case  we  have 
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ittMrt  »•*«  dittrniiMd  aboii*  In  (85)*  and 

+3.*.rc.i..^];;  (89) 

4 

Foxnula  (88)  grnatly  aiopllflea  In  the  ease  of  a  larft  amrgy 
'  apMad*  i.e.«  irtwn  |m|  >  x: 

+  ^(<-T*+l*>)]-  (90) 


As  already  mentioned^  the  results  of  Fomulas  (88)  and  (90)  oan  be 
laproved  by  multiplying  them  by  1.15* 

So  far  we  have  based  all  our  arguments  on  the  assumption  that  tha 
frequency  of  the  accelerating  field  and  the  frequency  of  particle  rev¬ 
olution  coincide.  If  the  revolution  frequency  is  ^  tljsss  smaller  than 
the  frequency  of  the  accelerating  field,  then  p  in  all  the  empressloiia 
for  i\2  and  qg  should  be  talosn  4^  tines  snaller  than  for  q  -  1. 

S7.  !ft»ansient  Mode  Coefficient  at  Injection  Energies  4  or  10  Wev 

In  the  preceding  sections  we  have  considered  several  factors  in- 
flxwnolng  the  magnitude  of  the  transient  mode  coefficient  Among 
these  factors  were:  the  amplitude  of  the  voltage  Vq  on  the  aooelerat- 
ing  gap;  the  character  of  the  first  stage  of  injection  [form  of  the 
function  i^(Fg)]j  the  distance  from  the  injector  to  the  central  orbit 
p^;  the  energy  scatter  of  the  particles  dw^^;  the  injection  energy  w^; 
and  the  multiplicity 
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Fig.  57.  Transient  mode  coeffi¬ 
cient  as  a  function  of  the  volt¬ 
age  Vq  and  the  multiplicity  ^  at 

Injection  energy  =  4  Mev  with 

distance  from  the  Injector  to 
the  central  plane  »  50  cm, 

energy  spread  =  Ojj  and 

particle  distribution  i^(F)  =  1. 

1)  kv. 

The  Influence  of  all  the  foregoing  factors  on  this  quantity  can 
be  traced  on  the  12  plots  presented  In  the  present  section.  In  partic¬ 
ular,  the  amplitude  of  the  accelerating  voltage  was  varied  from  4  to 
10  kv.  The  distance  from  the  Injector  to  the  central  orbit  was  chosen 
equal  to  50  and  30  cm.  The  energy  spread  Was  assximed  uniform  (values 
of  were  0$^;  +0.5^;  +1$^).  The  multiplicity  was  varied  between  1 
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Fig.  62.  31m  same  as  In  Fig.  57 » 
but  for  »  10  Hev  and  - 

1)  lev. 


/  4  f  i  r  9  9  M 


K„W1 

Fig.  63.  Comparison  of  the  curves 
feur  Hg  at  Injection  energy  -  4 

Nev,  multiplicity  q  »  1«  and  dis¬ 
tribution  F(F)  -  1  for  two  differ¬ 
ent  distances  from  the  Injector  to 
the  central  orbit «  «  50  cm 

(dashed  cwves)  and  p^  «  30  cm 

(solid  curves).  1)  lev. 
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and  5*  All  the  niunerloal  oaloulatlons  were  made  for  two  Injection  en« 
ergles^  4  and  10  Nev.  The  rate  of  change  of  the  magnetic  field  inten¬ 
sity  was  taten  at  6.5*10^  oersted/seo. 


Fig.  64.  The  same  as  In  Fig. 

63,  but  for  injection  energy 
=  10  Mev.  1)  kv. 

The  character  of  the  Injection  In  the  first  stage  was  talcen  into 
account  In  the  following  fashion.  The  transient  mode  coefficient  de¬ 
pends  on  the  form  of  the  function  V’(F.),  of  the  particle  distribution 

V 

among  the  oscillation  amplitudes  after  the  first  stage  of  the  injec¬ 
tion.  We  can  use  here  arbitrary  variants,  but  at  this  stage  of  the  oa:!  - 
culation  it  is  meaningful  to  consider  only  the  extreme  cases:  uniform 
distribution  among  the  amplitudes  (^(F^)  =  1),  corresponding  to  a 
parallel  beam,  and  a  linear  distribution  >  2F^),  which  repre¬ 

sents  approximately  a  particle  beam  with  A  large  angle  spread  (2y^^  > 
>  0.5^).  The  true  value  of  the  coefficient  lig  lies  somewhere  between 

-  202  - 


these  two  values*  depending  on  the  injection  conditions.  Ihe  oosgnxti^  ' 
tlonal  accuracy  obtained  In  this  case  Is  sufficient  to  detenslne  the 
Intensity  of  the  beam  of* accelerated  particles  and  to  choose  the  partsi- 
eters  of  the  Installation. 

The  numerical  values  which  we  have  chosen  for  the  plots  corres¬ 
pond  to  the  "normal”  operation  of  the  Installation.  For  example*  we 
assxoM  that  the  error  In  the  angle  and  the  error  In  the  Instant  of 
turning  on  are  sufficiently  small.  If  a.  Is  very  large  or  the  turning- 
on  error  Is  large*  then  tends  rapidly  to  zero.  Thus*  we  do  not  pre¬ 
sent  here  the  so-called  "adjustment  graphs*"  tdilch  we  have  calculated* 
since  they  do  not  characterize  the  Intensity  that  can'  be  attained  In 
the  10-Bev  proton  synchrotron*  although  one  could  not  get  along  without 
these  curves  to  adjust  the  machine  d\irlng  Its  startup. 


Pig.  65.  Comparison  of  the 
curves  for  t)2  i^t  Injection  en- 

ergy  -  4  Mev*  -  50  cm* 

multiplicity  q.  =  1*  for  two 
particle  dlstrliutlona  among 
the  amplitudes  of  the  free  os¬ 
cillations*  ai  1  (dashed 
cvirves)  emd  ilf(F)  =  2P  (solid 
curves).  1)  kv. 
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Let  us  proceed  to  a  speolfio  deeorlptlon  of  the  plots. 

1.  Parallel  partlole  beam.  Figures  57  and  58  show  plots  of  for 
different  values  of  Vq  and  with  sero  energy  scatter  and  a  parallel 
particle  bean.  For  Wj,  «  4  Itov  the  maxiinum  value  of  i)g  is  O.17  at  q  «  1« 
0.23  at  q  >■  3*  and  O.27  at  q  «  5*  At  a  lO-Nev  injection  energy  these 
figures  Increase  to  0.23«  0.30«  and  O.34,  respectively.  The  qptlasil 
values  of  Vq  range  between  3  and  8  kv  for  all  these  cases. 

In  the  ease  of  a  uniform  energy  spread  of  (Pigs.  39  and  60) 

the  values  of  the  coefficient  differ  very  little  frcm  those  given 
above.  However^  If  a  0.3jt  energy  drift  were  to  occur  In  the  monoener- 
getlc  beam,  the  coefficient  would  decrease  by  many  tines.  Therefore 
particles  with  deviation  of  40.3$^  from  the  average  energy  are  poorly 
captured  In  the  acceleration  mode,  and  trtien  the  deviation  from  tte  av¬ 
erage  energy  exceeds  +0.^  they  are  not  captured  at  all. 

Indeed,  Figs.  6l  and  62  show  plots  for  an  energy  spread  of 
The  maxiinum  value  of  qg  decreases  by  almost  a  half.  Particles  with  a 
spread  within  the  limits  of  4<). 3^  are  effectively  captured  In  the  ac¬ 
celeration  mode,  while  those  having  a  spread  between  0.3  and  IJt  are 
practically  not  captured.  Therefore  the  coefficient  qg  decreases  by 
approxinately  one  haJ-f. 

The  requirement  with  regard  to  the  monoenergetlc  nature  of  the 
beam  becomes  much  more  stringent  If  an  error  exists  In  the  partlole 
emission  angle  a..  As  a  crude  approximation,  when  the  energy  spread  Is 

c. 

« 

large  qg  decreases  by  a  factor  (1  -  ag)/(l  -  30^(1  -  Og)]  [see  (86)1, 
while  the  effective  capture  energy  range  decreases  by  a  factor  1/(1  ^ 

-  Og).  To  save  space  we  oonfliM  ourselves  to  these  remarks  and  do  not 
present  the  plots. 

Flgxires  63  and  64  show  the  Influence  that  the  distance  frcm  the 
central  orbit  to  the  Injector  exerts  on  the  coefficient  Tig.  The  need 


! 


I 


Fig.  68.  nie  same  as  In  Pig.  64, 
but  for  a  different  distribution 
function  (t(F)  »  2F).  1)  lev. 

for  reducing  can  be  related.  In  particular,  with  the  Increase  in 
the  aslmuthal  asymmetry.  In  this  case  the  coefficient  t)  decreases 
sharply  (by  40-50$()  and  assumes  at  4  Mev  values  0.1  (Aw^/w^  » 
and  0.06  (Aw^/w^  >=  +1^).  At  10  Nev,  ng  Is  somewhat  larger:  0.13  (Aw^A^  • 
“ +0*5}<)  and  0.08  (Aw^^/wj^  => 

2.  Beam  with  large  angle  spread.  Figures  64,  65,  and  66  show  a 
comparison  of  the  transient  mode  coefficients  for  a  parallel  beam  and 
one  with  large  angle  spread.  In  the  latter  case  the  value  of  the  coef¬ 
ficient  rig  Is  approximately  30$t  smaller.  It  must  be  borne  in  mind,  how¬ 
ever,  that  this  value  Is  closer  to  reality,  for  In  the  first  case  the 
error  In  the  angle  can  greatly  exceed  lig. 

Figures  67  and  68  show  clearly  that  In  the  case  of  a  large  angle 
spread  In  the  beam  the  value  of  rig  changes  with  changing  distance  from 
the  Injector  to  the  central  orbit. 

The  main  results  are  listed  In  the  table. 

Thus,  In  the  worst  case  when  »  30  cm  and  Aw^^/w^  «  2$  the  coef¬ 
ficient  Is  a  0.03  at  10  Mev  aiKl  l^g  »  0!03  at  4  Nev  (q  —  1). 


W 


i 


i 

I 


I 
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TABIS 

mxlmm  Vklu»  of  Tig  (in  j<)  at  mjootlon  Snorgioa 
4  and  10  mv  ' _ _ 
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1)  Distance  from  Injector  to  central  orbit,  om;  2) 
multiplicity;  3)  characteristic  of  first  Injection 
stage;  4)  energy  spread,  5)  when. 


script  [  Footnotes ] 

Page 

No. 

l6l  For  a  short  time,  50*200  ^seo,  can  be  Increased  to  12000 
oersted/sec. 

196  The  first  Integration  (with  respect  to  F^)  can  be  rsduosd  to 

elliptic  integrals,  but  the  formulas  obtained  are  not  oon* 
venlent  for  calculations.  The  averaging  over  N  must  In  this 
case  be  carried  out  numerically. 

Nuiu- 

■eript  [List  of  Trenslltented  Qyaibolc] 

Psce 

No. 


163  HSU  ■  naeh  «  nachsl'nyy  <■  initial 

19T  cp  ■  sr  ■  eradaly  ■  average 
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Ohapt«r  6 
STRONQ  pocusma 

Si.  Ihtroductlon 

« 

At  the  end  of  1952,  Livingston,  Courant,  and  Snyder  proposed  a 
method  for  producing  powerful  focusing  In  aooelerators  designed  for 
the  production  of  protons  with  energies  up  to  30-100  Bev.  It  turned 
out  later  on  that  similar  work  was  done  In  1950  by  N.  Chrlstofllos, 
but  was  not  published. 

As  Is  well  known.  In  ordinary  accelerators  the  foouslng  fores  In 
the  vertical  (z)  and  radial  (r)  directions  varies  In  Inverse  propor¬ 
tion  to  the  radius  of  the  magnet 

(1) 

(2) 

where  Is  the  vertical  component  of  the  magnetic  field,  e  and-v  are 
the  charge  and  velocity  of  the  particles,  while  z  and  p  are  the  devia¬ 
tions  of  the  particle  fron  the  orbit  In  the  vertical  and  radial  dlreo- 
tlons.  In  particular.  If  the  radius  of  the  magnet  Is  Increased  It  be¬ 
comes  necessary  therefore  to  Increase  the  llneau?  dimensions  of  the  em¬ 
ployed  region  of  the  magnet  gap. 

The  decrease  In  the  foouslng  forces  makes  It  difficult  to  obtain 
an  Intense  beam  of  accelerated  peu^tlcles,  particularly  during  the  par¬ 
ticle  Injection  and  In  the  Initial  stage  of  acceleration. 

This  can  be  Illustrated  by  means  of  the  following  example.  If  the 

I 

particle  Is  Injected  Into  the  accelerator  chamber  not  at  the  oorreot 
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angle,  but  with  an  angle  error  y*  then  the  aaqplltudes  of  the  radial  V- 
and  vertical  F.  osolllatlona  Inoreaee  by 

Where  and  are  the  coordinates  of  the  injected  partlole  eaqpreaa^ 
In  the  variables  p  and  s.  It  Is  clear  fron  these  fomulas  that  the  In¬ 
crease  In  the  oscillation  aaplltude  Incz^ases  stn>ngly  with  Inoreasli^ 
radius  of  the  partlole  orbit,  nils  makes  It  necessary  to  Inoreaee 
either  the  dimensions  pf  the  magnet  gap  or  the  accuracy  with  which  the 
particles  are  Injected  Into  the  chamber.  Both  methods  are  usually  em¬ 
ployed. 

There  exist  methods  which  make  It  possible  to  Increase  the  effi¬ 
ciency  of  the  focusing  forces  with  the  aid  of  various  combinations  of 
electric  and  magnetic  fields,  and  thereby  decrease  the  necessary  aper- 
tuM  of  the  magnet  gap. 

Among  the  other  possibilities,  Livingston,  Courant,  and  Snsrder 
[38]  considered  the  most  effective  way  of  Increasing  the  focusing, 
that  of  alternating  sectors  with  opposite  signs  of  n. 

The  present  calculation  was  undertaken  In  order  to  explain  the 
shortcomings  and  advantages  of  the  procedure  Indicated  above  for  la- 
prpvlng  the  focusing.  We  have  therefore  tried  to  simplify  the  problea 
as  much  as  possible  without  attmnptlng  to  design  any  particular  aooel- 
erator,  but  merely  clarify  the  characteristic  features  of  the  phenom¬ 
enon,  without  obscuring  It  by  extraneous  effects. 


(3) 


Let  us  assume  that  we  have  2N  Identical  sectors  (see  Fig.  69)  aub- 


tending  an  angle  v.  In  the  odd  sectors  the  magnetic  field  Index  Is 
n^^  <  0,  while  for  the  even  sectors  ng  >  0.  Let  vis  assume  that  on  the 


i 


o 


boundary  batween  seotora  n  ohangaa  abruptly  fran  to  iig*  Xn  additim, 
we  aaauBB  that  llnaar  aaotlona  axlat.  Xf  iia  do  not  daalcn  a  apooiflo 

aooelarator,  but  are  Intereated  In  the  alngularitlaa  of  tiia  notlonf 

*  >  /' 

these  two  aaauaiptiona  are  not  eaaentlal.  It  la  ear^  to  take  Into  ao- 
oount  the  linear  aeotlona*  and  also  the  tspansltlon  region  botMOOa 
and  ng*  In  auoh  a  case,  hOMever«  the  fonmlas  and  the  calculation  be¬ 
come  much  more  complicated,  although  the  character  and  the  singular  1- 

» 

ties  of  the  motion  do  not  change. 

When  nx/R  «  1  the  equation  of  notion  has  the  form 

x‘*+««x-u.  (^) 

where 

I  VI— —  for  radial  motion 
I  V^—  for  vertical  motion 

I  Vn.— i  —  for  radial  motion 

’S=*{  — 

\  V— «i—  for  vertical  motion 

Qenerally  speaking,  Bqs.  (4)  have  a  small  range  of  applicability 
with  respect  to  x/R  In  the  case  of  very  large  n.  However,  If  the  law 
governing  the  fall-off  of  the  magnetic  field  Is  specially  chosen,  the 
range  of  applicability  of  (4)  will  be  appreciably  larger.  The  nonlin¬ 
ear  terau  become  significant  only  In  the  Investigation  of  resonanoes. 
The  solution  of  Bqs.  (4)  has  the  form 

X,  =  il»in*,04.ycoi«,6;  (5) 

X,  =s  f  >b  «,()-{-/}  ch  «,0, 

Where  and  X2  are  the  solutions  for  the  focusing  and  defocuslng  sec¬ 
tors,  respectively.  The  constants  A;  B;  C}  'S  are  Interrelated  by  the 
conditions  for  the  continuity  of  the  solution.  The  angle  9  ranges  from 
0  to  V  In  each  sector: 

CBMp(Ae — li$y,  DamAt’\-Be,  (6) 

where 

t 

csseoav:  (7) 
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ML 


flC*  Arr«iifMi|nt  of  tho  aooolorotor 
■atiMta  In  strong  focusing.  1)  etc. 


Let  us  introduce  a  varlabls  which  changes  iqr  unil^  on  going 
frOB  one  pair  of  sectors  to  the  other  (see  Fig.  69).  We  shall  assuM 
that  A)  Bi  IS  9rt  functKaui  of  this  variable,  ihen  the  oontinuitF 
conditions  yield  the  following  two  difference  equations  t 


A,  I#  •  ^  .f*  ^  (e  •  ■*  I 

I*  •  *j + 1*  •  P*  *  ^ 

(8)  j 

! 

! 

we  shall  henceforth  use  the  notation: 

t^ssahv;  c»  =  ehv 

(9) 

The  solution  of  (8)  la  sought  In  the  form 

C.C#  O.C*. 

(10) 

1  We  substitute  (10)  In  (8)  and  eq^ate  the  determinate  to  aero,  ob- 

i 

1 

talnlng 

• 

1 

i 

! 

(u) 

Expanding  cos  |i  In  powers  of  v,  we  obtain 

j 

(11')  1 

1 

where 

dai  *(*■”"»)  radial  motion 

^  ^  1  2ii«9  for  vertical  motion. 

j 

i 

1 

Zt  Is  seen  from  (8)  that 

1 

i 

/a/,-//-. 

(12) 

j  Mhere  <  +  .  _ £ _ 

j-  wn«PB  fi  •  it  ^ if 

.) 
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Sb.e  solution  of  (8)  can  ti\u8  b«  urittm  In  tho  form 


whsM 


•iiiii|i4-/eM«t(i  for  tho  foouslng  MotM? 
p(«— /*)«•»  s®  4* 

+(«+/e)«t«,6  for  the  defoouslng  sector. 


The  normalising  ooefflolent  of  the  function  f  is  chosen  such  ae 

« 

to  make  the  WTonsklan  of  the  functions  f  and  f  eqpetl  to  2/i, 

The  condition  for  the  stability  of  the  solution  (13)  is  the  in¬ 
equality 

(14) 

If  the  moaber  of  sectors  2N  tends  to  Infinity,  then  the  condition  (14) 
is  equivalent  to  the  ordinary  condition  (l),  written  out  for  n^: 


(15) 


n.p=JSl^ 

0<«.p<l. 

IRiis  condition  can  be  obtained  from  (11')  and  (14)  by  discarding 
fr<MB  (11')  the  terms  with  powers  and  above. 

When  N  Is  finite  and  the  values  of  *^2  Ujsits 

of  the  Inequality  (15)  broaden  appreciably: 

Cup  K,  fKp  ^ 

2  4  ^ 

When  n  v  <  6  we  get  approximately 


«•<»= 


/  «**♦  \ 

»(«— 4ir) 


'•up* 


idwre 


+  I  "■1  +  1*41 


If  6  <  n^v^  <  12.3,  then 


1 


12 


*“Tr 


rt’i 


»+-T 

“"WT 

:2(i 

“tt) 

jiid. 

1 

pK* 

BP**— «- 

12 

m%kA 

(16) 

(17) 


1-- 


(ir) 
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Whan  12.3  <  <  22  th«re  Is  no  oomnon  stability  rsglon  for  ths 
vortloal  and  z«dlal  osolllatlons.  Ths  stability  z«glon  (16)  rtaohss  a 
SMiKlSBaB  at  approxlaatily 

A  plot  of  ths  stability  rsglon  Is  shoim  In  Pig.  70. 


Fig.  70.  Principal  rsglon  of  sta¬ 
bility  of  the  free  osolllatlons. 


Fig.  71 •  One  of  the  stability 
regions  for  large  values  of  nv^. 

In  addition  to  the  region  of  stability  with  respect  to  n,  whloh 
Is  ooBmon  to  the  radial  and  vertical  osolllatlons,  we  Introduce  a  re¬ 
gion  for  the  separate  stability  of  the  vertical  and  radial  osollla- 
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c 


tlons,  i&n.  and  An  : 

z  P 


V.  ,  ’up  *"  <^«|i*  *^'’p  “  '’hp  ■■" 

\}—Tcrr 


Wt  than  have  ai>proxlmat«lyp  for  n^v  <  12. 3  > 


•••  1*#  ■■  i  ““  ^  ~  — ll»p)  5 

eot|i^al  —  — A«»)(Aep  —  ®«|)' 


For  very  large  n,  there  exists  an  Infinite  series  of  stability  re¬ 
gions  In  the  places  where  cos  «  0.  Figure  71  shows  one  such  xw- 
glon.  nie  practical  significance  of  such  a  region  was  clarified  later 
on  for  one  of  the  types  of  strong-focusing  accelerators  [20]«  proposed 
by  A.  A.  Xblomenskly,  V.A.  Petukhov,  and  M.S.  Rabinovich. 

.  Envelope  of  Particle  TraJeoto 


Xhowledge  of  the  stability  boundary  Is  still  not  sufficient  to  de¬ 
termine  the  extent  to  which  the  use  of  the  proposed  method  of  hqpirov- 
Ing  stability  Is  advantageous.  For  a  cozreet  understanding  of  the  char¬ 
acter  of  the  phentHnena  It  Is  necessary  to  calculate  the  envelope  of  the 
particle  trajectory. 

As  Indicated  In  Chapter  2  (page  96),  the  amplitude  of  the  paz>tiole 
oscillations  at  an  azimuth  $  Is*: 


where  y  Is  the  angle  of  entry  of  the  particle  Into  the  accelerator 
chamber,  Xnach  Initial  deviation  of  the  particle  from  the  equl- 

llbrl\im  orbit,  and  0^  Is  the  azimuth  of  the  Injector.  We  shall  show 
that  for  the  accelerator  under  consideration  Relation  (19)  is  also  ap¬ 
plicable. 

With  the  aid  of  Relation  (19)  we  can  £Lnswer  sevezal  Important 
questions.  ' 

1.  The  Influence  of  the  deviation  of  the  angle  of  emission  of  the 
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pavtiole  from  tha  optimal  direction  on  the  anqplltude  of  the  oaoUla- 
tlons  must  be  known  so  aa  to  oaloulate  the  oolllslona  between  the  per- 
tiolee  and  the  Injeotor.ilhla  Influence  la  determined  by  tdie  feotor 
f(ei). 

2.  !Che  Injeotlon  efficiency  la  alao  detennlned  hy  the  change  In 
the  angle  Yop^  during  the  courae  of  the  Injection,  provided  the  angle 

la  not  very  email. 

3>  She  dlmenalon  of  the  accelerator  chamber  dependa  alao  on  the 
function  e(d),  which  determiiMa  the  colllalona  between  the  partlclea 
and  the  chamber  wall^. 

Let  ua  proceed  to  detezmlne  the  envelope.  Aaauie  that  the  Injec¬ 
tor  la  placed  at  a  certain  azimuth  9^  *  0;  m  -  0.  The  Initial  devia¬ 
tion  from  the  equilibrium  orbit  was  denoted  Xnach  angle  of  par¬ 

ticle  emlsalon  by  7: 

_ \ 

Then  we  have.  In  accordance  with  (13), 

Dt((i0+/)*i.*(0j=XM.,;  (20) 

0^’  (•,)  +  D*Y*  (0|) = we  V  =-^  . 


From  (20)  we  readily  obtain 

The  oaolllationa  at  a  certain  azimuth  9  are.  In  accordance  with  (13), 
alnuaoldal  with  frequency  The  square  of  the  oaclllatlon  amplitude 
la 

^  (0)  =  4 1 (Q)  1» .  I  (OJ  _  (0,)  1 1  ^  (0)  .i*  (0),  (  21 ) 


Recognizing  that  the  Mronaklan  of  the  functiona  f  and  f  la  equal 
to  2/1,  we  transform  (21)  Into 


T  y*  v^) — 


\'U}  T"  C.C  .J  J  ;  • 
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^  optimal  angle  of  enlaalon  of  the  particle  from  the  injector 
will  be  defined  as  the  emission  angle  for  which  the  amplitude  of  the 
oscillations  is  minimal.  It  is  seen  from  (22)  that 


where  we  introduce  the  notation 

0(0)— (2^) 

0(d)  is  the  modulus  of  the  Ploquet  functions.*  Substituting  (23)  and 
(24)  into  (22),  we  obtain  the  sought>for  fonsula  (19)*  if  we  put 

/(0,)==y?«i»(0,).  (25) 

Thus,  to  determine  all  the  properties  of  the  envelope  it  is  nec¬ 
essary  to  calculate  only  one  function,  0(d).  Indeed,  the  equation  of 
the  envelope  (19)  can  now  be  rewritten  in  the  form 

Ihe  expressions  for  0(d)  will  be  obtained  with  the  aid  of  (24) 
and  (13)*  We  first  consider  0^(d)  in  a  focusing  sector. 

After  several  transformations  we  obtain 

O,  (0)  =  O,  (0)  +  1 C05  X,  _  20)  -  cl.  (  27  ) 

where 


0,(0) 


t-et  +  pe-  Mt  ^ 

X|  tin  |i 


(28) 


In  the  derivation  of  (27)  and  (28)  we  used  the  following  identi¬ 
ties,  obtained  from  (12): 


=»•«,+/>•»»• 


c. 


(29) 


As  can  be  seen  from  (27),  0^(d)  has  a  maximum  at  the  center  of 
the  focusing  sector: 


Let  us  call  attention  to  the  fact  that  <>2^(0)  •  ^^(v). 

-  216  - 


(30) 


Fig.  72.  Modulus  of  ths  KLoqiuot 
funotlon  of  the  free -oscilla¬ 
tion  eqiuatlon  In  the  center  of 
the  stability  z^glon  (kv  »  l,5t 


ni  +  «2- 


n, 


sr 


0):  A)  focus¬ 


ing  sector;  B)  defocui 
tor;  I)  ♦(0)/v;  II)  VdC® 


V. 


, 

\  / 

g 

_  X  .  1  .  y 

Hf  \f  0  V/  1  IS 

'V 

\  •* 

Fig.  73*  Plot  of  the  function 

2F3  (1,  5,  0,  0)  -  l/nv[d  In  ♦(0)/d0] 

vs.  the  azimuth  9  in  the  center  of 
the  stability  region  (kv  ■■  1.3; 
n__  -c  0):  A)  focusing  sector;  B) 

defocuslng  sector. 

Let  us  consider  the  envelope  In  the  defocuslng  sector. 


In  the  derivation  of  (31)  from  (24)*  we  used  the  Identity 

(32) 

As  can  be  seen  from  (31)*  ^2^9)  has  a  minimum  at  ths  oenter  of 
the  defocuslng  Interval.  The  minimum  value  Is 

(33) 


.  ) 
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A  plot  of  the  is  shown  in  Pig.  72  for  the  cue  when 

<-  0  and  vVn  -  1.5.  PlguM  73  shows  the  values  of  the  logsiPlthBie 
derivative  of  e(d)  for  the  sane  case. 

fhe  ratio  of  the  maxlmun  of  e(9)  to  Its  silnlsnim  Is 

(3*) 

For  the  values  of  the  function  e(0)  and  o  given  above  we  can  pre¬ 
sent  several  approximate  express Ions «  which  are  convenient  for  estimat¬ 
ing  puxi>oses;  this  will  be  done  below. 

If  the  particles  are  Injected  Into  the  chamber  from  the  start  of 
some  sector «  then  in  calculatlrtg  the  collisions  with  the  Injector  It 
Is  necessary  to  take  Into  account  the  value  of  ^(0).  In  the  problem  of 
collisions  with  the  walls,  the  quantity  ^^(v/2)  assumes  the  same 'role. 
But  these  two  problems  are  closely  related  with  each  other.  Indeed,  we 
should  place  the  injector  at  such  distances  from  the  orbit,  u  to  make 
the  particle  not  collide  with  the  wall.  The  change  in  distance  between 
the  orbit  and  the  injector  also  greatly  Influences  the  number  of  par¬ 
ticles  colliding  with  the  injector.  Therefore,  by  way  of  an  estimate 
of  the  "convenience"  of  the  focusing  method  proposed,  we  Introduce  the 
concept  of  "effective  radixis  of  the  accelerator. " 

This  "effective  radius"  will  have  a  somewhat  different  value  for 
radial  than  for  vertical  oscillations.  In  ordinary  accelerators  we  have 

for  vertical  oscillations 


-JLss-  for  radial  oscillations 

(35) 


which  Is  always  somewhat  larger  than  the  geometrical  radl\is  R. 
The  quantity  <I>^(v/2)  can  be  represented  In  the  fom: 


=  (*;«):  aaancMf. 


(36) 


nie  focusing  Is  the  same  vertically  and  radially.  If  n^^i  *  V2 
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and  a  «  l>v^/2  «  0.  Let  us  oonslder  therefore  the  function 


A  plot  of  the  function  O)  le  showi  In  Fig.  74.  The  function 

o  o 

F^(xj  0)  reaches  a  mlnlJBum  when  x  -  nv  >■  2.25.  The  mlnlnum  value  of 
0)  Is 

mtnF,(x:  0)= 3,026.  (37) 

Near  the  minimum,  the  function  F^(x;  0)  changes  very  little.  For  ex¬ 
ample,  In  the  Interval 

1.2<.nv*<3.  (38a) 

the  function  F^(x;  0)  changes  by  not  more  than  3036,  while  In  the  In¬ 
terval 

l,7<<iv*<2,8  (301,) 

It  changes  by  not  more  than  10^.  Outside  of  these  Intervals,  particu¬ 
larly  toward  larger  valxies  of  nv^,  the  function  F2^(x;  O)  Increases 
rapidly.  For  example,  when  nv^  =>  3*497  the  function  Is  F^  -•  16*6  and 
It  beo<»MS  Infinite  when  nv^  »  3*316. 

O  p 

ni\ui.  If  we  choose  x  »  nv  ,  say  In  the  Interval  (38b),  we  get 

*  3vR. 

For  example,  for  the  accelerator  first  proposed  for  the  Brooldiaven 
laboratory  (v  =  2.62*10"^),  »  R/13»  If  2500  <  n  <  4100.  m  an  or¬ 

dinary  accelerator  with  n  »  0.6  we  have 

Q  •  1.6  R  for  radial  oscillations 
”ef  “  1.3  R  for  vertical  oscillations 

Thus,  the  effective  radius  of  a  strong-focusing  accelerator  Is 
approximately  17-20  times  smaller  than  for  an  ordinary  aooelerator 
(for  the  data  of  the  hypothetical  Brookhaven  accelerator).  Later  on  It 
became  necessaxy  to  reduce  somewhat  the  focvislng  In  the  projected 
strong-focusing  accelerators,  sc  as  to  decrease  t.he  required  accuracy 
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Pig.  74.  Plot  of  the  funotlone 
Fq,  Pj,  and  Pg  for  »  0. 

with  idilch  the  magnet  had  to  be  manxifactiired.  In  these  projects  «ef  ^ 
nearly  five  or  six  times  smaller  than  R.  Let  us  assume  that  the  sector 
subtends  an  angle  v  which  varies  In  Inverse  proportion  to  the  radius  R« 
and  then  remains  constant,  and  the  optimum  value  of  n  along  with 
the  stability  region  varies  In  Inverse  proportion  to  the  square  of  R. 

The  oscillation  frequency  In  the  range  of  values  (38b)  is  approx¬ 
imately  Hi  =  Nit/2  =  Tr^/2v,  l.e./  N/4  times  larger  than  the  revolution 
frequency. 

In  analogy  with  the  preceding,  the  functions  <(2(v/2)  and 
can  be  written  In  the  form 

«li'(0)-=v,(i;  a):  =  o),  (39) 

A  plot  of  the  functions  Pq(x;  0)  and  P2(x;  0)  Is  shown  In  Pig.  74.  The 
function  Fq(x;  0)  has  a  minimum  at  nv  =  2.73’« 

miii/-„(x;  0)r=  1,545. 

The  function  P2(x;  O)  drops  to  zero  at  the  limiting  value  x  » 

.  1.875. 

The  angle  defined  In  (23),  can  he  represented  In  the  form 
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VlguM  73  shows  a  plot  of  the  function  vs.  the  angle  0  for  x  • 
-VS-v  «  1.5i  a  -t  0.  Figure  75  shows  a  plot  of  P^  as  a  function  of 

o  o  o 

X  *  nv  «  when  a  *  n^^v  «  0  and  d  »  o.  If  the  Injector  Is  placed  half¬ 
way  between  the  sectors «  then  In  the  Brookhaven  accelerator  *111 
change  during  the  process  of  Injection*  from  0  to  0.5^.  If  the  bean 
has  a  small  angle  scatter,  of  the  order  of  several  minutes,  then  the 
particles  will  be  captured  only  during  a  small  fraction  of  the  time  of 
the  Injection  process  (l.e.,  the  process  when  the  orbit  Is  constricted 
from  the  Injector  to  the  center  of  the  accelerating  chamter).  This 
phenomenon  can  be  avoided  by  placing  the  end  of  the  Injector  In  the 
middle  of  some  sector,  preferably  In  the  middle  of  the  sector  where 
n^  <  0.  Indeed,  at  any  azimuth  we  have 

>rtien 

when  XuM 

Case  "b"  Is  realized  for  the  radial  oscillations,  and  case  "a"  for  the 
vertical  oscillations*  Consequently,  the  amplitude  of  the  vertices,  os¬ 
cillations  Is  minimal  If  ^(9^)  Is  minimal,  and  the  amplitude  of  the 
radial  oscillations  Is  minimal  when  Is  maximal.  This  is  precisely 

the  situation  In  the  middle  of  the  sector  where  n^  <  0. 

In  practice.  It  becomes  necessary  to  forego  prolonged  Injection 
In  strong-focualng  accelerators.  The  particle  Is  captured  In  the  accel- 
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eratlon  mode  only  during  one  particle  revolution. 


Zf  the  magnetic  field  along  the  etmlllhritm  radius  depart  on  the 

* 

aslmuth  6 

0<6<2«;  6) 114- *(»)!. 

then«  ae  Is  well  known.  In  first  approximation  the  equations  (4)  as¬ 


sume  the  form 


where 


'(0)=j_: 


n}  In  focusing  sectors 
4  In  defocus Ing  sectors. 


Let  us  consider  the  Sturm-Llouvllle  equation 

x''+l»*(0)+Mz=o.  (^3) 

Let  us  find  the  eigenfunctions  and  the  eigenvalues  X  from  the  oon. 
dltlon  of  the  periodicity  of  the  solutions 

X(0)=7.(2«);  •/'(0)  =  x’(2«). 

We  can  use  the  general  solution  obtained  In  $2  If  we  make  everywhere 
the  following  substitution: 

x»-*x*  — A, 

The  periodicity  conditions  stipulate  that  \i  »  2vk,  l.e., 

cos;x=:eo82«JI;=c<>»  /**  —  X, —  (44^ 

At  »inV»*  -j-  A,  «  xh  —  A, 

v^riTj 

tdiere 

A,  ■=  (>.,  -i-  nop)  »*,  (  45  ) 

xmsyjn.'l. 

Solving  the  transcendental  equation  (44)  we  obtain  the  spectrum 
of  the  eigenvalues  X^. 

o 

For  the  case  «  1  and  x  <  12  we  obtain  approximately  with  the 

aid  of  Formulas  (l8)  or  (11*)  a  total  of  N  values  of  X^^: 
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-fi,  a»— iln*  V*  + 11^  BBS 

- (46) 

1— ®- 
I 

Wien  V  -»  0  the  eigenvalue  goes  over  Into  the  ordinary  denoalnator 
In  the  Vourler  ooefflolente  of  the  distortion  of  the  e<iulllbrlua  orbit 

+Xjj  -*  Ic?  -  1  +  n^j,. 

la  ordixiary  aooeleratore  an  loqportant  role  la  played  by  the  smalleet 
value  X^.  Zn  our  case  other  saallest  play  an  appmolable  role. 

We  have  obtained  only  N  eigenvalues.  The  others  are  obtained  frosi 
(44)  graphically.  Hoirever,  they  are  large  and  therefore  play  a  saiall 
role. 

Whereas  the  first  group  of  N  values  of  X^  oorresp(»ids  to  the 
branch  cos  »  1  on  Fig.  70«  the  second  group  of  N  values  of  Xj^  will 
corz^spond  to  the  branch  cos  »  -i  on  Pig.  71,  etc. 

The  periodic  solution  of  the  Initial  equation  can  be  written  In 
the  form 


V  X 


J  ii>(b  -WU)W: 


(47) 


whez*e  Is  the  eigenfunction  of  Eq.  (43).  As  can  be  seen  fron  (47), 

an  Important  i?ole  Is  played  In  this  series  only  by  the  terns  Nhere  X^ 

Is  small.  The  vanishing  of  X^^  occurs  at  certain  resonant  values  of  n. 
Obviously,  n  should  be  chosen  halfway  between  the  successive  resmant 
values. 

We  note  that  we  are  considering  here  only  the  first-order  reso¬ 
nances,  corresponding  In  an  ordinary  accelerator  to  the  vanishing  of  j|. 
Parametric  resonance  sets  in  also  under  the  indicated  values  of  n  and 

furthermore  halfway  between  them.  There  exists  also  a  large  number  of 
linear  and  nonlinear  resonances.  For  their  analysis  It  Is  most  con- 
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ver.lent  to  iiso  tho  method  of  avoi-.-viilng  dlffesfenoe  equations,  devaloptd 
In  Chapter  4.  Calculation  ahoira  that  aa  a  rule  one  cannot  go  through 
the  reaonance  and  that  it  la  neceaaary  to  chooae  and  aiaintain  during 
the  acceleration  proceaa  nonreaonant  valuea  of  n.  The  preaeiMe  of  aangr 
atrong  reaonancea  produoea  apeoifie  dlffloultlea  in  the  eoaatruotloii 
of  a  atrong-focualng  accelerator. 

Without,  carrying  out  detailed  caloulatlona«  we  have  explained  whgr 

ft 

the  preaenoe  of  reaonancea  greatly  Increaaea  the  demanda  on  the  accu¬ 
racy  with  which  atrong-focualng  acceleratora  muat  be  built.  The  inven- 
tora  of  atrong  focualng  did  not  call  attention  in  their  pai>era  to  the 
poaalblllty  of  reaonancea.  ao  that  their  prelinlnary  eatlnatea  were 
too  optlmiatlc.  They  ohoae  by  way  of  an  accelerator  exanple  an  accel¬ 
erator  with  very  large  n  =  which  value  the  accelerator  will 

obvloualy  not  operate.  We  were  the  flrat  to  call  attention,  in  1952. 
to  the  role  of  the  reaonancea. 

o 

Putting  n^^  =  0.  we  obtain  for  v  «  1  the  reaonant  valuea  of  nj^t 
If  nj^  w  which  corresponds  to  the  optimal  values  of  n.  then 

I  A'  .  , 


where  2N  is  the  total  number  of  all  the  sectors.  In  this  region,  the 
neighboring  resonant*  values  are  located  at  distances 

(48) 

The  largest  value  of  in  the  resonance  region  will  be  obtained  by  I 
aximlng  that  n  =  n^^  +  (dn^^n).  In  this  case 

>.=i.  (w 

Thus.  Xj^  assvunes  a  rather  large  value  in  the  interval  between 
resoncuices.  For  example,  for  the  Brookhaven  acoeleratw  we  obtain 
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\  -  20. 

Vamyr,  inasmuch  as  ths  distance  between  the  resonances  Is  <m  the  or¬ 
der  of  v«  tills  mlans  that  n  snuit  be  held  constant  to  an  accuracy  muM 
hli^her  thim  2.|^  In  this  case  the  amplitude  of  the  oorresp<mdlns  "har- 
axHilo''  in  (4?)  muit  not  exceed  O.ljt,  since  the  distortion  of  the  orbit 
will  smount  to  1  cm  even  at  this  value  of  the  asymmetry,  l.e.,  20)(  of 
the  wwklng  region  at  the  start  of  acceleration  and  50fi  of  the  working 
region  at  the  end  of  acceleration.  If  we  take  into  account  the  pres¬ 
ence  of  other  resonances,  the  accuracy  requirements  loqposed  on  the  in¬ 
dex  n  should  be  Increased  by  a  factor  of  several  times. 

In  the  accelerator  whose  parameters  were  given  In  the  original 
paper  by  Livingston,  Courant,  and  Snyder  an  Important  role  will  be 
played  by  the  asymmetry  harmonics  in  the  region  k  »  30.  The  first  har¬ 
monics,  unlike  ordinary  accelerators,  are  Immaterial. 

Vfhen  work  on  the  Investigation  of  resonances  became  known  In  1933, 
It  became  necessary  to  decrease  appreciably  the  focusing  so  as  to  re¬ 
duce  the  role  of  the  z^sonances,  and  the  Index  n  had  to  be  decreased 
by  almost  10  times.  Hi  this  case  the  significant  harmonics  turn  out  to 
be  the  eighth  to  the  twelfth. 

The  data  given  above  are  sufficient  for  a  rough  estimate  of  the 
Influence  of  the  asynmietry. 

A  mope  detailed  Investigation  of  the  azimuthal  asymmetry  and  of 
other  perturbing  phenomena,  as  well  as  the  calculation  of  the  eigen- 
functions,  are  found  In  special  eu>tlcles  written  by  many  authors. 

45.  Instantaneous  Orbits 

So  far  we  have  not  considered  the  instantaneous  orbit  situated  In 
the  center  of  the  chamber.  The  magnetic  field  at  the  center  of  the 
chamber  does  not  depend  on  the  azimuth.  On  circles  with  other  radii 
the  magnetic  field  depends  on  the  azimuth,  inasmuch  as  the  magnetic 


o 


field  Index  has  opposite  signs  In  neighboring  lectors.  Therefor*  only 
one  central  instantaneous  orbit  will  be  clroular  in  form.  Let  us  as- 
sxane  that  the  particle  energy  remained  constant  but  the  Instantaneous 
field  increased  by  an  amount  OHq  •  h^  ■  const  and  let  us  consider  how 
the  Instantaneous  orbit  chants  if  it  was  at  the  initial  instant  in 
the  center  of  the  chamber. 

To  solve  this  problem  we  can  use  Bq.  (42),  in  which  we  put  h(e)  > 

% 

m  YIq  const. 

We  first  solve  the  problem  approximately,  using  the  method  of  the 
preceding  section.  In  the  present  case  the  only  nonvanishing  coeffi¬ 
cients  in  the  series  expansion  (4?)  of  the  solution  of  Eq.  (42)  will 
be  those  of  the  functions  whose  mean  values  do  not  equal  zero 


f rfeyio.  (50) 

Condition  (50)  will  be  satisfied  if 

:i=;2v4-=0-f 

Where  k  and  k^  are  Integers,  l.e., 

k  =  0;  N;  2N;  3N,  etc. 

It  is  easy  to  obtain  the  smallest  eigenvalue  \q  »  n^^  —  n^^: 

•  •  •  (51) 

Neglecting  approximately  all  the  eigenfunctions  except  ^q,  we  can  write 


Inasmuch  as  ^0(6)  differs  little  from  a  constant,  we  have 


ifj'n _ 


Formula  (52)  serves  as  a  definition  for  n^^: 

n^-=t  — x,a=t  — + 


hM 


ep* 


(52) 


(53) 
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The  Introduced  quantity  plays  the  role  of  the  usual  n  in  olroular 
aooeierators  in  calculations  of  the  shift  of  the  orbit  due  to  changes 
in  the  BSgnetic  field*  or  in  the  energy*  or  in  the  revolution  fre-* 
quenoy.  As  oan  be  seen  from  (53) «  n^f  1b  a  large  negative  mniber. 

If  the  field  is  constant  and  the  energy  changed*  then  we  should 
have  in  the  right  half  of  Eq.  (42)  R^aeAP^  in  place  of  -Roh^.  Conse- 
q^ently* 

>.=■«.  f=T-  (54) 

Where  B  is  the  total  energy  of  the  particle.  With  the  aid  of  the  rela* 
tion  (dQ  >  cf^  and  Eq.  (54)  we  readily  obtain 


4- _ It _  f55\ 

Th\is*  if  we  introduce  n^^*  then  all  the  usual  formulas  for  the 
displacement  of  the  orbit  retain  their  inravious  form. '  An  accelerator 
with  variable  n  behaves  upon  shift  of  the  orbit  essentially  like  an 
accelerator  with  a  constant  negative  n^^.  nils  fact  will  be  explained 
below. 

The  problem  posed  in  the  present  section  cem  be  solved  exactly. 
For  this  purpose  It  is  necessary  either  to  sum  all  the  terms  of  the 
series  (47)*  or  solve  the  problem  anew  by  the  Joining  method.  The  lat¬ 
ter  way  is  the  simpler  one. 

Vfe  shall  seek  a  solution  of  (42)  with  hQ  »  const  in  the  form 


(I iln.iy 


(56) 


in  the  focusing  sectors  and 


(57) 


in  the  defoouslng  sectors 
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It  is  easy  to  verify  that  (36)  and  (37)  are  really  the  solutions 
of  (42)  In  the  focusing  and  defoouslng  sectors  for  arhltz«ry  values  of 
p«.  nie  form  of  the  functions  (56)  and  (37)  was  chosen  such  as  to  sudos 
pi^(v)  >■  p'2(0)  and  p'2(0)  «  p'2(v)«  wtisrs  the  prime  deiwtes  differen¬ 
tiation  with  respect  to  the  angle  e*  She  value  of  the  eonstaat  pe  is 
obtained  from  the  condition 

Pl(v)  -  P2(0). 

The  other  necessary  equation,  p^(0)  »  P2(v),  will  be  satisfied 
automatically,  we  readily  obtain  that 


(58) 


It  is  also  convenient  to  bear  In  mind  another  form  for  expressing 


p*: 


.  (1  -(•  P-)- 1«  ■  ( I  -  c)  -  ;>»  (t  - 

'  —  ro»!») 


(59) 


Thus,  the  new  Instantaneous  orbit  has  a  form  similar  to  the  en¬ 
velope  calculated  In  §3«  The  maximum  value  Is  Iplg^  IP3^(v/2)  |  and 


the  minimum  |p| 


min 


Ip5>(v/2)|.  The  average  value  p^^  Is 


z», 


(60) 


From  the  definition  of  n^^  we  have 


Consequently, 


j _  ii*v» 

1  -f  '*•»  IT  • 


•^1 


If  cos  p,  s  0  and  n^^,  =  0  then  the  exact  formula  yields 

1-0,2061«;  W«=y.  (6i) 

From  the  approximate  formula  (33)  wd  obtain  n^^  .  l  ~  0.2036n.  We 
see  from  this  tha.t  the  approximate  formula  is  quite  convenient  for 


-  228  - 


Fig.  76.  InBtantarteouB  orbltB 
with  radluB  larger  than  (I) 
and  smaller  than  (II)  the  av¬ 
erage  radius  at  the  center  of 
the  stability  region  (icv  «  w/2 
and  n^^  »  0):  A)  focusing  sec¬ 
tor;  B)  defocus ing  sector. 


practical  calculations.  In  this  case,  l.e.,  «dien  cos  (i  »  0  and  n^  ■>  0, 
we  get 

(62) 

As  can  be  seen  from  (62)  and  fr(»i  Fig.  76,  the  shift  In  the  In¬ 
stantaneous  orbit  p(e)  differs  at  the  most  from  p._  by  approximately 
+0*3  PgpS 

'  |p(®)  pff* 

It  Is  now  easy  to  understand  why  our  formulas  for  the  dlsplaoe- 
awnt  of  the  orbit  contain  not  n^^  but  n^^. 

Indeed,  the  average  value  of  the  field  on  a  circle  shifted  from 
the  central  one  by  an  amount  p^^  is  determined  by  the  value  of  n^: 
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But  tha  particle  does  not  move  along  a  circle  with  radlua  Rq  + 

hut  moves  on  a  wavy  orhlt«  teflned  say  hy  Iqp.  (56)  and  (57)  or  (&) 

and  Fig.  76.  In  both  sectors  (focusing  and  defoouslng)  the  ptt^iole 

« 

deviates  from  a  olrole  with  radius.  (R^  *  toward  the  dlreotlon 

Where  the  field  deoreases  if  >  0  or  tnereasee  if  p^  <  0.  fhiis«  at 

large  radii  (p^^  >  0)«  the  particle  moves  effectively  In  miMh  weaker 

fields^  and  at  small  radii  (p_„  <  0)  It  moves  In  much  stroi^er  fields. 

or 

For  exaaplSj  in  the  case  considered  above  (00s  p  *  0)  the  partlols  de¬ 
viates  In  the  mean  from  a  olrole  with  radius  Rq  -t-  p^  Iqr  O.Rp^^.e  Con¬ 
sequently,  the  average  field  on  the  orbit  Is 

(on  orbit)  . 

and  n^^  »  n^^,  -  0.2n.  Thus,  we  again  obtain  Formula  (61). 


shifted  Instantaneous  orbit 
(IZ).  The  average  orbit  (ZII) 

Is  situated  at  p  >  -51  A)  focus¬ 
ing  sector;  B)  defoouslng  sec¬ 
tor.  , 

The  results  of  $3  remain  In  force  If  we  measure  the  displacement 
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fron  the  new  orbit,  and  the  angles  from  the  direction  tangent  to  this 
mu  orbit.  iUi  a  result,  the  form  of  the  envelope  beoomss  distorted, 
fhi  direction  of  thift  ^^tdmal  angles  of  particle  emission  change.  ii«-  ^  ) 
urs  77  ^Au>W8  the  envelope  for  the  case  Khan  and  the  amplitude  of 

the  oscillations  are  approadmately  equal  to  each  o^r. 

16.  the  Phase  Equation 

To  derive  the*phase  equation  It  Is  essential  to  know  how  the  rev¬ 
olution  period  charges  with  changing  particle  energy. 

m  calculating  the  length  of  the  particle  trajectory  It  Is  pos¬ 
sible  to  replace  the  instantaneous  wave-llks  orbit  (see  15)  by  a  cir¬ 
cle  with  average  radius.  Thus,  upon  change  In  the  average  radius  by 
p^r«  ^be  length  of  the  orbit  Increases  by  2np^.  The  resultant  error 
Is  small.  FOr  exsnple,  the  true  increment  in  the  orbit  ds  when  cos  |i  ~ 
a  0  lies  between  the  two  close  limits: 

2«P.,  <  A#  <  2itp.,  ( 1  +  0.5  -if)  • 

Neglecting  the  second-order  correction  we  obtain  a 

phase  equation  which  differs  from  that  for  am  ordinary  accelerator  In 
only  one  respect:  n  is  replaced  everywhere  by  n^^.  indeed,  as  was 
shown  many  tines,  the  phase  equation  can  be  derived  froai  the  relationst 

„  _  2kS  dJ! _ «Vieo»* 

*  ~  t)  •  dt  T~^’ 

whexw  T  is  the  period  of  revolution,  Vq  the  sum  of  the  voltage  ampli¬ 
tudes  on  all  the  accelerating  electrodes,  p  Is  the  phase  of  the  elec- 

'  I 

trie  field  and  the  Instant  of  passage  through  the  accelerating  gap, 
and  ^(R,  t)  is  the  average  field  along  the  Instantaneous  orbit  with 
average  radius  R.  After  usual  caloulatlens  we  obtain  the  phase  equation 

*'bere  .  : 

—  J  T  ■  _  ,  •  r,  > 
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(63) 

(64)  > 


(Oq  la  tha  fraquanoy  of  tha  aooalaratljig  alaotrlo  fiald; 

(65) 

Hera  Rq  la  tha  average  radiua  of  tha  orbit,  on  whloh  ^  ravolutlon 
fraquanoy  la  Mq.  Iha  quantity  6  la  equal  to  tha  ratio  of  tha  darivatlva 
of  tha  magnetic  fltuc  through  the  orbit  with  radlua  Rq  to  tha  <piantlty 

27n^(RQ,  t). 

Tha  entire  dlfraranoa  between  the  phase  equation  (63)  and  tha  or¬ 
dinary  equation  Ilea  In  the  value  of  .  m  the  nonrelatlvlatlo  'ea«a' 

-  0,  In^jl  »  1]  we  have 

K^=-ICf<0. 

where  W  la  the  kinetic  energy.  In  the  relativistic  case  [(1  —  « 

«  l/ln^fh  we  have 

A'^=T^>0. 

Thxis,  for  a  certain  energy  the  coefficient  vanishes: 

E^=E,  V  1  =£,^51^  ' 

If  we  choose  n  and  v  such  as  to  maks  cos  u  •  0  and  n.^  a  0,  than 

4 .W  yPlE,  =  24^  (  ^ ) 

As  was  already  pointed  out  by  us  [10],  when  k^^  <  0  the  stable 
phasing  point  la  the  phase  ^-Oq  (on  the  rising  portion  of  the  accelerat¬ 
ing  voltage),  and  the  unstable  phase  la  tVq.  When  the  sign  of  re¬ 
verses,  +q>Q  and  -9q  Interchange  their  roles.  Tt»  unstable  phase  Is  -^q, 
and  the  stable  one  +9q. 

Equation  (63),  as  is  well  known.  Is  the  equation  of  the  pendulua 
with  "effective  ma,8s"  «  E/u^k^^.  At  the  start  of  the  acceleration 
process  the  "effective  mass"  of  the  pendulum  has  a  negative  value.  This 


ntans  that  In  the  present  ease  any  Instability  point  beoosies  stable 
for  positive  "mass”  and  vioe  versa.  As  the  aeoeleratlon  Inereasea*  the 
absolute  valxie  of  the  "sffsotlve  aass"  of  the  pendulin  inorMses.  f^la 
oausts  ths  oseUlatlon  fre<msnoy  to  deorease  and  to  tend  to  sero  idisii 
the  total  particle  energy  tends  to  a  value  gjQ,.  Slsniltaneously,  the 
aapll^udes  of  the  phase  osolllatlons  beoone  rather  strot^ly  attenuated. 
Oonsequently,  when  the  particles  reach  energies  all  the  particle 
I^ses  freeae  in  place«  so  to  speak,  in  the  region  of  the  point  -^q. 
Owing  to  the  small  value  of  the  phase  velocity,  the  swing  of  the 
radial-phase  osolllatlons  increases  strongly,  since  the  averagii^  of 
the  particle  energy  occurs  only  over  the  period  of  the  phase  oscilla¬ 
tions,  which  is  very  long.  With  further  increase  in  energy,  the  par¬ 
ticles  gradually  begin  to  move.  Those  particles  which  were  in  the  sta¬ 
bility  region,  begin  to  execute  rather  large  phase  oscillations  about 
a  new  equilibrium  point  -»-9q.  At  the  same  time,  inasmuch  as  the  "effec¬ 
tive  mass"  of  the  pendulum,  idiich  has  become  positive,  decreases 
strongly,  the  amplitudes  of  the  phase  oscillations,  idiich  are  large 
enough  as  it  is, build  up  strongly. 

The  indifferent  equilibrium  position  of  the  pendulum  involves,  as 
the  i^nergy  increases  to  additional  hidden  dangers  connected  with 
various  perturbations,  which  can  cause  strong  particle  losses  owing  to 
the  absence  of  a  potential  well  for  the  pendulum. 

It  is  therefore  desirable  to  have  the  maximum  energy  for  a  given 
accelerator  lower  than  Ej^.,  or  else  to  get  rid  completely  of  the  re¬ 
alignment  of  the  phase  region  with  the  aid  of  special  sectors  with  mag¬ 
netic  fields  directed  opposite  to  the  main  field. 

If  this  cannot  be  done  for  some  reason.  It  is  necessary  to  change 
at  the  corresponding  instant  of  time  the  phase  of  the  accelerating 
field  by  29q.  Inasmuch  as  the  frequency  of  the  phase  osc illations  is 
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very  email  at  that  Instant,  the  change  in  phaee  cm  be  carried  <n»t  euf- 
fioientiy  slowly* 

fii  addition,  as  will  be  indicated  below.  It  Is  neoeisary  ttadt  tiis 
rate  of  ehange  of  the  energy  be  large  at  that  Instant  oi  time* 

As  Is  loMifh  from  the  theory  of  the  proton  syaehrotroa,  an  Mvor 
dm  In  the  frequency  shifts  tbs  equlllbrliia  radius  of  the  orbit  by  an 
Msount  ARq,  with 


The  denominator  In  the  right  half  of  (67)  Is  large  If  (1  — 

This  iseans  that  at  low  energies  larger  deviations  of  the  freq^ooey  from 
the  exact  law  are  pezvlsslble.  However,  later  on  the  denosdnator  of 
(67)  decreases  and  vanishes  when  B  *«  Bj^.  The  change  In  the  radius  of 
the  orbit  at  that  point  Is  determined  by  the  value  of  dn^^/dR.  m  any 
case,  the  requirements  Imposed  on  the  accuracy  of  the  frequency  during 
that  period  will  be  exceedingly  high.  But  even  befoa?e  that,  whan  the 
denominator  Is  equal  to  -*10,  the  accuracy  with  which  the  frequeney  is 
to  be  maintained  In  the  Brookhaven  accelerator  should  be  much  lower 
than  O.ljt.  We  denote  the  energy  at  which  the  denominator  of  (67)  Is 


equal  to  -k  by  Bj^x 


A  plot  of  the  function  n^j,  +  B^'(l  -  n^j.)  Is  shown  In  Pig.  78. 

The  radial  dimension  2p  of  the  separatrlx  separating  the  stable 
oscillations  from  the  unstable  motion  Is,  as  Is  well  known, 


2f=2fl, 


V  “  "w) 


(69) 


In  the  nonrelatlvlstlo  case  we  have 


For  example,  at  enex^  -  4  Msv  and  eV^  sin  Pq  -  10^  ev,  Hq  » 
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m  10^  om«  and  ws  obtain 

ip  m  2.5  OH. 

•  « 

At  tho  iptrgjr  InoMaaaa,  tha  aiaa 
of  ttio  MiteotPix  first  dsersassst  t»A  tfioil 
HMTsasos,  "so  tliat  irtisn  B  -  B|q,  It  bsssaoi 
lnf:U)ltf .  fhs  fOot  that  the  sspaHitolx  bs- 
OSMS  Inf Inlto  In  alas  still  asms  notlilag« 
slnoa  tha  fraq[iianey  of  tha  idiasa  oaollla- 
tlons  vanlshas  at  tha  saw  tlRM.  Honavar, 
tha  rata  of  ohanga  of  anargy  auat  ba  suffl* 
olantly  larga«  or  alae  partlolas  nay  ba 
loat  naar  tha  anargy  Bj^  owing  to  tha  In- 
oraaao  In  tha  radlal-phaaa  oao Illations. 

For  axampla.  at  an  energy 

Where  la  the  Injaotlon  enez^«  the  else  of  the  aeparatrlx  will  ba 
aqaal  to  Its  alas  at  the  start  of  aooelaratlon. 

Let  ua  consider  aaall  phase  oaclllatlonty  Their  anplltuda 
aa  la  well  known*  varies  in  proportion  to 

\^5±EiIE3iS . 


Big.  784  BapMidanoa  of 

n^^  ♦  pr  (1  -  n,^)  on 

tha  ratio  of  tha  total 
anargy  B  to  tha  rest 
energy  \  (n  ^  -  -740). 


(70) 


This  forwula  la  valid  only  away  froai  tha  energy  B|g„  alnoa  naar 
Bjq,  the  adiabatic Ity  condition 


(71) 


la  not  satlaflad*  irtiara  la  the  frequency  of  the  snail  phase  osollla* 

tleas 

Zn  caloulatlng  the  change  In  the  anplltude  of  tha  oscUlatlma  In 
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the  region  of  Ey^  It  It  neceesary  to  uae  other  nethodot  and  In  partlo* 
ular,  the  anawer  nay  be  obtained  by  the  aethod  whloh  uaes  Airy  fttaa- 
tlma. 

fhe  aavlltude  of  the  aaall  radlal*|^iaae  oaelllatlona  la 

{5— 

nws,  the  aoplltude  of  the  radlal*phase  oeolllatlona  ohangea  in 
proportion  to 


_ I 


Consequently,  the  aiiq;>lltude  of  the  radlal-phaae  oeolllatlona  first 
decreases  rapidly  and  then.  In  the  region  of  Bjg,,  Increases. 

A  more  detailed  Investigation  of  the  phase  equation  In  the  reglmi 
of  E|q,  has  been  the  subject  of  many  recent  papers  [21]. 

In  1953  the  author,  together  with  A. A.  KOlomenskly  and  V.A.  Petu¬ 
khov,  has  shown  that  It  Is  possible  to  build  a  strong-focusing  system 
without  a  critical  energy.  In  particular,  there  Is  no  critical  energy 
In  one  of  the  versions  of  the  annular  synchrocyclotron. 

From  the  discussions  given  above  It  follows  that  there  Is  no  crit¬ 
ical  energy  If  does  not  reverse  sign,  maunnueh  as  k^^  Is  negative 
at  sufficiently  low  energies  and  larg^e  n^^..  It  should  be  negative  also 

p 

when  pr  »  1.  This  Is  possible  If  n^^  >  1. 

A  large  positive  n^^  denotes  that  In  the  given  magnetic  field  the 
particles  with  the  higher  energy  move  along  an  orbit  with  a  smaller 
perimeter.  It  Is  particularly  convenient  to  change  the  perimeter  In 
the  desired  direction  by  Introducing  sectors  In  which  the  magnetic 
field  has  an  opposite  direction. 

Ihls  problem  Is  treated  In  the  papers  by  A.A.  Kolosienskiy  [25]$ 
V.V.  Vladimirskiy  and  Ye.K.  Tarasov  [31].'ln  particular,  the  latter 
was  able  to  find  the  most  effective  variants  for  the  elimination  of 


-  236  - 


tht  oritlo&l  tnargy*  iilMMin  th«  perturbing  seotora  with  ^ppoaltaly 
diMeted  fial^  art  ^atallad  with  a  period  idiioh  ia  approzlaatelf 
eqaidL  to  the  period  of  the  free  oaoillationa. 


aeript 

Page 

No. 

214 


221 


224 

230 


(footnotea] 


Znamuoh  aa  wa  are  not  oonaiderlng  the  linatf  aeotlona  here, 
it  ia  oonrenient  to  introduce  the  angle  0  in  place  of  the 
diaMnaionleaa  length  o. 


The  change  in  injection  prooeaa  will  actu¬ 
ally  be  even  latter  if  one  tataaa  into  account  the  foom  of 
the  diaplaoed  inatantaneoua  orbit,  aa  waa  done  in  f5. 


In  the  general  eaae 

in  the  reaonance  region  la 


the 

t*» 


value  of 


Thla  quality  la  obtained  by  averai 
in  the  aquare  bracket a  In  (62). 


kging  one  of  the  expreaalona 


Nuie- 

serlpt  [List  of  Trsaslltersted  Qyaibols] 

Feet 

io. 

211  cp  ■  sr  ■  srsdoiy  ■  svsrsge 

214  Hav  ■  nseh  ■  naehal'nyy  ■  initial 

214  opt  ■  opt  >  cptiaal'nyy  *  optiaal 

224  pea  •  res  «  reaonansnjry  -  resonant 

226  Kp  ■  kr  ■  kriticbeskiy  ■  critical 

226  8$  ■  ef  ■  effektivnyy  -  effective 
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